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Abstract

We introduce a second order difference operator with specific powers of variable co-efficient
and its inverse in this study, which allows us to derive the (a1t™, at™)-Fibonacci sequence
and its summation. This series is known as the Fibonacci sequence with variable co-efficients
(VCFS). On the sum of the terms of the variable co-efficient Fibonacci sequence, some theorems
and intriguing findings are generated. To demonstrate our findings, appropriate instances are
presented.

Key words: Difference operator variable co-efficient, Fibonacci sequence, Closed form solution,
Fibonacci summation.
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1 Introduction

Jerzy Popenda [6] created a new form of difference operator on wu(t) in 1984,
Aqu(t) = u(k + 1) — au(t). Miller and Rose [8] proposed the discrete counterpart
and inverse A,” f(t) of the Riemann-Liouville fractional derivative in 1989, (]I, []).

In 2012, G.Britto Antony Xavier, et.al, [2] extended the operator A,(¢) to
Forward (o, §)—difference operator as hA, grv(t) = Sv(k + h) — awv(t) for the real
valued function v(t). G.Britto Antony Xavier, et.al, [3] presented the second order
a—difference operator as Ay(r,m)v(t) = v(k+20) — afv(k +€) +v(k +m)] — a*v(t) in
2014, and discovered a finite series solution to the associated generalised second order
difference equation Aygm)yv(t) = u(t). With this background, we used the difference
Operator with variable co-efficients to produce advanced Fibonacci sequence and its
sum in this study.
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2 Variable Co-efficient Fibonacci Sequence and its Sum

Fibonacci and Lucas numbers appear in the extensive books of Koshy [7] and
Vajda [10], and they cover a wide range of interest in modern mathematics. Falcon
and Plaza [4] developed the k—Fibonacci sequence, which has only one integer
parameter k and is defined as

Fro=0, Fp1=1 and Fypy1 =kFy,+ Fypo1, where n>1k>1.
For example, if £ = 2, the Pell sequence is P, = 0, P =1 and P,y =
2P, + P,_1 for n > 1. The second order difference operator with variable
co-efficients A o(t) =v(t) —aqt"v(t — 1) — ast™wv(t — 2) is used in this section

(Ot1tr1 ,aot™2 )

to generate the (1™, ast”™)—Fibonacci sequence and its summation.

Definition 2.1 Let k € [0,00), (a1t"™, ast™)-Fibonacci sequence is defined as
FO = 1, Fl = Oéltrl, Fn = Ctl[t— (n— 1)]” n—1 +062[t— (n—2)]r2 n—2, N > 2. (1)

The sequence gives the typical Fibonacci sequence when a; = as =1ry =1ry = 1.

Example 2.2 (i) Taking t = 7,0y = 10, ap = 7, 11y = 3 and ro = 2 in ()), we get a
Fibonacci sequence with variable co-efficients {1,490, 193207, 12173560, - - - }.

(ii) When t = 9,7 = 0.8, ap = 0.3, r; = 2 and r, = 4 in ({1}, we have a Fibonacci
sequence with variable co-efficients {1, 583.2,238903.02, 65566186.13, - - - }.

Similarly, Fibonacci sequences corresponding to each pair (a;t™, ast™) € R? can

be found.

Definition 2.3 A second order difference operator with variable co-efficients on v(t),
denoted as A v(t), is defined as

(altrl ,aot’2 )

A v(t)=o(t) —agt"o(t — 1) — at™v(t —2), t€[0,00),, (2)

(a1t™,a0t™2)

for each pair (o t™, apt™) € R?, and its inverse is defined as follows:

it A w)=ut), wewrite v(t)= A ulf). 3)

(Oqtrl ,athQ) (altrl,agtTQ)
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Lemma 2.4 Consider v(t) be a functions of ¢t € (—00,c0). Then we get

K ot [1 _

(a1t ,apt™2)

r s
Oélt Oézt st
as &25

s 2s
Ozlt“ Oégtm
B 2s

¢ tr
Proof: Taking u(t) = a* [1 L ] in , we obtained

ast — ast |:1

(1™ ,0t72) a’ a

Remark 2.5 If a5 = 1 = ay in lemma [2.4] then we obtained

_Al ast |:1 o f o £i| st.
)

(t71 72 a’ a?s

Lemma 2.6 For the function e of t € (—00, o), we obtained

-1
A e 1 — ayte’ — agt”eﬂ = 5.
(altrl ,aat™2)

Proof: The proof begins with the assumption that a = e~! in .

