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Abstract

We introduced a new concept called the Fuzzy square difference labeling. We proved that

the path graph (Pn), the cycle graph (Cn), the star graph (Sn) and the complete bipartite

graph (Km,n, n ≤ 3) are Fuzzy square difference graphs.
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1 Introduction

Fuzzy graph theory has numerous applications in many domains including

networking, data mining, image capturing, communication, clustering, planning and

scheduling. In comparison to fuzzy and classical models, fuzzy labeling models

have more flexibility, precision and compatability to system. They also have

many applications in Chemistry, Physics, Computer Science and other branches of

Mathematics. The term Fuzzy logic was introduced by Lotfi Zadeh [7] in 1965. Fuzzy

logic had also been studied by Lukasiewicz and Tarski [4]. It was Rosenfeld [5] who

considered fuzzy relations on fuzzy sets and developed the theory of fuzzy graphs in

1975. He also studied the concept of fuzzy trees, blocks, bridges and cut nodes in

fuzzy graphs. The concept of fuzzy labeling graphs was introduced by A. Nagoor

Gani [2][3], who studied the novel properties of fuzzy labeling graphs. The concept

of Square difference labeling was introduced by J. Shiama [6]. He proved that many

standard graphs like path, cycle, complete graph, wheels, comb, star, crown and some

other graphs are square difference graphs.
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2 Preliminaries

Definition 2.1 [5] A graph is a pair (V,E) where V is a set and R is a relation on

V. Any fuzzy relation ρ on a fuzzy subset µ of a set V can be regarded as a fuzzy

graph where the edge (u, v) ∈ V × V has weight or strength ρ(u, v) ∈ [0, 1].

Definition 2.2 [6] A graph G is said to have a Square difference labeling if there exist

a bijection f : V (G)→ {0, 1, . . . , p−1} such that the induced function f ∗ : E(G)→ N

given by f ∗(uv) = |(f(u))2 − (f(V ))2| for every uv ∈ E(G) are all distinct. A graph

which admits Square difference labeling is called a Square difference graph.

Definition 2.3 [1] A walk in a graph is a finite non-null subspace W = v0e1v1e2v2
. . . ekvk whose terms are alternatively vertices and edges. we say that W is a (v0, vk)

walk.

If the vertices of a walk W are distinct, W is called a path.

A closed trail whose origin and terminus are same is called a cycle.

Definition 2.4 [1] A star Sn is the complete bipartite graph K1,n, is a tree with one

internal node and n leaves.

Definition 2.5 [1] A graph G is called bigraph or bipartite graph if v can be

partioned into two disjoint subsets X and Y such that every line of G joins a point

of X to a point of Y . (X, Y ) is called a bipartition of G.

If further G contains everyline joining the points of X to the points of Y then G is

called a complete bigraph or complete bipartite graph.

3 Fuzzy square difference labeling of graphs

Definition 3.1 A graph G = (V,E) is said to be a Fuzzy square difference labeling

if σ : V → [0, 1] and µ : V × V → [0, 1] are bijective and µ(u, v) < σ(u) ∧ σ(v) and

µ(u, v) = |[σ(u)]2− [σ(v)]2| for every (u, v) ∈ E are all distinct. A graph that admits

Fuzzy square difference labeling is called Fuzzy square difference graph.

Theorem 3.2 Every Path graph Pn is a Fuzzy square difference graph.

Proof: Let {v1, v2, v3, . . . , vn} be the set of vertices and {v1v2, v2v3, . . . , vn−1vn} be

the set of edges. Choose ω → (0, 1] such that ω = 10−1 for n ≤ 9, ω = 10−2 for
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10 ≤ n ≤ 99, ω = 10−3 for 100 ≤ n ≤ 999 and so on.

σ(vi) = i ∗ ω, i = 1, 2, . . . , n

µ(vi, vi+1) = 3 ∗ ω2, i = 1

µ(vi, vi+1) = 2 ∗ ω2 + µ(vi−1, vi), i = 2, 3, . . . , n− 1

This labeling obey the conditions of Fuzzy square difference labeling. Thus every

path graph is a Fuzzy square difference graph.

Example 1.

0.1 0.2 0.3

0.03 0.05
v1 v2 v3

Figure 1: Fuzzy square difference labeling of P3

Theorem 3.3 Every Cycle graph Cn is a Fuzzy square difference graph.

