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Abstract

A self-adjoint coupled system of second-order differential inclusions with nonlocal multi-point
boundary conditions is considered. An existence result is established when the set-valued maps
have nonconvex values.
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1. Introduction

A basic fact in the theory of ordinary differential equations is that any linear
second-order differential equation may be written in the self-adjoint form (r(¢)y’)’ =
q(t)y. This equation with boundary conditions of the form a;y(0) — a2y/(0) =
0, Biy(T) — B/ (T) = 0 is known as the Sturm-Liouville problem. In the
set-valued framework differential inclusions of the form (r(t)y’)’ € F(t,y) are called
Sturm-Liouville type differential inclusions without any particular choice for the

boundary conditions.

The present note is devoted to the following coupled system of Sturm-Liouville

differential inclusions

(p1(t)2) € Fi(t,x1,292), a.e.t € [a,b],

(p2(t)xh) € Fo(t,z1,22), a.e.t€la,b],
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with nonlocal multi-point boundary conditions of the form

ri(a) =0, wi(b) = D250, aywa(§)),
wy(a) =0, w2(b) = D5y Brra (pa),

(@)

where Fi(.,.,.) : [a,b] x R*> — P(R), Fy(.,.,.) : [a,b] x R?> — P(R) are given
set-valued maps, a < § < .. < &n < 1 < oo < pp < b, 05,0, € Ry, 7 = 1,m,
k=1,nand pi(.) : [a,b] = (0,00), p2(.) : [a,b] — (0, 00) are continuous.

Our study is motivated by a recent paper [11], where sufficient conditions for
the existence and uniqueness of solutions for such type of problem are find in the
single-valued case; namely, the right-hand side in is given by (single-valued)
mappings. All the results in [11] are proved by using several suitable theorems from
fixed point theory.

Our intention is to extend the study in [I1] to the set-valued framework. The
approach we present here takes into account the case when the values of F; and Fj
are not convex; but these set-valued maps are assumed to be Lipschitz in the second
and third variable. In this case we establish an existence result for problem —.
Our result use Filippov’s technique ([10]); more exactly, the existence of solutions is
obtained by starting from a pair of given ”quasi” solutions. In addition, the result
provides an estimate between the ”"quasi” solutions and the solutions obtained.

Similar results for ”simple” Sturm-Liouville differential inclusions may be found
in the literature [2, 3, 4, Bl [6]. As far as we know the present paper is the first in
literature which contains an existence result of Filippov type for coupled systems of
Sturm-Liouville differential inclusions. We also mention that the technique presented
here may be seen at coupled system of fractional differential inclusions [7, [, 9]. Even
if the method we use here is known in the theory of differential inclusions it is largely
ignored by the authors that are dealing with such problems in favor of fixed point
approaches, most probably, because it is much easier to handle the applications of
classical fixed point theorems.

The paper is organized as follows: in Section 2 we recall some preliminary results

that we need in the sequel and in Section 3 we prove our main results.
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2. Preliminaries
We set by I the interval [a,b]. We denote by C(I,R) the Banach space of all

continuous functions z(.) : I — R endowed with the norm |z(.)|c = sup,c;|z(t)| and
by L*(I,R) the Banach space of all integrable functions z(.) : I — R endowed with
the norm |z(.) f |z(t)|dt.

The Pompeiu-Hausdorff distance of the closed subsets A, B C R is defined by
dy(A, B) = max{d*(A, B),d*(B,A)}, where d*(A, B) = sup{d(a, B);a € A} and
d(z, B) = inf ep d(z, y).

The next technical result is proved in [11].

Lemma 2.1 Let fi(.) : [a,0] = R, f5(.) : [a,b] — R be continuous mappings. Then
the solution of the linear system

(p(t)1)" = f(t) T € la,b],
(p2(t)33) = falt) t € [a,b]

with boundary conditions is given by

(

ni(t) = [LGE [0 A dn)ds + &= [LEs [0 f(r)dr)ds+
2 @y ffj (a7 Ju fo(7)dr)ds — S Z;Q(ls)a] I far)dr)ds+

(Z] 1) Zk 16kfuk pl s)f fi(r)dr ds)]

T)dr)ds + &

7)dT)ds+
> e 15kf”k p1 f fi(r)dr) ds—fa E}fl é)ﬁ’“f fi(r)dr)ds+
\ (> k=1 Br) (22 j:l a; fag] pQ;(s) fa fa(T)dr)ds)],

where C'=1— (370 ;) (3251 Bi) # 0.

552

Definition 2.2 The mappings z1(.),z2(.) € C(I,R) are said to be solutions
of problem (I)-([2) if there exists fi(.), f2(.) € LYI,R) such that fi(t) €
Fi(t,x(t), z2(t)) a.e. (1), fa(t) € Fo(t,x1(t),x2(t)) a.e. (I) and z;(.) and z»(.) are
given by (3).
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In what follows x () denotes the characteristic function of the set A C R.

