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Abstract

We unify and extend the semigroup and PDE approaches to stochastic maximal regularity
of time-dependent semilinear parabolic problems with noise given by a cylindrical Brownian
motion. We treat random coefficients that are only progressively measurable in the time
variable. For 2m-th order systems with VMO regularity in space, we obtain L?(L?) estimates
for all p > 2 and q > 2, leading to optimal space-time regularity results. For second order
systems with continuous coefficients in space, we also include a first order linear term, under a
stochastic parabolicity condition, and obtain L”(LP) estimates together with optimal space-time
regularity. For linear second order equations in divergence form with random coefficients that
are merely measurable in both space and time, we obtain estimates in the tent spaces T?? of
Coifman-Meyer-Stein. This is done in the deterministic case under no extra assumption, and
in the stochastic case under the assumption that the coefficients are divergence free.

Key words: Stochastic PDEs, Maximal Regularity, VMO Coefficients, Measurable Coeffi-
cients.

AMS classification: 39B52, 39B72, 39B82.

1 Introduction

On X (typically X = L"(O;C") where r € [2,00)), we consider the
following stochastic evolution equation:

dU(t) + A@®)U(t)dt = F(t,U(t))dt + (B(H)U(t) + G(t, U(t)))dWy (1),

U(O) = Uy, (1)
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where H is a Hilbert space, Wy a cylindrical Brownian motion, A : R, x Q —
L(X1,Xo) (for some Banach space X; such that X; — X, typically a Sobolev
space) and B : Ry x Q — L(X;,v(H, X %)) are progressively measurable (and
satisfy a suitable stochastic parabolic estimate), the functions F' and G are suitable
nonlinearities, and the initial value ug : Q — X is Fo-measurable (see Chapter 2 for
precise definitions). We are interested in maximal LP-regularity results for ([I)). This
means that we want to investigate well-posedness together with sharp LP-regularity
estimates given the data F,G and wu.

Knowing these sharp regularity results for equations such as , gives a priori
estimates to nonlinear equations involving suitable nonlinearities F(¢,U(t))dt and
G(t,U(t))dWg(t). Well-posedness of such non-linear equations follows easily from
these a priori estimates.

2 Preliminaries

Definition 2.1 (Measurability) Let (S,%,u) be a measure space. A function
f S — X is called strongly measurable if it can be approximated by p-simple
functions a.e. An operator valued function f : S — L(X,Y) is called X-strongly
measurable if for every x € X, s — f(s)x is strongly measurable. Let (Q2,P, A) be
a probability space with filtration (F;)i>0. A process ¢ : Ry x  — X is called
progressively measurable if for every fixed T' > 0, ¢ restricted to [0, T] x €2 is strongly
B([0,T]) x Fr-measurable An operator valued process ¢ : Ry x Q — L(X,Y) will
be called X-strongly progressively measurable if for every x € X, ¢x is progressively
measurable. Let A = {(s,t) : 0 < s <t < oo} and A = ANJ0,T]>. Let Br
denotes the Borel o-algebra on Ap. A two-parameter process ¢ : A x Q — X will
be called progressively measurable if for every fixed T' > 0, ¢ restricted to Ap x €2 is
strongly Br x Fr-measurable.

Definition 2.2 (Functional calculus) For o € (0,7) let 3, = {z € C: |arg(z)| <
o}. A closed and densely defined operator (A, D(A)) on a Banach space X is called
sectorial of type (M,0) € Ry x (0,7) if A is injective, has dense range, o(A) C X,
and

IAR(N, A)| < M, A€ C\X%,.

A closed and densely defined operator (A, D(A)) on a Banach space X is called
sectorial of type (M, w,o0) € Ry x R x (0,7) if A+ w is sectorial of type (M, o).
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Let H*(X,) denote the space of all bounded holomorphic functions f : 3, — C and
let || fllre(s,) = sup.es, |f(2)]. Let Hg*(E,) € H*(E,) be the set of all f for which
there exists an € > 0 and C' > 0 such that |f(z)| < C’lﬁ%.
For an operator A which is sectorial of type (M,0),0 < v < ¢, and f € H(%,)
define ]
A)=— AN)R(AN, A)dA

1) = 5 [ 1m0 A0,
where the orientation is such that o(A) is on the right side of the integration path.
The operator A is said to have a bounded H*-calculus of angle ¢ if there exists a

constant C' such that for all f € H§*(X,).

