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Uniform solvability for families of linear systems on time

scales
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Abstract

We give explicit criteria of solvability for families of linear systems on time scales. We
introduce a new method of embedding a time scale into a non-autonomous system of ODEs.
This will be the first step to implementing the structural stability result obtained by one of the
co-authors together with V. A. Pliss to time scale dynamics.
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1 Introduction

Non-autonomous systems of ordinary differential equations are usually regarded
as more sophisticated compared to classical flows engendered by autonomous systems
of ordinary differential equations. The principal trouble is that periodic (and even
recurrent) solutions do not play an important role in the dynamics of non-autonomous

systems unless the right-hand side of the studied system is periodic.

For flows, engendered by autonomous systems of ODEs, the structural stability,
and Q — stability theorems were obtained by Robinson [12] and Mané [6]. Both of
them are related to the so-called Axiom A which is also the core assumption for
various further results in Stability Theory.

For Axiom-A flows, the non-wandering set can be represented as a disjoint union
of a finite number of closed transitive invariant subsets. For any of these subsets,
there is a neighborhood where the behavior of solutions is hyperbolic (dimensions of

stable and unstable manifolds can, however, vary).

Moreover, all solutions of Axiom-A systems spend a finite (and uniformly bounded)

amount of time out of the union of those neighborhoods. In other words, one can
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say that linear approximations are hyperbolic on big intervals of time, depending on
a particular solution.

The above conditions can be reformulated for non-autonomous systems, see [5] and
[8]-[11] where sufficient conditions for structural stability were obtained. However, it
is still unclear if the mentioned conditions are close to necessary ones.

We are going to translate these results to the language of time scale dynamics.
This is a relatively new area in dynamical systems, first introduced by [1]. Firstly, this
can be regarded as a combination of discrete and continuous dynamics and, secondly,
as a generalization of numerical methods with non-uniform steps. A survey on the
theory of such systems including Stability Theory is given in [2] and the relatively
recent book [7], see also references therein. However, no global structural stability
conditions for generic time scale systems have been established yet. It should be
highlighted that we do not just copy-paste the result from the ODE theory. Some
additional conditions respecting the geometry of the time scale have to be added. For
instance, we consider a particular case of a non-syndetic time scale (i.e. that with an

unbounded graininess function).

The main objective of this paper is to prove analogs of mentioned results for time
scale systems. For this purpose, we introduce a renormalization of time scales and,
re-define the concept of hyperbolicity. for time scale systems. Moreover, we show

how linear systems on time scales can be reduced to ordinary differential equations.

For the sake of convenience, we deal with a dynamical system on a Euclidean space
(unlike the classical case of ordinary differential equations, in the case of non-periodic
time scales there is no principle difference between autonomous and non-autonomous

systems).
The paper is organized as follows.

In Section 2 we recall the results of the classical structural stability theory. Next,
in Section 3, we recall the basic concepts of time scale dynamics. Section 4 is the
core of the paper. There, we discuss how a linear system on a time scale can be
represented as a system of ordinary differential equations (and also, how the concept
of hyperbolicity can be translated into the language of time scale dynamics). Finally,
in Section 5, we formulate the structural stability conjecture which will be the main
objective of further research.
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In a nutshell, we follow the main idea of the quoted papers by V. A. Pliss. First
of all, we obtain some conditions on uniform solvability for families of linear systems.
Thereafter, we are going to develop Perron’s approximations for time scale systems

to be able to find solutions for nonlinear systems.

2 Structural stability for systems of ODEs

Let V be a C! — smooth vector field on a C' — smooth Riemannian manifold M,
and Qyp be the non-wandering set of the considered autonomous system of ordinary

differential equations
x=V(x).

We recall the famous Axiom A’ for flows/vector fields that claims that

1. Qy can be represented as a union of two disjoint closed sets Q‘l, and Q‘z, where
Q‘l, consists of finitely many isolated fixed points and Q‘z, does not contain any
stationary point;

2. the set Qy is hyperbolic.

3. periodic orbits are dense in Q‘z,.

Then the following statement is well-known in Hyperbolic Theory.

Smale’s spectral decomposition theorem. Let the vector field V satisfy Axiom

A’. Then the non-wandering set Qy admits the unique representation:

Q=0 JoJ...lJow

with all components being closed, disjoint, invariant, and transitive.
Structural stability requires an additional condition:

Geometric strong transversality condition. An A’ flow, defined by a vector
field V, satisfies the strong transversality condition if for any p,q € Qp the manifolds
W*(p) and W"(q) intersect transversally.

