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Abstract

In this paper, we obtain a Generalized Discrete Finite Fourier Series by using generalized
difference operator with two parameters. Suitable examples are given to illustrate the results.
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1 Introduction

The Fourier Series is the most widely used series expansion in mathematics
modeling of engineering systems. It serves as the basis for the Fourier integral,
the Laplace transform, the solution of autonomous linear differential equations,
frequency response methods and many engineering applications. There are many
good treatments on the subject; too many to mention in a comprehensive manner.
However, the treatment by Tolstov[d] is classical. Jerri[5] provides an excellent
overview on convergence of the Fourier series and discusses Gibbs-like phenomena
in continuous and discrete wavelet representations. Sidi[7] reviews the state of the
art of extrapolation methods giving applied scientists and engineers a practical guide
to accelerating convergence in difficult computational problems. Also, accelerated
convergence by means of periodic bridge functions was developed by Anguelov][I].

A Fourier Series is a series of sines and cosines of an angle and its
multiples of the form % + aycosk + ascos2k + azcos3k + ... + ag,coswk + ...+ bysink +

bysin2k + bysindk... + bysinwk... = % + > aycoswk + > b,ysinwk. is called the
w=1 w=1
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Fourier series.Where ay,as,...,a,,...b1,b,...b,,... are constants.

A periodic function f(z) can be expanded in a Fourier Series. The
series consists of the following: (i) A constant term ag. (ii) A component at the
fundamental frequency determined by the values of a;,b;. (iii) Components of the
harmonics (multiples of the fundamental frequency) determined by ag,as,...bs,bs,...
and ag,aq,as,...b1,bs,... are known as Fourier coefficients of Fourier constants. And
the Fourier coefficients are defined by,

1 o 1 or .
ap = — 02 f(z)dz, a, = fo x)coswxdx and b, = - 02 f(z)sinwzdz.

2 Discrete Fourier series

The discrete Fourier series may be studied merely from a mathematical
point of view. But, it is also of interest to know where it originated or where it is
applied. As far as the author is aware, it originated in telecommunication engineering
in connection with the digitalization of data (signals) in order to transmit them.
Formerly, signals were transmitted in the form of waves that were a superposition of
continuous periodic time functions[§]. Nowadays, the signals are digitalized that is
to say, they are sampled at discrete points and are then transmitted. In this context,
the fast Fourier transform (FFT) allows one to transmit the digitalized (discrete)
signals much faster than the pertinent analog (continuous) signals. Thus, there is a
very important application of the discrete Fourier series.

Definition 2.1 Let Sy = {¢o, ¢1, ¢2, ..., } be an orthonormal on
I =la,a+2n], L = Z, u(k) is bounded function on I and ¢, = (u, @y )¢, say finite

Fourier coefficients. Then the FFS of u(k) related to S, is defined as

n
= cutu(k), ke{a, at+lia+20,-- at (n—1)}. (1)

w=0

3 Generalized finite Fourier series

In this section, we present some basic definitions and results.

Definition 3.1 [6] Let u(k), k € [0,00), be a real or complex valued function and
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¢ > 0 be a fixed shift value. Then, the ¢-difference operator A, on u(k) is defined as
Apu(k) = ulk +£) — u(k), (2)

and its infinite /— difference sum is defined by

Ajtu(k) = u(k+r0). (3)

r=0

Lemma 3.2 [2] Let p be real £ > 0, k € (¢,00) and pl # 32r. Then we have

(sinp(k — £) — sin pk)

A7 sinpk = : 4
¢ SIP 2(1 — cospf) Mk @)
e (cospk = 1) — cospk)
AL . — (cosp(k — £) — cosp ) 5
¢ Co%P 2(1 — cospl) T4 ©)
In particular
At sinpk|dT = 0= A, cos pk[3™. (6)

Definition 3.3 [4] The generalized finite Fourier series is defined by

=
—

u(k) = % + ) (aycoswk + b, sinwk) + %cosnk7 ke {a+ M}izl ’ 7)
w=1
l a+2m ¢ at2r
where a, = —A;  u(k)coswk b = — Ay u(k)sinwk
T a - .
2k

Lemma 3.4 If k € (—00,00) and ¢1, {5 > 0, then AZZ1A2112’“ =

@ -1 1)

Lemma 3.5 Let ¢1, ¢, > 0 and u(k), w(k) are real valued bounded functions. Then

AL A uk)o(k) = A} [u(k)A;llv(k)] — A [Agll (A;llv(k + El)Aglu(k)] .