IF N < Cllf e s,)-

For details on the H*-functional calculus we refer. A list of examples has been given
in the introduction.

For an interpolation couple (X, X;) let
X@ = [X07X1]97 and X@,p == [X07X1]9,p

denote the complex and real interpolation spaces at # € (0,1) and p € [1,00],

respectively.

Definition 2.3 (Measure Space) A Pair [[X, S, u]] is called a measure space if
[X, S]] is a measurable space and p is a measure on S.

Definition 2.4 (Hilbert Space) A Hilbert space is a complex Banach Space whose
norm arises from an inner product, that is in which there is defined a complex function

(x,y) of vectors x and y with

(i) (ax + By, 2) = a(z, 2) + B(y, 2).
(ii) (z,y) = (y, )
(ili) (z,2) = [|2]]?

Definition 2.5 (Banach Space) A normed linear space is a linear space N in which
to each vector x there corresponds to a real number, denoted by ||z||, called norm of
x, such that
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(i) [|=|| > 0, and ||z|] =0 = 2 = 0.
(ii) [z +yll < [|z]| + [|y]|
(i) [|ozx|| = [a|[|z]]

Definition 2.6 (Holder inequility) Let the spaces X = {xy, 29, - ,2,},
1
Y = {192, »yn} € £ Define |Jo]l, = (X7 fal?) ", for p > 1, then

1 1 1 1
Selranl < (Sanlai)”(Sell®)" that lagl] < lfelyllyll, where 4 - =1,

Definition 2.7 (Continuous Function) Let (S,d;) and (T,dr) be metric spaces
and let f : S — T be a function from S to T'. The function f is said to be continuous
at a point P in S if for every € > 0 there is a f > 0 such that, dr(f(z), f(p)),e,
whenever ds(z,p), €

Definition 2.8 (Dense Set) A point x is a limit point of A if given € < 0, there
exixts Y € A,Y ¢ x, with p(y, ) < e. We say that A is a dense set.

Definition 2.9 (Function spaces) Let S C R? be open. For a weight function
w : R? — (0,00) which is integrable on bounded subset of R%,p € [1,00), and X a
Banach space, we work with the Bochner spaces LP(S,w; X) with norm defined by

[l sy = [ IOt
S

We also use the corresponding Sobolev spaces defined by

lellfrsogs,wsxy = Nullzoswx) 10170 (s
If ¢ < p, and wy(z) = |z|* with o/d < 2 — 1, note that, by Holder inequality
LP(S,wy; X) — LA(S; X).

In several cases the class of weight we will consider is the class of A,-weights
w: RY — (0,00). Recall that w € A, if and only if the Hardy-Littlewood maximal
function is bounded on LP(R? w).

For p € (1,00) and an A,-weight w let the Bessel potential spaces H*P(R?, w; X)
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be defined as the space of all f € §'(R% X) := L(S(R?), X) for which F~1[(1 + |-
12)s/2f € LP(RY, w; X). Here F denotes the Fourier transform. Then H*P(R? w; X)
is a Banach space when equipped with the norm

||f| HsPRAw; X) — ||f_1[(1 + | . |2)S/2f]||Lp(Rd,w;X)'

The following is a well known consequence of Fourier multiplier theory.

Lemma 2.10 Let X be a UMD Banach space, p € (1,00),s € R,r > 0 and k € N.
Then the following give equivalent norms on H*?(R% X) :

”(—A)T/2U‘ Hsfr,p(Rd;X) + H'U/‘ Hsf'r,p(Rd;X)7

D 10%ul rermragy + Nullgre-rn(gasx)-
la|=k

The spaces H®P will also be needed on bounded open intervals I. For a I C R,p €
(1,00),w € Ay, s € R the space H*P(I,w; X) is defined as all restriction f|; where
f € H*?(I,w; X). This is a Banach space when equipped with the norm

||f||HS’p(va§X) = inf{HgHH‘g’p(R,w;X) : g|[ = f}

Either by repeating the proof of Lemma (2.10) or by reducing to it by applying
a bounded extension operator from H?P(I,w;Y) — H%P(R,w;Y) and Fubini, we
obtain the following norm equivalence.