Now let us recall the famous result by C. Robinson [12].

Structural Stability Theorem. For C! — smooth vector fields, Axiom A’ and
Geometric Strong Transversality Condition imply structural stability.

In this section we recall a 'non-autonomous’ analog of the above result. Now let us
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consider a non-autonomous system
x=V(t,x), reR, xeR"Y (1)

where
|V(tvx)| SMa |va(tvx)| SM

Let x(t,19,x0) be a solution of Eq. corresponding to initial conditions x(z#y) = xo.
Let us also consider a perturbed system:
¥=V(t,x)+Y(t,x), |Y(t,x)| <8,  |DY(t,x)] <38. (2)
with y(z,%9,xp) being a solution corresponding to the same initial conditions.

Let us recall the main definitions of the Hyperbolic Theory for non-autonomous

systems of ordinary differential equations.
Consider a linear system
x=A(t)x, teft_,ty], (3)
Let ®(t,t9) = ®(t)® ' (#y) be the Cauchy matrix of that system.

We say that system is hyperbolic on the segment [r_,¢.] if for any ¢ € [t_,1,]
there exists a decomposition

R"=E°(t) DE"(t) : O(r,7)E> (1) = EM(1)
such that
(1, D)ol <aexp(—A(r— Dol 12 T30 € E(2);
|®(2, T)xo| < aexp(A(t—1))|xo], t < 1,x9 € E*(7).

for some a >0 and A > 0.

Now we consider the set of linear systems

x :A(I,XO))C, X0 € Rn; A(Z,XO) = 8V(I,X§l;;0,x0)) (4)
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We make the following assumptions. Let ag >0, A > 0, a > 0, be such that for
any xo € R™

1. There exists a number a € (0,ap) and instants of time
—0 =T < T < ...< Ty < Typ] = 0, O0<s<n

such that on any of the segments [7;,7j+1], j=0,...,s system is hyperbolic
with constants a and A. Let E; and E 7 be the corresponding stable and unstable
spaces.

2. dimE}‘-(er) <dimE§+1(T]~+1), j=0,...s—1.

3. Spaces EY(7j11) and E3, | (7j4+1) intersect transversally and angles between them

satisfy inequalities <E}(7j41),E} 1 (Tj41) = 0.

It was proved [5] that such ’'uniform hyperbolicity’ of family Eq. (4) with
appropriate implies structural stability for nonlinear system (T).

Let the function T'(a,A, @) satisfy inequalities

—AT o . a 2 —AT
364’ — —sin— 3a| ——=+1 — 1.
aexp( 3 ><851n4, a(sin(a/2)+)eXp( 3 )<

Theorem 2.1 [5] Let the system satisfy the above conditions I-IIT and for any j
the conditions
’Cj+1—‘L'j>T(a,)L,OC), j=0,...5.

Then for any € > 0 there exists a 6 > 0 such that if condition is satisfied, there
exists a homeomorphism ¢ of the space R" such that

|)C(l,0,x0) _y(tvov (p(XO))| <€

for any xo € R".

Our main objective (not limited to that paper) is to translate the mentioned result
into the language of time scale dynamics.
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3 Timescale dynamics

In this section, we recall some basic definitions of time scale dynamics.

Definition 3.1 We say that a subset T C R is a timescale if it is closed and
infT = —oo, supT = oo

We always assume for convenience that 0 € T.
Given a time scale, we consider the forward jump operator

c:T—T:0(t)=inf{s€T: s>t}

and consider the so-called graininess function, see Fig. 1:

We say that a point ¢ € T is right-dense if pu(z) =0 and left-dense is o(s) = ¢ implies
s =t. We say that a time-scale is syndetic if sup, p(f) < oo

t ot

()

Figure 1: a sample of a time scale.
The classic concepts of Analysis may also be defined for time scales.

Definition 3.2 A function f: T~ R is called rd-continuous provided it is continuous
at right-dense points in T and finite left-sided limits exist at left-dense points in T.
Denote the class of rd-continuous functions by %, = €,4(T,R).

Definition 3.3 The function f: T+ R is called A-differentiable at a point ¢ € T if
there exists ¥ € R such that for any € > 0 there exists a neighborhood W of ¢ satisfying

|[f(o(r)) = f(s)] = ¥lo(t) —s]| < &lo(r) —s|
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for all s € W. In this case we write f2(¢) = 7.

