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Abstract

Our main aim is to define the concept of fuzzy semi open sets in Pythagorean fuzzy

topological spaces which is one of the weakest forms of open sets. Along with their introduction

their characterizations and properties have been investigated with examples. In addition to

that the Pythagorean fuzzy continuous functions have also been defined.
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1 Introduction

L.A. Zadeh [1] came up with the idea of fuzzy sets, which is a generalization of

the usual set using fuzzy where each element has degree of membership in [0,1]. The

consequent advancement of fuzzy subsets was the intuitionistic fuzzy set published by

Atanassov [2] which has elements having membership and non-membership degree.

Chang [3] defined fuzzy topological space and fundamental results such as continuity,

open and closed sets. Following this, Lowen [4] defined fuzzy topological space in

another form. Coker [5] developed the concept of an intuitionistic fuzzy topological

spaces with some properties. The concept of Pythagorean fuzzy subset was presented

by Yager [6, 7]. Pythagorean fuzzy topological spaces was introduced by Olgun [8] by

taking the lead from Chang. In [9, 10, 11, 12, 13, 14] the concepts like connectedness,

points, continuity and nano topology have been defined for Pythagorean topological

spaces. The concept of semi open set and continuous functions of Pythagorean

topological spaces are defined and their properties are to be examined in section

2 and concluded in section 3.
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2 Semi open sets and continuous functions in Pythagorean Fuzzy
Topological Spaces

Definition 2.1 Let A be a Pythagorean fuzzy set (PFS) of Pythagorean fuzzy

topological space (PFTS) (W, τ), then A is said to be Pythagorean fuzzy semi open

(PFSO) set of W if there exists a Pythagorean fuzzy open (PFO) set B ∈ τ such

that B ⊆ A ⊆ cl(B), Pythagorean fuzzy semi closed (PFSC) set of W if there exists

a Pythagorean fuzzy closed (PFC) set B ∈ τ such that int(B) ⊆ A ⊆ B.

In other words, let A be a Pythagorean fuzzy set (PFS) of Pythagorean fuzzy

topological space (PFTS) (W, τ), then A is said to be Pythagorean fuzzy semi open

(PFSO) set of W if A ⊆ cl(int(A)).

Remark 2.2 It is obvious that every PFO (PFC) set in a PFTS (W, τ) is PFSO

(PFSC) but the converse is not true.

Example 2.3 Let W = {a, b, c}
A1 = {(a, 0.5, 0.8), (b, 0.4, 0.6), (c, 0.6, 0.3)}
A2 = {(a, 0.6, 0.9), (b, 0.5, 0.3), (c, 0.1, 0.9)}
A3 = {(a, 0.6, 0.8), (b, 0.5, 0.3), (c, 0.6, 0.3)}
A4 = {(a, 0.5, 0.3), (b, 0.5, 0.3), (c, 0.1, 0.3)}
τ = {0∼, 1∼,A1,A2,A3,A4} be a Pythagorean fuzzy topology on W. Let

A = {(a, 0.6, 0.8), (b, 0.9, 0.3), (c, 0.6, 0.4)}, int(A) = {(a, 0.6, 0.8), (b, 0.5, 0.3),

(c, 0.6, 0.3)}, int(A) = A3.

Let the Pythagorean fuzzy semi closed sets be,

A′1 = {(a, 0.8, 0.5), (b, 0.6, 0.4), (c, 0.3, 0.6)}
A′2 = {(a, 0.9, 0.6), (b, 0.3, 0.5), (c, 0.9, 0.1)}
A′3 = {(a, 0.8, 0.6), (b, 0.3, 0.5), (c, 0.3, 0.6)}
A′4 = {(a, 0.9, 0.5), (b, 0.6, 0.4), (c, 0.9, 0.1)}
cl(A) = {(a, 0.5, 0.9), (b, 0.4, 0.6), (c, 0.1, 0.9)}
cl(A) = 1∼, A ⊆ cl(int(A)), A ⊆ cl(A3), A ⊆ 1∼. ∴ A is a Pythagorean fuzzy semi

open set.

Theorem 2.4 Let (W, τ) be a PFTS. Let A and B be any two Pythagorean fuzzy

subsets of W and int A ⊆ B ⊆ cl(A). If A is a PFSO set then B is PFSO.

Journal of Computational Mathematica Page 98 of 104



ISSN: 2456-8686, 5(1), 2021:097-104
https://doi.org/10.26524/cm96

Proof: Let A and B be a Pythagorean fuzzy subsets of W and int(B) ⊆ B ⊆ cl(A).