Remark 2.3 Let us introduce the following notations

b
167 = ([ b ds) g () — 27
% Z;n:I Qj Zk:l 6’9 ffk p11(3) ds)x[a#k](T)’

Ly (/5" L oo — 53 </b L)
== qj S)Xjae](T) — = Y« s),
C™MN ()T O Y,

pa(s)

3

1 | 1 b1
Kalter) = & 3B () = 5 o )

k=1

b
Ka(t,7) = (f} 57598) X0 (7) — &7 Sds)+
¢ ne B = 1O‘Jf pz;s) )Xag;1(T)-

Then the solutions (z1(.), z2(.)) in Lemma 2.1l may be put as

() = [Pt 7) fi(r)dr + [D Koty T) fo(r)dr, tel
t) = [P Ks(t,7) fu(r)dr + [P Ka(t,7) fo(r)dr, tel

Moreover, if we define M; := maxcs |p1_1(s)\’ My := maxcs m, for any t,7 € I we
have the following estimates
1 1 m n
K1(t,7)| < My(b—a)(1 + |a) 0l > > By — a) =: ki,
j=1 k=1
1 m
|IC2 t T ZCY]MQ ZOéng(b—a,) =: kQ
=01 2 P
1 n
|]C3(t 7- ’C‘ ZBle )+|_C’26le(b_a) = ]{33
k=1

[KCalt, 7)| < My(b—a)(1 +

|C’| |C|Zﬁk2&]l\/[2 P —a) =: ky,

J[DJournal of Computational Mathematica Page 127 of



2456-8686, 6(1), 2022: 124-133
https://doi.org/10.26524 /cm126

Finally, in the proof of our main result we need the following classical selection result
for set-valued maps (e.g., [1]).

Lemma 2.4 Let Z be a separable Banach space, B its closed unit ball, A : [ — P(Z)
is a set-valued map whose values are nonempty closed and b: I — Z,c: I — R are

two measurable functions. If
A)N(b(t)+c(t)B) 0 a.e. (1),
then the set-valued map t — A(t) N (b(t) + ¢(t)B) admits a measurable selection.

3. Main result

Our results are proved under the following hypotheses.

Hypothesis i) F; : I x R*> -+ P(R) and F, : I x R?> — P(R) have nonempty
closed values and the set-valued maps Fi(., y1,v2), F(., y1,¥y2) are measurable for any
Y1, Y2 € R.

ii) There exist 4(.),ls(.) € L'(I,(0,00)) such that, for almost all t € I, Fi(t,.,.)
is [y (t)-Lipschitz and Fy(t,.,.) is lo(t)-Lipschitz; i.e.,

da(Fi(t,y1,21), Fi(t g2, 22)) < L) (Jyr — vo] + |21 — 22]) YV yr,y2, 21,22 € R.

dH(F2(t73/1,21>7F2(t7y2722)) < l2(t)(|yl - y2| + |Zl - Z2|) VY1, 92,21, 22 € R.

In what follows [(t) = kil1(t) + kala(t) + ksli(t) + kala(t), t € 1.

Theorem 3.1 Assume that C' # 0, Hypothesis is satisfied and |I(.)]; < 1.
(y1(.),y2(.)) € C(I,R)? are considered such that there exist ¢;(.),q(.) € L'(I,R)
with — d((p1()pa (1)), Fa(t, 51 (8), 92(1)) < aul(t)  ae te
d((p2(Dw2(t)') Fot, y1 (1), 92(1))) < @ot) ae. ¢ € [, yi(a) = y(a) = 0,
yi(b) = D200 aya(&5), ya(b) = D2y Brya ().

Then there exists (z1(.), 72(.)) € C(I, R)? a solution of problem (1)—(2) satisfying
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for all t € 1

1(8) = 0)] + faa(®) — pafp)] < B LIE Lot RIRUR gg

Proof: From the assumptions of the theorem

Fi(tyi(t), y2() N {(p1(B)wn(®)) + () [=1,1]} # 0 a.e. (1),
Fy(t, y1 (1), y2(t) N {(p2(D)y2(t)) + 2(®)[-1, 1]} # 0 a.e. (I).

By Lemma [2.4] there exist mesurable selections fl(t) € Fy(t,yi(t),y2(t)), f3(t) €
Fy(t,y1(t),y2(t)) a.e. (I) such that

L) = 1)) < @), [f0) = p2(0)g2())] < @2(t)  ace. (1),

Define
2i(t) = [P, ) [ () dr + [P K(t,7) fi(r)dr, tel

wy(t) = [ Ks(t,7) fi(r)dr + [} Ka(t,7) fa(r)dr, te .
We have the estimates

21 () = ()] < kalar()la + kel (s VEE T,

|25(t) — 12(8)] < K3l () + ke (Vo VEET,
and so,

21 (t) — ya (8)] + |23 (t) — y2(t)| < (kr + k3)|an ()1 + (ko + ka)|g2 ()] =: k-

In the next part of the proof we construct, by induction, the sequences
zh(),22(.) € C(I,R) and f1(.), f2(.) € L'(I,R), n > 1 with the following properties

n

Zi(t) = [PI (T [ (r)dr + [P Ko(t,T) [ (r)dr, tel
23 (t) = [T ICs(t,7) f(r)dr + [P Ka(t,7) f3(r)dr, te