Remark 2.7 For the function e™* of ¢t € (—o00, 0), we obtained

A e—st 1— trles - tr2€28] — e—st‘
(tr1,t72)

-1
Theorem 2.8 If v(t) = A u(t), Fp=1,F = agt™ and

(Ocltrl ,aot"2 )

Fiyy=ai(t—n)"F,+ as(t — (n—1))2F,_1, for i =0,1,2,... then

]. Now u follows from u

v(t) = Fhpv(t — (n+1)) —ag(t —n)?Fo(t — (n+2)) = Z ];u(t —1i). (8)

Proof: From and , we arrive

v(t) = u(t) + aqt™o(t — 1) + aot™v(t — 2).
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By replacing ¢ with ¢ — 1 and then inserting the value of v(¢t — 1) in (9), we get
v(t) = u(t)+ Frut—1)+ (ot (t—1)" + agt™)v(t —2) +araat™ (t—1)"2v(t—3) (10)
which gives
v(t) = Fou(t) + Fiu(t — 1) + Fyoo(t — 2) + az(t — 1) Flo(t — 3), (11)

where Fy, Fy and F), are given in . By replacing ¢t by t —2 in @ and then inserting
v(t —2) in (L)), we get

v(t) = Fou(t) + Fiu(t — 1) + Fou(t — 2) + F3o(t — 3) + aa(t — 2)2 Fyo(t — 4),
where Fj is given in . We acquire by repeating this technique over and over.

-1
Corollary 2.9 If A wu(t) =v(t), Fo =1,F; =t" and

(t71,t72)

Fopy=@t—n)"F,+({t—(n—1))2F,_, for i =0,1,2,... then

v(t) = Fppqo(t — (n+1)) — (t—n)2F(t — (n+2)) = Z Fut—i).  (12)

Proof: Taking o; = 1 = ay in Theorem({2.8)), the proof follows.

Corollary 2.10 If v(t) is a closed form solution of the difference equation with

variable co-efficients A v(t) = a®[1 — 2L+ — 22L2] then we obtain
(t1,t72)

ast — Fn+1as[t—(n+1)] . Oég(t . n)TQFnas[t—(n+2)]

_ Xn:Fias[t_i] [1 B ap(t—i)™ B aQ(t—@’)m]. (13)
=0

as 0,23
Proof: From ([{)), we have v(t) = a**. Now follows by apply v(t) = a* in (g).
The equation is verified in the following example.

Example 2.11 Takingt =7, s =1,a =5, a1 = 2, ag = 3,1y =1 and r, = 2
in , we get Fyp = 1, Fy = 14, Fy, = 315, F3 = 4662 and we have the solution

2 . 4
57 — F354 . 3F25253 _ Z Fi5(7_i) [1 _aa(t=0)t az(é;2)2] — —5, 788, 750.
=0

a
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Remark 2.12 Let &y =, =1 in . Then we have

ast_Fn+1as[t—(n+1)] _(t_n)ranas[t—(n-i-Q)] _ Z Eat—i [1_ (t — i)ﬁ B (t —2i)T2 ' (14)
pr as a2s

The equation is verified in the following case.

Example 2.13 Taking k=5,a=2,s=1andn=11in , we get

a a?

1
25 — F32% — [14%22 = 3" ;2670
=0
where FO = 1, Fl = 5, F2 = 45.

[ —
—_
|
ot
i
<
|
—

] = —6as

Corollary 2.14 Consider e™* be a function of ¢ € (—o0, 00). Then
e—st _ Fn+1e—s(t—(n+1)) _ Oég(t _ n)rane—s(t—(n—i-Q))

= i Fe~st=9 [1 —ay(t—i)"e® — ag(t — i)”e%} : (15)
i=0

Proof: Taking v(t) = e~*' and applying (6) in (§)), we get (17).

