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Abstract

The purpose of this paper is to introduce and study the compactness in intuitionistic fuzzy
topological spaces. Here we define two new notions of intuitionistic fuzzy compactness in
intuitionistic fuzzy topological space and find their relation. Also we find the relationship
between intuitionistic general compactness and intuitionistic fuzzy compactness. Here we see
that our notions satisfy hereditary and productive property.
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1 Introduction

In this paper, we study the compactness in intuitionistic fuzzy topological spaces.
Here we define two new notions of intuitionistic fuzzy compactness in intuitionistic
fuzzy topological space and find their relation. Also we find the relationship between
intuitionistic general compactness and intuitionistic fuzzy compactness. Finally we
observe that our notions preserve under one-one, onto andcontinuous mapping.

2 Compactness in intuitionistic fuzzy topological space

Definition 2.1 Let (X,7) be an intuitionistic fuzzy topological space. A family
{(1a;,ve,) g € J} of IFOS in X is called open cover of X if Uug, = 1 and Nvg, = 0.
If every open cover of X has a finite subcover then X is said to be intuitionistic fuzzy
compact (IF-compact, in short).

Definition 2.2 A family {(ug,,ve,) : j € J} of IFOS in X is called («, /5)-level open
cover of X if Uug, > o and N, <  with a+ § < 1. If every (a, §)-level open cover
of X has a finite subcover then X is said to be (a, ) -level IF-compact.

Theorem 2.3 Let (X,7T) be a topological space and (X, 7) be its corresponding
IFTS, where 7 = {(14,,1%;),j € J : A; € T}. Then (X, T) is compact if (X, 7) is
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IF-compact.

Proof Let (X,T) be compact. Consider {G;|i € J} be the open cover of X,

ie. UG =X (1)
Since X is compact then 3G;,, G, ....... ,G; € T such that
Gi1 U Gig Ui, U Gin - X (2)

Now it is clear that (1g,,1g,) € T' (by the definition).
Also we have,

= (]‘UGi7 1%Gz)
= (]‘X’ ]‘fCTGZ)

But we have, 1x + 17, <1 then it must be 17, = 0. Therefore we get,
U(lg,, 1g,) = (1x,0).
Also by (ii) we get,

(1X7 0) = <1Gi1 UG,;QU...UGZ'” ) O)
= (U?=11Gij> 0)
= U(lg,;,0)

Hence it is clear that the IFTS (X, 7) is IF-compact.

Corollary 2.4 Let (X,T) be a topological space and (X, 7) be its corresponding
IFTS, where 7 = {(14;,1%),j € J : A; € T'} Then (X,T) is compact if (X,7) is
(o, B)-level IF-compact.

Proof: Here it is clear that for any o, € [ witha+ 5 <1= 12> «a and g > 0. So,
(X, 1) is (o, B)-level IF-compact.

Theorem 2.5 Let (X, J) be an intuitionistic topological space and (X, 7) be its
corresponding IFTS, where 7 = {14, = (14, ,14,,),7 € J : A; = (A, 4;,) € T}.
Then (X, J) is intuitionistic compact if (X, 7) is IF-compact.

Proof Let (X, J) be an intuitionistic compact space, we shall prove that (X, 7) is
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IF-compact. Consider {14, } be an open cover of 7, i.e. Uly, = (1,0), where (1,0) is
intuitionistic fuzzy set. Now

lAk:(lAk171Ak2) = UlAk:U(lAk171Ak2)
= Uly, = (UlAkl,ﬂlAkQ)
=1 1y, = (lu,, 1oy,
=1 1, = (1x,0)
=1 1, =(1,0)

By the given definition {A; € J},k € A is the open cover of X, since UA;, = (X, ¢).
But we have (X, J) is compact then 3Ay, , Ay, ,....., A, € J such that

Ui Ay, = (X, 0)

Ui (A m,Akijg) = (X,9¢)

Uy A, mj A, = (X, 0)

(1 7 mj Ary,) = (Ix, 1g)
(o, 4y, :1Akij2) = (1,0)

¢G4l

Hence (X, 7) is IF-compact.