For example, when T =R, f2(¢) = f(t). When T =Z, f2(¢) is the standard forward
difference operator f(n+1)— f(n).

In time scale dynamics, there is a dual concept of the so-called V - derivative,
corresponding to the left jump operator. We do not consider such a derivative in this

paper. Probably, this will be done in the future.

Also, we define integrals over time scales.

Definition 3.4 If FA(t) = f(t), t € T, then F is a A - antiderivative of f, and the
Cauchy A - integral is given by formula

/bf(t)At _F(b)—F(a), forall abeT.

We recall a simple formula which relates integrals over time-scale with classic ones
(this formula can also be used as a definition of integrals and derivatives over time
scales)

/abf(l)At: / fOdmn+ Y ).

la,b)NT p(1)>0

Definition 3.5 A function p: T — R is called regressive provided that

I+ u(r)p(t) #0

for all + € T and positively regressive if 1+ u(f)p(r) > 0 for all t € T. A matrix
mapping & : T — M"(R) is called regressive if for each r € T an n x n matrix E, +
w(t)<f (t) is invertible, and uniformly regressive if in addition the matrix function
(E,+u(t)2/(t))~! is bounded.

Regressivity is equivalent to the backward uniqueness of solutions of the system
XA =A(t)x.

We give a counterexample of a scalar equation, which is not regressive:

A=—x, T=N
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This equation has only one solution, defined on the whole time scale T that is x = 0.

For a linear system

XA =A()x, teT, (5)

stability and asymptotic stability are defined similarly to ODEs.
The following result is an analog of that of the theory of linear ODEs.

Theorem 3.6 (Choi and DaCunha), [3], [4]. Let an rd - continuous matrix function
A be regressive. Linear system (9) is stable if and only if all its solutions are bounded
on TN][0,+oe0). It is uniformly stable if and only if there exists a positive constant 7,
such that |D4(t,70)| <7, Vto,t € T,t > 19.

Definition 3.7 For p € #Z, we define the generalized exponential function e,(z,s) by

eptts) =exp [ Guon(eiac).

where &, is the cylinder transformation given by formula &,(z) =log(1+zh)/hif h#0,
En(z)=zif h=0.

This is the solution of equation x* = p(¢)x with initial conditions x(s) = 1.

Other techniques, e.g. Gronwall-Bellmann Inequality, Lyapunov exponents theory
can be developed for systems on time scales.

However, stability, Lyapunov exponents, and even uniqueness of solutions depend
significantly on a time scale. This is a serious obstacle to applying the classic
Hyperbolic Theory for time scale dynamics. For example, if we consider T ={2":n €

N}, for any bounded matrix A(¢) all solutions have non-positive Lyapunov exponents.
4 Hyperbolicity for time scale systems
Renormalization

Let m be the Lebesgue measure on the real line. Recall that u(z) is the graininess
function of the time scale. We fix

to = inf{T[)[0,0)}

and define the function s : R — R as follows:
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L s(t) =m([to,1]) + Leepy.n)u(oy>oIn(1 + p(7)) if £ € T,1 > 10.

2. s(t) =s(t1)+In(l+t—1) if t ¢ T,t > t9. Here t; = max(T()(—co,1]).
3. s(t) = —m([t0,1]) = Lrefy):u(r)y>0In(1+p(7)) if t € T, <1o.

4. s(t)=s(t;)—In(1+n—1) if t ¢ T,t > ty. Here t, = min(TN][t,0)).

Evidently s(fp) = 0, s(¢) is strictly monotonous, continuous, unbounded in both
directions and |s(¢)| < |t — 19| for any r € R. Given a time scale T we introduce the

renormalized time scale S := s(T), Fig. 2.

¢» 4>
+ U (t,) In (1+ p (t )

Figure 2: A sample of renormalization procedure.

Equivalent linear system

. For any system

A =AW)x+ (1) (6)

on the time scale T with A and f being bounded uniformly rd-continuous there exists
a system

x=B(t)x+g(t) (7)

such that ®4(r,7) = Pp(s(z),s(t)) for all r,s € T. Here ®4 and $p are fundamental
matrices of systems (6) and (7)), respectively. Besides, given the right-hand side f
we construct the function g so that for any solution @(¢) of system (6) there exists a
solution y(z) of Eq. such that @(t) = y(s(¢)) for any ¢ € T.
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Here we may assume that B is constant on all connected components of the
completion of T.

Definition 4.1 Let (#1,;) be an interval such that t;, € T, (¢1,5) T =0.

Lemma 4.2 The matrix B and the vector function f can be found by the following

rule.