()
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fr(t) € Pt 2y~ (1), 2571 (1), f5'(t) € Fa(t, 277 (1), 257 () ae. (1), (6)

L) = O < h@) (27 (1) — a7 (@] + a5 () — 237 @)]) ace. (1),
570 = O < L@)(27 () — 277 (@) + a5 (1) — 237 @)]) ae (I).

We point out that from — it follows

|27 () — 2Y ()] + e () — 23 ()] < k(IC))" ae (I) ¥neN.  (8)

The case n = 0 is already proved. Now, we assume valid for n — 1. For almost
allt € I,
[0 = 2 (O] < S 1l L) = r)ldr + f) ot 7] 57 (7)
—f3( )|d7<k1f FFNE) = fr@)ldr + ke [ 154 (7) = f3(r)ldr <
Fa Jy W) (et (7) = a7 ()] + Jag (r) — a3~ (D) )dr + Ky [ la(r) (|} (7)—
)+ s (r) = a5 (@) dr < k(IO k[, B(7)dT + ks [ 1(7)d7).

In a similar way, we obtain for almost all ¢t € I,

2 (1) — an(t)] < k(|l(.)|1)”1(k:3/ L(r)dr + k4/ bo(7)dr).

a

Therefore, is true for n.

Inequality (8) shows that the sequences {x7(.)},{z5(.)} are Cauchy in the space
C(I,R). Let z1(.) € C(I,R) and x5(.) € C(I,R) be their limits in C(/,R). Also,
from we deduce that, for almost all ¢t € I, the sequences {f'(¢t)}, {f2(t)} are
Cauchy in R. We consider fi(.), f2(.) their pointwise limit.

At the same time, inequality and Hypothesis give

27 (1) = (O] + [25(t) — y2(0)] < [21(8) = (O] + [25(8) — v () [+
S (257 (1) = 24 ()] + 25 (8) — 2h (D) < b+ 2 k(LW < 1o
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and

() = (e @ua())' [ + 1£5() = (p2(O)ga(t))'] < [fi (1) — (p1(B)pn(8)')' [+

/38 = (p2(O)ye )Y+ 25 () = A1+ 127 (1) = AO) <

L) = (O @)Y+ 1f2(8) = (p2(8)y2(8))] + 3275 (1 (1) + ba(t)) (|25 (2)
)

=2y (O] + a5 (t) — 2 (B)]) < @a(t) + go(t) + (W) + L) =i
for almost all t € 1.

This means that the sequences f7'(.), f3'(.) are integrably bounded and therefore,
their limits f1(.), f2(.) belong to L*(I, R).

The next step of the proof contains the construction in f. By induction,
we suppose that for M > 1, 27*(.),25(.) € C(I,R) and f"(.), fi*(.) € L'(I,R),
m = 1,2,...M with and for m =1,2,...M and @ form=1,2,...M — 1 are

constructed.

Using again Hypothesis

Fl(t ot (8), 23" () N LA (@) + L) (1) — 20" ()] + ()| (8)—
SO # 0,
( ,W(t) 3 (1) L) + (@)1 (8) — 2" ()] + L (t) 23" ()~
SOD-L £ 0
for almost all ¢ € 1.
By Lemma 2.4 we obtain the existence of measurable selections fM*1(.) of
Fi(2h (), 22,()) and £ of Fy(.,2L,(),22,(.)) such that
AT = A O S L@ (" (1) — 2" @) + |2 () — 23" O] ace. (D),
7)) = B1O] < L) () — 2" (@) + |2 (8) — 23" (B)]) aee. (D).

We define #2(.), 23" (.) as in () with n = M + 1.
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Finally, it remains to take n — oo in and @D in order to finish the proof.

Corollary 3.2 Assume that C' # 0, Hypothesis is satisfied, [I(.)]y < 1,
d(0, F1(t,0,0)) < l4(t) a.e. t € I and d(0, F»(¢,0,0)) < [5(t) a.e. t € I.

Then there exists (z1(.), 72(.)) € C(I,R)? a solution of problem (I)-(2) satisfying

forallte ]
(ky 4 )|l ()| + (B2 + Ea)|l2()]1

1=i()h

21 ()] + [2(8)] <

Proof: We apply Theoremwith vi() =y2() =0, ¢1(.) = 11(.) and ¢2(.) = I2(L).

Remark 3.3 If in Fy and Fy are single-valued maps, Corollary provides a
generalization to the set-valued framework of Theorem 3 in [11].
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