Let A be PFSO set. By definition, there exists a PFO O such that O ⊆ A ⊆ cl(O),

it follows that O ⊆ int(A) ⊆ A ⊆ cl(A) ⊆ cl(O) and hence O ⊆ B ⊆ cl(O). Thus B

is a PFSO set.

Theorem 2.5 Let (W, τ) be a PFTS. Then a Pythagorean fuzzy subset A of a PFTS

(W, τ) is PFSO if and only if A ⊆ cl(int(A)).

Proof: Let A ⊆ cl(int(A)). Then for O = int(A), we have int(A) ⊆ A. Therefore

int(A) ⊆ A ⊆ cl(int(A)). Conversely, let A be PFSO. By definition, there exists a

PFO O such that O ⊆ A ⊆ cl(O). But O ⊆ int(A), thus cl(O) ⊆ cl(int(A)). Hence

A ⊆ cl(O) ⊆ cl(int(A)).

Theorem 2.6 Let (W, τ) be a PFTS. Then the following are equivalent:

(i) A is PFSC set

(ii) Ā is PFSO set

(iii) int cl(A) ≤ A

(iv) cl int(Ā) ≥ Ā

Proof: (i)=⇒(ii) By definition there exist a closed set B in (W, τ) such that

int(B) ≤ A ≤ B, this implies int(B) ≥ A ≥ B. By cl(A) = int(A), we get (B) ≤ A

≤ cl(B) where (B) is a PFO set in (W, τ). Therefore, A is PFSO in (W, τ).

(ii)=⇒(i) Given Ā is PFSO set in (W, τ), that is B ⊆ A ⊆ cl(B) where B is PFO

set in (W, τ). By cl(A) = int(A), this implies int(B) ≥ A ≥ B. Then we get

int(B) ≤ A ≤ B. That is B is closed set in (W, τ). Therefore A is PFSO set.

(i)=⇒(iii) By definition there exists a PFC set B in (W, τ) such that int(B) ≤ A ≤ B

and A ≤ cl(A) we get, int(B) ≤ A ≤ cl(A) ≤ B. Since int(B) is the largest open

set contained in B, we have that int cl(A) ≤ int(B) ≤ A i.e, int cl(A) ≤ A.

(iii)=⇒(i) This follows by taking B = cl(A) i.e, int(A) = B. Also we know that

A ≤ cl(A) = B and hence int(B) ≤ A ≤ B as B = cl(A) is closed set. Therefore A

is PFSC.

(ii)=⇒(iv) Given A is PFSO set in (W, τ). That is B ⊆ Ā ⊆ cl(B̄). Then we have,

int(B) ≥ Ā. Therefore, cl int(Ā) ≥ Ā.
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Theorem 2.7 Union of a finite number of PFSO sets is a PFSO set and intersection

of a finite number of PFSC sets is a PFSC set.

Proof: Let A1, A2, A3, . . ., An be PFSO sets of (W, τ) then there exist PFO sets B1,

B2, B3, . . . ,Bn of (W,τ) such that Bi ⊆ Ai ⊆ cl(Bi), i=1,2,...,n. We claim that

union of PFSO is a PFSO set.

⇒
⋃

Bi ⊆
⋃

Ai ⊆
⋃

cl (Bi) ⇒
⋃

Bi ⊆
⋃

Ai ⊆ cl (
⋃

Bi).

Also
⋃
Bi ∈ τ , Hence

⋃
Ai is PFSO.

Conversely, let A1, A2, A3, . . ., An be PFSC sets of (W, τ). Then their exist PFC sets

B1, B2, B3, . . . ,Bn of (W, τ). Now we claim that intersection of a finite number

of PFSC sets is a PFSC set. Let A be a PFSC set, that is int(B) ⊇ A ⊇ B.

⇒
⋂
int(Bi) ⊇

⋂
Ai ⊇

⋂
Bi ⇒ int(

⋂
Bi) ⊇

⋂
Ai ⊇

⋂
Bi. Also

⋂
Bi ∈ τ , hence⋂

Ai is PFSC.