1. A(t) =B(s(1)), f(t) =g(s(z)) for all t € T.
2. Let t ¢ T. We consider f) = sup;cr.;<, and define

_ Ln(E+pu(to)At))
B(s(r)) = 1n(1+u(zto))0 ’ (8)
1 n
et = g )

Remark 4.3 Here Ln stands for the matrix logarithm. This function is multi-valued
and it could be imaginary even if the matrix A is real. However, it can be canonically
defined as a real value provided sup, u(¢)||A(7)|| < 1 where the matrix norm is taken
in an appropriate basis. For this we can use the classic Taylor decomposition

(_1)k+1‘ukAk

s

Ln(E +pA) =

k=1

Meanwhile, the second formula of (8) can be correctly defined even in the case when
A(tp) is non-invertible. This follows from the fact that the function In(1+ px)/x is
holomorphic in a neighborhood of zero.

The latter expression, being well-defined for small values of u and a fixed matrix A can

be extended for all positive values of u unless the matrix A has negative eigenvalues.

If matrix A has negative eigenvalues we still link a negative value —u with zero
going around the 'problematic’ values A4; if any from above. Here A; are negative

eigenvalues of A (Fig.3) and continue the logarithm along that contour.
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Figure 3: The appropriate contour for the function Ln(E + tA) in case of negative eigenvalues.

Proof of Lemma 1.

1. First of all, we consider the case f(¢) =0 that is linear homogenuous system. Fix

a tg € T. Consider the fundamental matrix ®(¢) of the time scale system

with initial conditions ®(fy) = E. Then

(1) =E+ [y A(T)¥(T)AT =

E+ [ A(n)®(r)dt+ )y A(T)®(T)u(7).
[t0,s(1)]NT T€tot]NT:u(7)>0

On the other hand, for any 7 € T with u(t) > 0, we have

@ (0 (7)) = (E+u(7)A(7))P(7) = exp(B(s(7))(In(1 + u(7)))P(7) =
& (1) + [P B(s(1))D(t + 6)dO

And now, we introduce ¥(¢) as a fundamental matrix of the system
x=B(t)x
such that W(t) = E.

Obviously, this matrix satisfies the equation

Y(s)=E+ SA(T)‘P(T) dt

To

(10)

(11)
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Given a t € T, we obtain from (9), (T0) and (11) that matrices ®(¢) and ¥(s(z))
coincide being solutions of the same integral equation (9).
Now, we apply a similar approach to a non-homogeneous system.

Fix a 7: p(t) > 0. Let x(r) be a solution of Eq, (7). By definition,

x(0(7)) = (E+A(7)u(7))x(7)) + f(7) = exp(In(1 + (7)) B(s(7)))x(7) + f(7) (7).
On the other hand, in order to obtain a solution of Eq. we must have

o) = explIn(1 + HEDBEENHE + [ explBlu(z) - 0))g(s(x)) o
which implies the second equality of Eq. (8). O

Later on, considering linear systems (6) on time scales we assume the following.
Condition I.

1. Matrices A(t) and (E + wu(¢)A(¢))~! are continuous and bounded on T.
2. Either the time scale is syndetic or A(¢) is invertible for all 7 € T and
limsup,cp A~ (#)|| < +oo.

Remark 4.4 The matrix

A (to)Ln (E + u(t0)A(to))

can be well-defined for non-invertible matrices A. If A has zero eigenvalues only, this
matrix can be defined as N

Y (DA 1),

k=0
The sum is finite which is evident for a Jordan block. For other non-invertible
matrices, the above expression may be calculated block-wise. If A and f are
continuous on T then B and g are continuous on S (however, they may be
discontinuous on all the axis R).

Lemma 4.5 Let Condition I be satisfied and f(z) be bounded and continuous. Then
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the matrix function B(s) and the vector function g(s) defined by Eq. are bounded
and piece-wise continuous on the real axis.
Proof. First of all, let us prove this statement for B(s). Assume that there is a

sequence t; such that

1B(si)l| = o (12)

where s = s(fy). Let Ap = A(t), W = U(tx). We may assume that the matrices Ay
converge to Ag, and t — Uo € [0,0].

If up ¢ {0,00} we obtain that the matrix E + upAo is degenerate that contradicts

to our assumptions.
Let o =0. We easily obtain that limB(sx) = Ag that contradicts to (12).