Example 2.15 Taking t = 9, n = 3,s = 1, ay = 08, ap = 0.3, r

3 and 1, = 2 in (14), then we obtained e — Fje™® — (0.3)62F3e™* =
3
S Fiem @701 — (0.8)(9 —i)%e — (0.3)(9 — i) = —89333078.97 where Fy, = 1,
=0

Fy =583.2, Fy, = 238903.02, F5 = 65566186.13 and F,; = 11333348840.

Theorem 2.16 Let ¢t € N(0) . Then a closed form solution of the second order
difference equation with variable co-efficients
o(t) — art™o(t — 1) — ant™v(t — 2) = [t — agt" (t — 1)F — ant™ (¢ — 2)F] is

-1

A [t (t—1)F — st (t —2)F] =+t (16)

(Oqtrl ,aot"2 )

Proof: Taking v(t) = t* in and using , we get .
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Corollary 2.17 Taking ¢t = 2 in Theorem [2.16| we have

—1
A [P =t (= 1) = ant™(t — 2)°] =7 (17)
(a1t™1,00t™2)
which is a closed form solution of the difference equation
A o(t) =t —apt"(t —1)% — aot™(t — 2)2.

(altTI ,at”2 )

Proof: From , replacing k = 2, we get

-1
Corollary 2.18 If v(t) = A [tF—aqt™(t — 1)F — ant™(t — 2)*] is the closed

(Oqtrl ,aat’2 )

form solution given in , then we have
v(t) — Fppv(t—(n+1) —as(t —n)?Fo(t — (n+ 2))

_ Zm[(t i) —an(t— i) [t — (i 4+ 1)]F — aa(t — i)t — (i + 2)]’“]. (18)

Proof: Taking u(t) = t* — a;t" (t — 1)F — ast™(t — 2)* in Theorem 2.8} we have [18]

Example 2.19 Let t =7, n =3, k=2,r, =3, ro =4 a; = 5, ag = 3 in Corollary
3

2.18). Then > Flu(7 —1i) = v(7) — Fyu(3) — az(4)* Fyv(2) = —6,988,044, 045, 122.
i=0

where u(t) = z?"“‘ — ot (t — )P —aut*(t — 2)F, Fy = 1, Fy = 1715, F, = 1,859,403,
F3;=1,168,794,795 and F, = 377,500, 715, 025.

Theorem 2.20 If v(¢) is a closed form solution of second order difference equation
with variable co-efficients arrive Fibonacci Summation Formula
v(t) — art"vo(t — 1) — aot™v(t — 2) = tFa®t — agt™ (t — 1)Fa*tD — apt™ (1 — 2)Fa*t=2),
then we have

v(t) — Fppv(t — n+1]) —ao(t —n)v(t — [n+2]) =

> Rt (- i)t - =iy o2ty g 21| (t9)

as a25

Proof: Taking u(t) = [t"a® — ont™(t — 1)Fa*""Y — aut™(t — 2)*a*=?] in

Theorem and using , we get
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Corollary 2.21 A closed form solution of the difference equation
A v(t) =83al — agt™ (t —1)3a 7 — ant™(t — 2)3a"2 is t3a

(a1t™ ,agtTQ)
and hence we arrive the relation

B3at — Fp1(t — [n+ 1)) — ay By (t — n)"2(t — [0+ 2])3at-In+2)

=Y Fat? [(t Capo =0y p o 20" o] (e0)

as a23

Proof: The proof follows by taking & = 3 in Theorem [2.20]

Example 2.22 Lett=5,s=1,a=3,n=4, a; =0.02, ap =0.03, r =3, s =2 in
Corollary (2.21)). Then we obtain

v(5) — Fyv(0) — (0.03) Fyu(—1) = zj; Fi[(5—14)337"—(0.02)(5—)?[5— (i +1)]?3°-(+1) —

(.03)(5 — 9)%[5> — (i + 2)]33°~(+2)] = 30,375.016,
where [y = 1, I} = 2.5, Fy = 3.95, I3 = 3.333, F, = 1.59978 and F5 = 0.4319556.