Proof. Let {v1, v2, v3, . . . , vn} be the set of vertices and {v1v2, v2v3, . . . , vn−1vn, vnv1}
be the set of edges. Choose ω → (0, 1] such that ω = 10−2 for n ≤ 99, ω = 10−3 for

100 ≤ n ≤ 999, ω = 10−4 for 1000 ≤ n ≤ 9999 and so on.

σ(vi) = i ∗ ω, i = 1, 2, . . . , n

µ(vi, vi+1) = 3 ∗ ω2, i = 1

µ(vi, vi+1) = 2 ∗ ω2 + µ(vi−1, vi), i = 2, 3, . . . , n− 1

µ(vi, v1) = (i2 − 1) ∗ ω2, i = n

This labeling obey the conditions of Fuzzy square difference labeling. Thus every

cycle graph is a Fuzzy square difference graph.

Example 2.

0.01 0.02

0.030.04

v1
v2

v4 v3

0.0003

0.0005

0.0007

0.0015

Figure 2: Fuzzy square difference labeling of C4
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Theorem 3.4 Every Star graph Sn is a Fuzzy square difference graph.

Proof. Let {v1, v2, v3, . . . , vn+1} be the set of vertices and {v1v2, v1v3, . . . , v1vn+1} be

the set of edges.

Choose ω → (0, 1] such that ω = 10−2 for n ≤ 99, ω = 10−3 for 100 ≤ n ≤ 999,

ω = 10−4 for 1000 ≤ n ≤ 9999 and so on.

σ(vi) = i ∗ ω, i = 1, 2, . . . , n+ 1

µ(v1, vi+1) = 3 ∗ ω2, i = 1

µ(v1, vi+1) = (2i+ 1) ∗ ω2 + µ(v1, vi), i = 2, 3, . . . , n+ 1

This labeling obey the conditions of Fuzzy square difference labeling. Thus every star

graph is a Fuzzy square difference graph.

Example 3.

0.01

0.02

0.03 0.04

0.05

0.0
003

0
.0

0
0
8 0

.0
0
1
5

0.0024

v1

v2

v3 v4

v5

Figure 3: Fuzzy square difference labeling of S4

Theorem 3.5 For n ≤ 3, the Complete Bipartite graph Kn,m is a Fuzzy square

difference graph.

Proof. Let {v1, v2, v3, . . . , vn, vn+1, vn+2, . . . , vn+m} be the set of vertices and

{v1vn+1, v1vn+2, . . . , v1vn+m, v2vn+1, v2vn+2, . . . , v2vn+m, vnvn+1, vnvn+2, . . . , vnvn+m}
be the set of edges.

Choose ω → (0, 1] such that ω = 10−2 for n ≤ 99, ω = 10−3 for 100 ≤ n ≤ 999,

ω = 10−4 for 1000 ≤ n ≤ 9999 and so on.

σ(vi) = i ∗ ω, i = 1, 2, . . . , n, n+ 1, . . . , n+m

case(i): If n=1 µ(vi, vi+1) = 3 ∗ ω2, i = 1

µ(v1, vi) = (2i− 1) ∗ ω2 + µ(v1, vi−1), i = 3, 4, . . . , n+m
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case(ii): If n=2

µ(vi, vi+2) = 8 ∗ ω2, i = 1

µ(vi+1, vi+2) = 5 ∗ ω2, i = 1

µ(vj, vi) = (2i− 1) ∗ ω2 + µ(vj, vi−1), j = 1, 2 and

i = 4, 5, . . . , n+m

case(iii): If n=3

µ(vi, vi+3) = 15 ∗ ω2, i = 1

µ(vi+1, vi+3) = 12 ∗ ω2, i = 1

µ(vi+2, vi+3) = 7 ∗ ω2, i = 1

µ(vj, vi) = (2i− 1) ∗ ω2 + µ(vj, vi−1), j = 1, 2, 3 and

i = 5, 6, . . . , n+m

This labeling obey the conditions of Fuzzy square difference labeling. Thus the

complete bipartite graph Kn,m for n ≤ 3 is a Fuzzy square difference graph.

Example 4.

0.01 0.02

0.03 0.04 0.05 0.06

v1 v2

v3 v4
v5 v6

Figure 4: Fuzzy square difference labeling of K2,4
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4 Conclusion

We have studied the definition of Fuzzy square difference labeling and proved

that path graph, cycle graph, star graph and complete graph (n ≤ 3) are Fuzzy

square difference graphs.
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