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Abstract

In this paper, we investigate the forced oscillation of solutions of conformable hybrid elliptic
partial differential equations. We show that, the suitable condition for the infinite sequence of
annular domains which gives every solution has a zero. Some examples are given to illustrate
the effectiveness of our main result.
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1 Introduction

The problem of oscillation and nonoscillation solution of partial differential
equations is well documented. For the fundamental theory and preliminary result
one can refer the books and articles, see[2, 3], 14, 8, 9l 1T, 13, 14, 17, 21, 26, 29] BT,
32, 33, 34, [35].

Recently, the study on conformable fractional derivative has been gaining more
attention and it gives importance in numerous practical applications, see for example
[T, (5], [10], (12, (18, 19, 20, 24, 28]

The past few years, the quadratic perturbation of nonlinear differential equations
namely, hybrid differential equations have been extensively studied. The hybrid
differential equation is an especially interesting type of nonlinear differential equations
which has wider scope to research. The reason is that hybrid differential equations
include several dynamic systems, as special cases. We refer the readers to the articles
in [6, 15, B0, B7)]. Applications with numerical solutions have been studied by several
authors, see the example, [106] 25, [36].
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Dhage and Lakshmikantham [7] analyzed the existence of extremal solutions and a
comparison result for first order hybrid differential equations with linear perturbations
of the form

d x(t)
— | —F= | =gt x(t .e.t ty) = R
i (G ) = att.alh,act € datt) =0 €
where f € C(J x RR—{0} ) and g € C(J x RR).

On the other hand, Chatzarakis, Deepa, Nagajothi and Sadhasivam[6] studied, the
second order hybrid differential equations and generalized the Riccati technique is of
the form

1"

_at) A la
(f(t,:c(t))) +q(t)z(t) = g(t, (1), t<tq

By the motivation of the paper[27], discussed the fractional - order nonlinear
impulsive hybrid partial differential equations of the form

% (T@Dit (h(“(—”)) + gz, 1)g(D u(z, 1))

t,u(x,t))

— a(t)Au(a, 1) — f(t,/o (t — 5)u(z, s)ds) + F(x,?)

However, the best of our knowledge, we understand that there has been no
previous research made on the forced oscillation of nonlinear conformable hybrid
elliptic differential equations. Hence, we are the first forced oscillation of nonlinear
conformable hybrid elliptic differential equations which had not been formerly
studied. we propose the following model of the form

A

B8 Q

(Gt ) + wleute) = f(a), ae B, (1
where a € (0,1), A% is the conformable nabla operator in Euclidean n-space R™
(n > 2) and E is an exterior domain in R™. g¢(u(z)) € C(E,R — {0}) is convex
function in R,.

We assume throughout this paper:

(A1) o(z,u(z)) is a real-valued continuous function in Ex R!.

(As) p(z, (uz)) > p(x)u(x) for all (z,u(r)) € Ex[0,00) and

o(x,u(z)) < p(x)(z) for all (z,u(x)) € Ex(—o0,0).

(A3) f(x) is a real-valued continuous function in E.
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A bounded domain G € E is said to be a nodal domain for (f) if there exists a
nontrivial function u € Domain (G) = C?(G;R)NC(G;R) such that it has a solution
of zero in G and u = 0 on 0G.

Equation () is said to be nodally oscillatory in E if for any r > 0 equation ({) has
a nodal domain contained in E,. E C {z € R"/|z| > r¢} for some ry > 0, where |z|
denote the Euclidean norm of x € R".

The following notation will be used

S,={xeR"/|z| =1}, 7r>nr

1

F(r) = p /ST f(z)do, r>rg
1

U(r) = T /r u(z)dS, r > .

where o, denotes the surface area of the unit sphere 5.

This paper is organized as follows:

In Section 2, we present the relevant definitions, lemmas, corollary and results. In
Section 3, we discuss the oscillation theorems of main result. In Section 4, we given
few example is illustrate the effectiveness of our new result.

The results in this paper extend and improve numerous findings in the earlier
publications. we believe that this research work would enable further researchers
on the conformable elliptic partial differential equations.