Corollary 2.23 A closed form solution of the second order difference equation
v(t) — ot u(t—1) — aot™v(t —2) = tre 5 — ot (t— 1)kFe =Y — qutm2 (t — 2)ke=s(t=2)
yields the Fibonacci formula

v(t) — Frpv(t—(n+1)) —aF(t —n)?v(t — (n+2)) =

Z Fie st(t—i)ke —ay (t—i) " [t — (i+1)]Fes0HD —ay (t—i) 2 [t — (i42)]Fes+2)]. (21)

Proof: Taking a = ! in (19)), we get (21).

—1
Corollary 2.24 Ifv(t) = A e St —ayt" (t — 1)e’ — aot™(t — 2)e*]
(a1t ,a0t™2)
yields the relation

te™st — Fq[t — (n+ 1)]e st — B (1 — n)"2[t — (n + 2)]eslt-(+2)] =

> Fe Ut — i) — an(t = )" [k — (i + 1)]e® — ag(t — )2 [k — (i +2)]e™]. (22)

=0

Proof: The proof follows by taking ¢t = 1 in Corollory [2.23|
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Theorem 2.25 Let v(t) be a solution of the second order difference equation
2
v(t) — artu(t — 1) — agt™u(t — 2) = tWast — 3 at (t — p)Bast=P)
p=1
then we have

t®ast — B, (t — [0+ 1) Dast0HD) — a, B (t —n)"2(t — [n + 2])a*~ "+

2

= i Fa' 7t —i)® =" ot — i) [t — (i +p)]" 3)

aP’

p=1

Proof: Taking v(t) = t*)a* in Theorem [2.8 and using , we get 23]

Corollary 2.26 v(t) = t?a*! given the relation
+(2)gst — Fn+1(t _ [n + 1])(2)as(t7[n+1]) _ aan(t _ n)T‘Q (t _ [n + 2])(2)as(t7[n+2])

=3 ma -0 -3 e, (24)

p=1

Proof: The proof follows by taking k& = 2 in Theorem [2.25]

Example 2.27 Let t =7, s=1,a=3,n=2, a1 =0.04, ap = 0.06, 11 =4, r, = 3
in Corollary ([2.26]). Then we obtain

0(7) = Fyo(4) — (0.03)5°Fyu(3) = 3 F((7 — )3

(0.06)(7—0)3[7—(i4-1)] @370+ —(.06)(7—i) P [7—(i+2)]>37- 2] = —128, 674, 949.6,
where Fy = 1, F} = 96.04, F, = 4999.2936, Fy = 126,227.0184.

Corollary 2.28 Let v(t) be a solution of second order difference equation with
variable co-efficients )
o) — At o(t — 1) — aat™o(t — 2) = e~ [t(k) S apti(t — 1)<t>eps} .

p=1
Then we have

(06— By (£ — [+ 1) D00 — B (¢ — p)2(t — [+ 2])Oes0-(42)

2

= zn: Fie= (= [(t =)D = ot — i)t — (i + 1)](%1’.] (25)

p=1

Proof: Taking a = ! in Theorem (2.25)), we get (25).
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Corollary 2.29 A closed form solution of then difference equation with variable
co-efficients
A vt) =e S —apti(t — 1)Bes — apt™(t — 2)Be?] is tBest

(a1t™1,0t™2)
and hence we have

(B3t — By (t — [+ 1)@ eI _ qn(t — nyr2(t — [ + 2])@ st

2

=Y R [(t — ) =S ap(t — iyt — (i + p)]<3>eps} . (26)

p=1

Proof: The proof follows by taking ¢t = 3 in Corollory ([2.28)), we get .

Example 2.30 Let t =6, s=1,n=2,a=02, a1 =2, as = 0.3, 1, =3, r, =2 in
Corollary (2.29). Then we obtain
2
v(6) — F3v(3) — (0.3)F4?v(2) = 3. F[(6 —4)®(0.2)77 — (2)(6 — 1) x
i=0

6 — (i + 1)]®(0.2)5 6+ — (0.3)(6 — 9)%[6 — (i + 2)]®(0.2)6~+2] = —663773.8675,
where Fy = 1, Fy = 432, F, = 108010.8 and Fj = 13828622.4.

3 Conclusion

By introducing the (a1, aot™)-difference operator, we were able to obtain the
summation formula for the (a;t™, ast™)-Fibonacci sequence, and we were able to
derive certain results on the closed and summation form solution of the second order
difference equation, which will be used in our future research.
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