Lemma 2.11 Let X be a UMD space, p € (1,0),s € R,r >0,k € N,and let I CR
be an open interval. Let 6 € (0,1) and w € A,. Then the following two norms give
equivalent norms on H??(I; H*?(R%; X)) :

H<_A>T/QUHHG»P(I,w;HS*’WP(IRd;X)) + ||u||H91P(];H5*TvP(Rd;X))7

Y N0 ul gorgrmsro@axy + lullgosmsro@ax)).
1Bk

Stochastic integration

Let L%(Q; L9(1; X)) denote the space of progressively measurable processes
in LP(Q; L9(1; X)).
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The Tto integral of an F-adapted finite rank step process in y(H, X), with respect
to an F-cylindrical Brownian motion Wy, is defined by

N M N M
/ Z Z 1(tk7tk+1]XFk X (h] & .Z'k) dWH = Z Z 1Fk |iWH(tk+1>hj
R

+ k=1 j=1 k=1 j=1

— WH<tk)h]:| & Tk,

for N EN,O <t <ty <-vr <Inga, and for all k = 1,...,N,Fk € Ftkahk € H,%k €
X. The following version of Ito’s isomorphism holds for such processes:

Theorem 2.12 Let X be a UMD Banach space and let G be an F-adapted finite
rank step process in y(H, X). For all p € (1,00) one has the two-sided estimate

t
p
Esup | /0 G Wi (5)| =y BIGIE e,y @)

t>0

with implicit constants depending only on p and (the UMD constant of) X.

The class of UMD Banach spaces includes all Hilbert spaces, and all L(O;G)
spaces for ¢ € (1,00), and G another UMD space. It is stable under isomorphism of
Banach spaces, and included in the class of reflexive Banach spaces. Closed subspaces,
quotients, and duals of UMD spaces are UMD.

Theorem (2.12)) allows one to extend the stochastic integral, by density, to
the closed linear span in LP(Q;v(L*(R,; H), X)) of all F-adapted finite rank step
processes in v(H, X)). We denote this closed linear span by LL(Q;v(L*(R,; H), X)).

Moreover, this set coincides with the progressively measurable processes in
LP(Q (L2 (Ry; H), X)).

If the UMD Banach space X has type 2 (and thus martingale type 2), then one
has a continuous embedding L*(R,;vy(H, X)) — v(L*(Ry; H), X).

In such a Banach space, implies that

t p
Esup | /0 G() dWa(s)|| < CPBICIam, 3)

t>0
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where C' depends on X and p. The stochastic integral thus uniquely extends to
L5 (912 (Ry ;4 (H, X)),

Note, however, that the sharp version of Ito’s isomorphism given in Theorem
(2.12) is critical to prove stochastic maximal regularity, even in time-independent
situations. The weaker estimate (where the right hand side would typically be
L*(R,; LP(R%)) instead of LP(R?; L%(R,))) does not suffice for this purpose.

3 Maximal Regularity for Stochastic Evolution Equations

In this section we consider the semilinear stochastic evolution equation

(4)

{ dU () + AU (t)dt = F(t,U(t))dt + (B(t)U(t) + G(t,U(t)))dWg(t),

Here A(t) and B(t) are linear operators which are (¢,w)-dependent. The functions F

and G are nonlinear perturbations.
The deterministic case

Consider the following hypotheses.

Assumption 3.1 Let X, and X; be Banach spaces such that X; — X is dense.
Let Xy = [Xo, Xi]p and Xy, = (Xo, X1)s, denote the complex and real interpolation
spaces at 6 € (0,1) and p € [1, 00|, respectively.

For f € L'(I; Xo) with I = (0,7) and T € (0, 0o] we consider:

{u<t>+A<t>u<t> fo), tel ©

u(0) = 0.