Let pg = +oo. Then

i Ln(E + Ax) ~ lim Ln[(iE)(Epy ' +A)] _
In(1+ i) In(1+ p(%))
lim Lo[(mE)(Ep, ' +Ar)] i (LNHE) +Ln(Ep, ' +Ay)]
In(1+ ) B In(1 + i) '

We consider two cases. If Ag is non-degenerate, the above limit equals E. In the
opposite case, we appeal to the second assumption of Condition I. [J

Remark 4.6 The last statement justifies the renormalization procedure, introduced
above. Indeed, if we leave the time scale ’as is’, all bounded systems become
non-hyperbolic. ~However, non-homogeneous systems still might have bounded

solutions.

Definition 4.7 We say that a system is hyperbolic on an interval (f1,f,;) which
can be unbounded, if the equivalent system

x=B(t)x
is hyperbolic on (s(t1),s(f2).
Now, let us consider the continuous family of matrices on a time scale T:

A(t,v), veR"
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We consider a non-homogenuous system
A=A, v)x+ f(1) (13)

with the function f being uniformly bounded |f(¢)| <1 and the corresponding family
of homogenuous systems

A=A, v)x (14)

which is assumed to be uniformly hyperbolic (the constants a and A may be selected
the same) on families of segments.

We assume that the above Condition I is satisfied uniformly to the parameter v.
However, we would like some other conditions to be fulfilled.

Condition II. There exist positive constants a and A such that for any v € R™ there
exist
—o =T < T < ... < Tp =+

such that for any v the system is hyperbolic on all segments [t;_1,7;], j=1,...,k.
Here the number k and all values 7; may depend on the parameter v. Let Ej (t,v)
and E}‘(t, v) be the corresponding stable and unstable spaces (any, if the segment is
finite and multiple choice is possible).

Condition III. dimE’(7;,v) <dimE? (7;,v) for any j and v.

Condition I'V. There exists a value & > 0 that does not depend on v and such that
Z(EY(7),v),E},(T),V)) > a.

It follows from Lemma 2 that for non-syndetic time scales conditions [-IV cannot
be true unless all systems are uniformly unstable hyperbolic (E* = R" and the
constants can be taken the same) over the real line.

Theorem 4.8 Let the homogeneous system satisfy conditions [-IV uniformly.
Then there exists a value K > 0 such that for any right hand side f with |f(¢)] <1
there exists a solution @(z,Vv) of Eq. such that |@(7,v)| <K for any v. Moreover,
increasing the value K, we may obtain a linear operator .%, such that ¢(-,v) =24, f
and, for any fixed value ¢ the function @(z,v) continuously depends on v.

Proof. Lemma 1 demonstrates that there is a continuous embedding of continuous
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functions on a time scale to L=(R). Due to uniform hyperbolicity of system (14),
there exists uniformly bounded systems of linear operators that map right-hand sides
of L*(R) to bounded solutions of corresponding linear non-homogeneous systems of

ordinary differential equations.

Then, the reduction of these solutions to the time scale gives us a family of bounded

solutions on the time scale. [

The proof of the above theorem follows from the reduction, introduced above and,
also, from the similar result for real line obtained by V. A. Pliss [11].

5 Structural stability for time scale systems

Now we proceed to formulate a conjecture on structural stability for the time scale

dynamics.
Consider a system
A=V(x), reT. (15)
We suppose that
2A%
V(t,x)| <M E(l,x) <M (16)

for some M > 0 and that the above partial derivative is uniformly continuous. Suppose
that all solutions of the considered system satisfy the forward uniqueness condition
which can be provided by rd — continuity condition. Let @(¢,xp) be the solution of
(11) with initial conditions x(0) = xo.

Consider the perturbed system
A =V(t,x)+Y(t,x);

with
Y (t,x)] <6, DY (t,x)] < 9.

defined on a time scale T such that
dH(T,T]) < 4.

Here dy is the Hausdorff distance between two closed subsets of R (of course, this
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distance may be infinite). Take the linearization of system (15) in a neighborhood of
the solution @(#,xp)
ud = A(t,xo)u

where

Alt0) = 2 1,0(0.10)

Conjecture. Let system satisfy the above conditions I-IV and for any j the
conditions
Tj+1—’Cj>T(a,l,Ot), j=0,...5.

Then for any € > 0 there exists a 0 > 0 such that if condition (16) is satisfied, there

exists a homeomorphism @ of the space R" such that for any xy € R"

’x(laoaxO) —y(l‘,O, (p<x0))| <E&.

We hope that the results of this paper will be a keystone that allows us to prove

the above conjecture.
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