Theorem 2.6 Let (X, 7) and (Y, ) be I[FTSs and f: X — Y is bijective, open and
continuous. Then (Y, §) is IF-compact = (X, 7) is [F-compact.

Proof Let A, = (u;,v;) € 7 with UA;, = (1,0). Now A; € 7 = f(4;) € ¢
with Uf(A) = (1,0). Ror y € Y, f(A)w) = (5 f(ua)(0), Fva)()), where
F(11)(5) = $4Dsc s 1, (2) = pia,(0). Similarly we get, £(v4)(y) = v (2). Now
DF(A) = Uf(iad. f(oa) = (OF (a0 (va), e, Uf(a)(0) = Upea, = 1 and

Nf(va,)(y) = Nvga,(z) =0, so Uf(A;) = (1,0). Since f is an open then {f( )} is an
open cover of Y. Again Y is compact then there exist f(Ay,), f(As,), ....... f(A,,) €
such that UL, f(A;) = (L0) = fUA) = (LO) = f (UL Am) =
f71(1,0) = f71(1,0) € UP_ Aj(since from Chang pu C f~'(f(n)))- Therefore
Ui_, Aji = (1,0). Hence (X, 7) is IF-compact.

Theorem 2.7 Let (X, 7) and (A, ) be IFTSs and f : X — Y is one-one, onto and
continuous. Then (X, 7) is [F-compact = (A, ) is [F-compact.

Proof Let A; = (,ul,yz) € ¢ with UA; = (1,0). Since § is a topology so
UA;, € 0 = fHUAd) € 7 with f‘( A;)) = (1,0) (as f is continuous)
= (1,

= Uf 1 (4) 0). But Uf71(A;) = Uf™ (pa, 1) = U(f (i), f 7' (1)) € 7 with
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where (f 1<,ui1)7f ! Vil))? (f (/J'Z2>
7 i)y e (F i) 7 1(%)) € 7 such that (f ™ (u,), [~ (v,)) U (f 7 (1ia),
W)Y, e, UG ), fH(00,,)) = (1,0)

= UL (f (ki [ () = (1,0)

= (Ugn:1f_1<,uz‘j) = i (Vw)) (1,0)

= f(U;‘nzlf_l(,“zJ) i f (VZ])) f(1,0)

= (UL (7 (), ML f (7 (vyg) = (1,0),

since f is one-one and onto, so f(1,0) = (1,0). Therefore (UL, w5, NjL,v5) = (1,0),
i.e. UM, (pij, vig) = (1,0). Hence (Y, 6) is IF-compact.

Theorem 2.8 Let (X, 7) be an IFTS and (V, 7,) be a subspace of (X, 7) with (X, 7)
is IF-compact. Let f: (X, 7) — (V,7,) be continuous, open and onto, then (V| 7,) is
IF compact.

Proof Let M = {B; : i € J} be an open cover of (V,7,) with UB; = (1,,0). By the
definition of subspace topology, let B; = U;|V, where U; € 7. Since f is continuous
then f~(B;) € 7 implies that f~1(U;|V) € 7.

As, (X,7) is IF-compact then U;c;f ' (U;]V)(z) = (1x,0). Thus we see that,
{f~Y(U;|V) :i € J} is an open cover of (X, 7). Hence there exist

_I(Ui1|v)vf_1(Ui2|V)’ """ 7f_1(Uin|V) € f_1<Uz|V)

such that
o ST Us|V) = (1x,0).
Put By = Uy |V, then it is clear that By, € 7, with Ur_, f~1(Bi) = (1x,0)

= f(Ui /7 (Ba) = f(1x,0)
= Ui f (/71 (Ba)) = (f(1x),0)

= UP_,(Bix) = (1y,0) as f is open. Hence (V, 7,) is IF-compact.