We say that u is a strong solution of if for any finite interval J C I we have
uw € L'(J; X;) and

u(t) + /OtA(s)u(s)ds = /Ot f(s)ds, telJ, (6)

Note that this identity yields that v € WH(J; X,) and u € C(J; X;) for bounded
JCI.
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Definition 3.1 (Deterministic maximal regularity) Let Assumption be sat-
isfied and assume that A : [s,00) — L(X;,Xp) is strongly measurable and
supyer [|AM) |lzx,,x0) < 00. Let p € (1,00),a0 € (=1,p —1),T € (0,00], and set
I =(0,T). We say that A € DMR(p, o, T') if for all f € LP(I,w,; Xo), there exists a
strong solution

u € WY (I, wa; Xo) N LP(1, wa; X1)

of and

1l wir(rwaixo) + Ul ze(rwaix) < CFI L1 wasx0)- (7)

In @ we use the continuous version of v : I — X,. By Proposition ?? for

a € [0,p—1) we have
u€ Cu(I; Xy 110 ) and ue Cu(le,T); X, 1,), €€ (0,T).

If @ € (—1,0) the first assertion does not hold, but the second one holds on [0, T)i fT <
0.

Remark 3.1 Although we do allow T = oo in the above definition, most result will
be formulated for 7' € (0, 00) as this is often simpler and enough for applications to
PDEs.

Note that A € DMR (p,a,T) implies that the solution u is unique (use (7)).
Furthermore, it implies unique solvability of on subintervals J = (a,b) C [. In
particular, DMR (p, o, T') implies DMR(p, «, t) for all ¢ € (0, 7.

Hypothesis on A and B and the definition of SMR

Consider the following hypotheses.

Assumption 3.2 Let H be a separable Hilbert space. Assume Xy and X; are UMD
spaces with type 2. Let A : R, xQ — L(X;, Xo) be strongly progressively measurable

and Ca = sup ”A(taw)HE(Xl,Xo) < 0.
teR,weN

Let B: Ry x Q — L(Xy,L(H, X%)) be such that for all x € Xy and h € H, (Bz)h is
strongly progressively measurable and assume there is a constant C' such that

CB = sup ||B(t,w>||[,(X1,E(H»Xl)) < o0.
tER,wEN ’
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For f € L'(I; Xy) and g € L*(I;y(H, X

consider:

)) with I = (0,7) and T € (0, 00] we

dU (t) + AU (t)dt = f(t)dt + (BE)U(t) + g(t))dWy(t), @
U(0) = 0.

We say that U is a strong solution of if for any finite interval J C I we have
U e LY%(Q; L*(J;v(H, X1))) and almost surely for all ¢ € I,

v+ [ AU (s)ds = / (s + / (5 + BOUE) ) dWals), (@)

The above stochastic integrals are well-defined by . Identity @D yields that U has
paths in C(J; Xy) for bounded J C I.

Definition 3.2 (Stochastic maximal regularity) Suppose Assumptions and
hold. Let p € [2,00),a € (=1,5 — 1)(a = 0 is included if p = 2),T € (0, oc], and set
I =(0,T). We say that (A4, B) € SMR(p,a,T) if for all f € L%(Q x I,w,; X,) all
g € Lh(Q x I,w,;y(H, X%)), there exists a strong solution

Ue () LP(Q; H?(1,wa; X19))
0€[0,1)
of (8) and for each 0 € [0, 3) there is a constant Cy such that

|| UHLP(Q;H‘*P(I,wa;X1—9))

< OH”f”LP(QXI,wa;Xo) + 09||9||LP(QXLwa;v(H,X%))‘

In the case B = 0 we write A € SMR(p, a, T') instead of (A,0) € SMR (p,a, T)

In the above we use a pathwise continuous version of U : Q x I — X,. By
Proposition 2.5 if o € [0, 5 — 1) we even have

UeLP(Q;C(I; Xy _an,)) and U € L(C([e, T]; Xy_as1 ).

p

If « € (—1,0) the first assertion does not hold, but the second one holds on [0, T)i fT <
0o. A variant of Remark holds for SMR. In particular, any of the estimates

implies uniqueness.
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4 Conclusion

In this paper, we discussed about Measurability, Functional calculus, Function
spaces, Stochastic integration. Also we discussed about Maximal regularity for

stochastic evolution equations and their Hypothesis.
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