Theorem 3.6 Let k € (—o00,00) and ¢1, ¢y > 0, then we have
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Z Z (k — 7"252 — Tlél)zk_TQEQ_rlgl

_ <(k +£2 +€1)2k+€2+€1 622€22k+€2+€1 612412k+€2+€1 )
BN e VR e VI VR TR Ve ER )

@ -DEE -1 @ -1 -1 (@ -DPEE - D)

4]

Z (éQ(k —rily + 52)2[2(k’—r1£1+€2) 52242265(’“_7"1[1#2))
(2 — 1) (2t — 1)2

<e2+z}(k>zfz+f1<k> (202202 (8) ()20t 8) )

r1=0

Proof: By using the lemmas (3.4) and (3.5)), we get the proof of ().

Example 3.7 Taking k = 4, ¢/, = 1 and ¢, = 2 in(3.6)), we get the summation is
equal to 107.5

Theorem 3.8 Let k € (—o0,00) and ¢1, ¢, > 0, then we have

) [
AzzlAlek sink = Z Z (k’ — T’2£2 — 7’161) Sin(l{? — 7’262 — T’1£1>
r1=0 ro=0
B 1 [k(sin(k — 0y — ly) —sin(k — ¢1) —sin(k — £y) + sin k)
~ 2(1 —costy) 2(1 — cos ls)
Uy

_m<sm(k¢ — Uy — 0y) — 2sin(k — ¢1) + sin(k — €1 + £y) + sin(k — {y)
- 2

2
4(1 — cos ¥1)?2(1 — cos {5)

2 sin k + sin(k +£2))] . [sin(k 0 —by) —sin(k— )
—sin(k — fy) +sink — sin(k — ¢3) +sink + sin(k + ¢, — l3) — sin(k + 51)} . (9)

Proof: Taking u(k) = k and v(k) = sink in (3.5)), we get the proof of (9).

Corollary 3.9 Let (1,0, > 0, k € (—00,00) then we have
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sinp(k — by — t1) —sinp(k — ¢1) — sinp(k — £3) + sin pk
4(1 — cosply)(1 — cos pls)

AZAZS sin pk =

Definition 3.10 The generalized finite Fourier series with two parameter (GF'F'Ss)
is defined by

n—1
u(k) = % + Y (apcoswk + b,sinwk) + %cosnk, ke {at+rey?m)t, (10)
w=1
Wheregl + EQ a+2m ja+27 51 + 62 a+2m ja+27
a, = AN u(k)coswk , by = ALA u(k)sinwk
s a a ™ a a
Theorem 3.11 Let ¢; and ¢, > 0 and k € (—00,0), then GFFS, of k2% is
L 51 + 62 (k + 62 + €1)2k+£2+£1 £22522k+€2+51 612& 2k+£2+€1
R : : |
T (260 —1)(2%2 —1) (26 —1)2(26 — 1) (26 —1)2(2%2 —1)
o+ 0y( ;{;)szﬁl(k) (,2¢29t2+01 (k) ,2002+0(k)
_<@&—1x%m—n__@@—1P@&—1y_@ﬁ—1ye%—1Q

g
-

r1=0

(ég(k’ _ 7’151 + 62)2[2(16*7"151+52) 622522[2(16*7“1@1+52)

(262 — 1) (2 —1)2 )+2;

1 =]

r1=0 ro=0

(u(k) sinw(k — roly — rily) sinwk + p(k) cosw(k — roly — rily) cos wk) } (11)

Where pu(k) = (k — roly — rify)2k—r2t2=m100)
Proof: The proof of obtained by using and @

4 Odd and Even function

Definition 4.1 (Odd and Even function) Even functions are the functions for
which the left half of the plane looks like the mirror image of the right of the plane.
Odd functions are the functions where the left half of the plane looks like the mirror
image of the right of the plane,only upside-down.

The function u(k) is an even function if u(—k) = u(k) and odd if u(—k) = —u(k).