Proposition 2.8 Let (W, τ) be a PFTS and let B = {〈w, ηβ(w), γβ(w)〉 : w ∈ W}
be PFSO sets in W , then ηβ = {〈w, ηβ, (w)〉 : w ∈ W} is PFSO in (W, τ1) and

γβ = {〈w, γβ, (w)〉 : w ∈ W} is PFSC in (W, τ2), where τ1 = {ηG : G ∈ τ} and

τ2 = {1− γG : G ∈ τ} are FTS on W in Chang’s sense.

Proof: Given B is PFSO, then there exists PFO set A such that A ⊆ B ⊆ cl(A). Let

A = 〈w, ηA, γA〉 and suppose that the family of PFC sets containing A are indexed by

{〈w, γGi
, ηGi
〉 : i ∈ J}. then we have, cl(A) = 〈w,∧γGi

,∨ηGi
〉 and ηA ≤ γGi

, γA ≥ ηGi

for each i ∈ J. By definition of PFSO sets we get,

〈w, ηA, γA〉 ≤ 〈w, ηB, γB〉 ≤ 〈w, γGi
, ηGi
〉, each i ∈ J

ηA ≤ γGi
≤ γGi

and γA ≥ γA ≥ ηGi
, each i ∈ J

ηA ≤ γGi
≤ (1− ηGi

) and (1− γGi
) ≤ γB ≤ γA, each i ∈ J

ηA ≤ γGi
≤ cl(ηGi

) and int(γA) ≤ γB ≤ γA
i.e, ηB = {〈w, ηB, (w)〉 : w ∈ W} is PFSO in (W, τ1) and γB = {〈w, γB, (w)〉 : w ∈ W}
is PFSC in (W, τ2).

Example 2.9 Any FTS (W, τ0) obviously a PFTS in the form τ = {A : ηA ∈ τ0}
whenever we identify a fuzzy set in W whose membership function in ηA with its

counter part A = 〈w, ηA, (1− ηA)〉. If ηβ is fuzzy semi open in (W, τ0) then B =

〈w, ηB, (1− ηB)〉 is PFSO in (W, τ0)

Since ηB is semi open in (W, τ0), there exists a open set in (W, τ0) such that ηA ≤
γGi
≤ cl(ηGi

), i.e, (1 − ηA) ≥ (1 − ηB) ≥ 1 − cl(ηA) = int(1 − ηA), i.e, int(1 − ηA) ≤
1 − ηB ≤ 1 − ηA. Therefore (1 − ηB) is PFSC in (W, τ0). Thus we conclude that

A = 〈w, ηA, 1− ηA〉 ≤ B = 〈w, ηB, 1− ηB〉 ≤ cl(A). Hence B is PFSO in (W, τ).
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Definition 2.10 Let (W, τ) and (X,φ) be two PFTS’s and f : W → X a function.

Then f is said to be Pythagorean fuzzy semi continuous (PFSCn) iff the pre image

of each PFO set in φ is a PFSO in τ .

Remark 2.11 Every Pythagorean fuzzy continuous function is a Pythagorean fuzzy

semi continuous but the converse is not true.

Example 2.12 Let W = [a, b]. Consider the PF sets on W are A = {(a, 0.8, 0.7),

(b, 0.8, 0.8)}B = {(a, 0.8, 0.7), (b, 0.8, 0.2)}. Then τ = {0∼, 1∼,A} is a PFT on W .

Consider a function f : (W, τ) → (W, τ) defined by f(a) = f(b) = a. Since f−1 =

B /∈ (W, τ), f is PFSCn but it is not PF continuous.

Definition 2.13 Let (W, τ) and (W,φ) be two PFTS and f : W → X a function.

Then f is said to be PFSO mapping if the image of each PFO set τ is an PFSO set

in φ. It is obvious that every PFO mapping is PF mapping.

Example 2.14 Let (W, τ) and (X,φ) be two FTS’s in the sense of Chang.

(a) If f : W → X is PFSCn in the usual sense, then in this case,f is PFS continuous.

Here we consider the PFS’s on W and X are as follows.

τ = {〈w, ηG, 1− ηG〉 , ηG ∈ τ0} and φ = {〈x, λH, 1− λH〉 : λH ∈ φ0}.
In this case we have for each 〈x, λH, 1− λH〉 ∈ φ, λH ∈ φ0

f−1(〈x, λH, 1− λH〉) = 〈w, f−1(λH), f−1(1− λH)〉 is semi open set in τ . As λH ∈
φ0 and f is fuzzy semi open, therefore f−1(λH) is PFSO in (W, τ0) and 1−f−1(λH)

is PFSC in (W, τ).