Theorem 2.9 Show that the following statements are equivalent:

(1) X is [F-compact,

(1) For every F; where F; = (vg, pur,) of closed subset of X with NF; = (0, 1) implies
{F;} contains finite subclass {Fj1, Fia, ..., Fy, } with Fjy N Fp N N Fy, = (0,1).
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Proof (i) = (i7). Suppose NF; = (0,1) then by De Morgan’s law

(ﬂF) (0,1)°
= = (1,0)
= (VFHMF) (1,0)
= Ulpr,vr) = (1,0)
= (Upr,Nvr) = (1,0).
So, {Ff}, (Ff = (pr,vr,)) is an open cover of X. Since X is IF-compact hence
AFS,FS, ... ,Ee € {F¢} such that FS U Fa U ........ UFS = (1,0). Then
(0,1) = (1,0)0°=(FiUFaU....... UF;)°
= (F)N(ES) N e N (F%,)¢ ByDeMorgan'slaw
= FaunNFan.... N Fim,

so we have shown that (i) = (i7).
(i1) = (7). Let {G;} be an open cover of X where G; = (ua,,vg,), i.e. U;G; = (1,0).
By De Morgan’s law,

Since each G} is open, so {G;} is a class of closed sets and by (ii) 3G$;, G5, ....., GS,, €

{G¢} such that
GiNGL N nNGs, = (0,1).

So by De Morgan’s law
(1,0) = (0,1)° = (G5 NG5 N e NGS ) =G UGpU ... U Gim,

hence X is [F-compact. So, we have shown that (i7) = (i).

Theorem 2.10 Let the IFTS’s (X;,71) and (X»,72) be IF-compact. Then the
product IFT 71 X 5 on X7 x X, is IF-compact.

Proof Consider, (X1, 7) and (Xo,72) is IF-compact. Let A; = (ua,,va,) € 7 with
UA; = (1,0) and B; = (ug,,vs,) € 2 with UB; = (1,0). Now

Ay x By = (lu’Ai?VAi) X (IUBNVBi) = (:uAi X 1B, VA; X VB'L)

J[DJ ournal of Computational Mathematica Page 106 of



2456-8686, 5(2), 2021:102-108
https://doi.org/10.26524 /cm113

where
(pa, X pg,)(w,y) = min(pa, (), pp,(y)), where x € X1,y € Xo
= min(1,1)
= 1
Similarly,
(VAi X VBi)(x7y) = maX(VAi(x)’VBi(y)>7

0

= max(0,0)

SO, Az X B; = (1,0)

But by the definition of product topology, A; x B; € 11 X 19, i.e. {A; x B;} is a family
of intuitionistic fuzzy open set in X; x Xos.

Choose U(A4; x B;) = (1,0). Since (X, 1) is [F-compact, then {A;} has finite subclass
{Ai;} such that Uj_, A;; = (1,0). Similarly, since (X3, 72) is [F-compact, then {B;}
has finite subclass { By} such that U}", B;; = (1,0). Therefore

Ui Aij X Upy By = (1,0)
U?Zl(/’LAij7 I/Aij) X Uql;nzl (lu’Bik7 VBik) = (1? O)

(U;L:UJ’AU? ﬂ?:lyAij) X (U?:1 (/’I’Bik7 m?:lyBik»
— (10

=
=

Hence there exist four cases:

Case-l: If U7_ pua,; = 1, UL g = 1

Case-ll: If U}_, 4,5 = 1,ML i = 0

Case-lll: If N7_,va,; = 0, UL g = 1

Case-lV: If ﬂ;‘L:lVAij =0, NiL Bk = 0

Here from four cases, we see that the product topology (X7 X Xa, 71 X 73) is IF-compact.

3 Conclusion

In this paper, we discussed about the compactness in intuitionistic fuzzy
topological spaces. Here we define two new notions of intuitionistic fuzzy compactness
in intuitionistic fuzzy topological space and find their relation. Also we find
the relationship between intuitionistic general compactness and intuitionistic fuzzy
compactness.
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