Definition 4.2 The generalized finite half-range Fourier series (GF F'Sy) of odd and
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even functions are is defined as If u(k) is even function, then becomes,

n—1
ao Qy
= — E — 12
u(k) 5 + 2 agcoswk + 5 cosnk, (12)
a+2m a2
where a, = bt AL A u(k)coswk
™ a a

If u(k) is odd function, then becomes,

n—1
u(k) = wa sin wk, (13)
w=1
14 /¢ a+27m ja+27
where b, = — i QAgzlA;llu(k)sinwk
m a a

Theorem 4.3 Let u(k) = k, ¢; and ¢y > 0, then GF'F'Ss of k is

I — 0 + 0y =1 1 [k (sin(k — €1 — ly) — sin(k — ¢1) — sin(k — £y) + sin k)
o1 SZ2(1—costy) 2(1 — cos ls)
2

_m<sm(’“ —{ — L) — 2sin(k — £,) + sin(k — & + ) + sin(k — ()
- 2

2
4(1 — cos £1)?2(1 — cos (s)

—QSink—l—sin(kﬁLEg)ﬂ - [sin(k—ﬁl—ég)—sin(k—él)
—sin(k — ) +sink —sin(k — ly) +sink +sin(k + ¢, — l3) —sin(k + ¢1) | sinwk. (14)

Proof: The proof of obtained by using and .

Example 4.4 Taking k =7, {1 = 7 and {5 = g, we get
f é 2 0
b, = 1152 > (W—ng)Sin(ﬂ'—T’gg)—i— > (ﬁ—rgz — )
™ ro=0 2 ro=0 2
b+
sinw(m — ng —m) = > (—r2%) SiHW(—ng) _Ox 21 sinw(m) + =
ro=0 ™

14 l
Particularly taking n = 3, we obtain b; = ,bo =0and k = 5 sink.
s

J[DJ ournal of Computational Mathematica Page 93 of



ISSN: 2456-8686, 5(1), 2021:088-096
https://doi.org/10.26524/cm95

Theorem 4.5 Let u(k) = k2, ¢; and f5 > 0, then GFF'S, of k? is

] =]

n IR
k? = b+b6 Z Z Z (k—rgfg—rlﬁl)Q(%—|—cosw(k—r2€2—r1€1)coswk>. (15)

™

w=1 r1=0 ro=0

Proof: By using and , we get the proof of .

Theorem 4.6 Let u(k) = k3, ¢; and f5 > 0, then GFFS, of k? is

U
13— L+0 Z (k —roly — r10y)3sinw(k — roly — r1fy) sinwk.  (16)

Proof: The proof of obtained by using and .

Theorem 4.7 Let u(k) = ksink, ¢; and ¢y > 0, then GFFS; of ksink is

n—1
ksink:%—l—;awcoswk‘%—%cosnk. (17)
b+ 0 ™
Here a, = 1T 2AZIAZII€ sink:cosw|
1t 2 1 0

Proof: The proof of obtained by using and .

Example 4.8 Taking ¢, = g, ly = Zin ,We arrive
kfrlfl:l

Ll [g[ =

(k’ — 7’262 — 7"161) sin(k — 7"262 — 7'161) COSW(k; — T2€2 — 7’161)‘3—

) 2 r1=0 r2=0
b+ ¢ 4 )
— 127; 2 (mzzjo(?r - T’Q%) sin(7 — 7“2%) cosw(m — r2%> + T;O(W _ T2% _ g)
s 72— T cosulr =] = 1)+ T (= 72 = msin(r — a5 )
4 2 4 2 ro=0
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cosw(m —r2ym) — > (=r2f)sin(—r27) cosw(—r2%)>
ro=0

bt b
N ™

<0.09686 cosw (%) +0.043055 cosw(g>

Ay

4+0.010765 cost) +0.043055 cosw<g)).

Ay 0+ 0
Particularly taking 77 — 3,we get ksink = “—2(0.193735) + 22 (0.193608) cos k
m m
0+ 0 0+ 0
+ 2 (0.193269) cos 2k + 2 2(0.192697) cos 3k

™ v

5 Conclusion
The Fourier series and its transforms have wide range of applications specially in
the field of digital signal processing. For the odd and even functions no usual finite

half range Fourier series expression, we are able to find finite Fourier series expression

(decomposition) using generalized inverse difference operator with two parameters.
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