(b) Let f : W → X be a PFSO function in the usual sense. Then f is also PFSO

function in the sense of above definition.

Theorem 2.15 A function f : (W, τ) → (X, τ) is PFSCn iff f−1(B) is a PFSC set

in W , for each PFC set B in X.

Proof: Let f is PFSCn and also let B be any PF closed in X, then B̄ is a PFO set

in X. By definition of PFSCn function f−1(B̄) is PFSO in (W, τ).

f−1(B) is PFSO in (W, τ). i.e, f−1(B) is PFSC in (W, τ).

Conversely, let f−1(B) is PFSC in (W, τ). ⇒ f−1(B) is PFSO in (W, τ). ⇒ f−1(B̄)

is PFSO in (W, τ) by definition of PFSCn. B̄ is a PFO set in X ⇒ B be any PF

closed set in X. Therefore f is PFSCn.
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Theorem 2.16 If f is PFSCn function and g is PF continuous then g ◦ f is PFSCn

function.

Proof: Let f : (W, τ) → (X,φ) and g : (X,φ) → (Y, β) be two PFSCn functions.

For η ∈ β, let (g ◦ f)−1(η) = f−1(η ◦ g) = f−1(g−1(η)). Since g is Pythagorean

fuzzy continuous, g−1(η) ∈ φ. g−1(η) be a PFS open set in (X,φ) and since f is

Pythagorean fuzzy continuous ,f−1(g−1(η)) is Pythagorean fuzzy semi open in τ .

Thus f−1(g−1(η)) ∈ τ . ∴ g ◦ f is PFSCn function.

Definition 2.17 Let (W, τ) be a Pythagorean fuzzy topological space.

(i) W is said to be Pythagorean fuzzy disconnected, if there exist Pythagorean fuzzy

open sets A 6= 1w and A 6= 0w such that A ∪B = 1w and A ∩B = 0w.

(ii) W is said to be Pythagorean fuzzy connected, if W is not a Pythagorean fuzzy

disconnected.

Definition 2.18 Let (W, τ) is a PFTS.

(i) W is said to be Pythagorean fuzzy C5 - disconnected if there exists a

Pythagorean fuzzy open and fuzzy closed set M such that M 6= 1w and

M 6= 0w.

(ii) W is said to be Pythagorean fuzzy C5 - connected if it is not Pythagorean fuzzy

C5 - disconnected.

Example 2.19 Let W = {a, b} and define the Pythagorean fuzzy subsets A,B,C,D

as follows, A = {(a, 0.4, 0.3), (b, 0.2, 0.7)}, B = {(a, 0.3, 0.4), (b, 0.7, 0.2)},
C = {(a, 0.3, 0.4), (b, 0.2, 0.7)}, D = {(a, 0.4, 0.3), (b, 0.7, 0.2)}.
Then τ = {0∼, 1∼,A,B,C,D} is called a Pythagorean fuzzy topology on W and

(W, τ) is a Pythagorean fuzzy C5 - disconnected, since A is a non zero Pythagorean

fuzzy open and Pythagorean fuzzy closed set in W .

Definition 2.20 A Pythagorean fuzzy topological space (W, τ) is said to be

Pythagorean fuzzy semi C5 - connected if the only Pythagorean fuzzy sets which are

both PFSO and PFSC are 0∼ and 1∼. (W, τ) is said to be PF semi C5 - disconnected

if it is not PF semi C5 - connected.

Theorem 2.21 Let f : (W, τ) → (X,φ) be a PFSCn surjection. If (W, τ) is fuzzy
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semi C5 - connected, then (X,φ) is fuzzy C5 - connected.

Proof: We shall prove by contradiction, suppose that (X,φ) is fuzzy C5 - disconnected.

Then there exists a PFO and PFC set M such that M 6= 1∼ and M 6= 0∼. Since f

is PFSCn, f−1(M) is both a PFSO and PFSC set. The equalities f−1(M) = 1∼ or

f−1(M) = 0∼ cannot hold. (otherwise we get M = f(f−1(M)) = f(1∼) = 1∼ and

M = f(f−1(M)) = f(0∼) = 0∼). Hence (X,φ) is PF C5 - connected.

3. Conclusions

In this paper, the semi open sets for Pythagorean fuzzy topological spaces have

been defined. Along with it, their properties and characterizations have been

investigated with examples. This study can be extended to various forms of fuzzy

open and closed sets in Pythagorean fuzzy topological spaces and their properties

can be examined.
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