2 Preliminaries

In this section, we give some fundamental definition of conformable derivatives
and integrals. There are several basic definitions, lemmas, corollary and result which
are useful throughout this paper

Definition 2.1 [I9] Given f : [0,00) — R. Then, the conformable fractional
derivative of f of order « is defined by

L)) — 1 T = O

e—0 €

For every t > 0, a € (0,1). If f is a-differentiable in some (0,a),a > 0 and
lim; .+ f*(¢) exists, then we define

f4(0) = lim f(t)

t—ot
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Definition 2.2 [19]

[ @)

xl—a

La(f)(t) = I 1)(f) da,

where the integral is the usual Riemann improper integral and a € (0, 1).

Proposition 2.3 [19] Let a € (0, 1] and f, g be a-differentiable at some point ¢ > 0.
Then,

1. To(af +bg) = aT,(f) + bTu(g), Va,b € R

2. Tu(fg) = [Ta(g) + 9Tu(f)

3. To(tP) = ptP~e, VpeR

4. T,(C) =0, For all constant functions f(t)=C
5. TQ(%) — gTa(f)g;fTa(g)

6. If f is differential, then T, (f(t)) = tlf"‘%

Definition 2.4 [5] Let f be a function with m variable z,...... ,Tm, and the
conformable partial derivative of f of order 0 < o« < 1 in z; is defined as follows

o cebg—1, L4 170&...., m) — y e , T
af<x1; ...... ,xm) = lim f(xla Ti—1,T; + €T, T ) f(l'l €T )
ax' e—0 €

Definition 2.5 [5] Consider the scalar field f(x) and the vector field F(x) that are
assumed to possess partial conformable derivative of order @ with respect to all the
Cartesian coordinates x;,7 = 1,2,3. We define the conformable gradient order of «
as begin the vector field

ALf =X24(07 fes

99 299
1

with, of course, e; is the unit vector in the direction.

The conformable of order « as the scalar field is defined as
Agf =%, (05 Fy)
Definition 2.6 [5]The conformable divergence theorem

Let the vector field v have a continuous derivative on an open region space D
containing then volume V and surface S of V positively outward orientated
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[[[V.Fd,V = [ [F.nd,S

Where, d,V = d,xd,yd,z and d,S = d,xdyy

Lemma 2.7 [23 27] Let u(x), g(u(x)), h(x) > 0 be continuous functions on [a,b]

such that ) "
<mm—u@»( &) __ @$)20 @

g(uly)) glu(x

Then the inequality
fab h(z)dx S f: h(z)u(x)dx

f: g(u(x))dz f;g(u(x))u(x)dx
holds. If (2) reverses, then (3) reverses.

(3)

Corollary 2.8 In particular, replacing h(x), h(y)=1 and g(u(x)) by m in the

above lemma under the condition

(u(z) = u(y)) (g(uly)) — g(u(z))) = 0

then
u(z) 1 )
/Q glu() ™ = /Q“(@dx/g glu(@) "
holds. If
(ule) — uly)) (9(uly)) — glu(x))) < 0
then

L sty = fus | o

Remark 2.9 [27] Tt is well known that if f(x) is convex and 2f - f? > 0 then ﬁ is
convex.

Lemma 2.10 If u € C?*(A(rg, ), R) and g(u(x)) € C(E x [0,00)/[0, o0]) is convex
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function in R, then

o= (y(ifg») LS < (T“ (T(W) (T“ (g<UU(<)>>>))>

Proof: Let u(x) = a(r,0) at x = (r,0)
The function

1
U(r) = o /s a(r)dw,

The divergence theorem implies

/A(a,r) % (952))) o

[, <gmda (%) dut
_ /8 o e g% fd,S
= o Zost (stacy ) oS

1

[ [ s G ) s < [ % () 5= 1, e (o) 5

Taking o derivative with respect to r

s (gé“iff”i») Ao = o ( s = (gwl(x))) A5 )

Lo Glagay) e < () % Gy )
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Since,

)
<wT. <T(a+n—2)Ta (win /S 1 (%) d‘*’))

Using the Corollary (2.7)), we get

o Gy ) s = (o (= ()

Divided by w,r""!, then

s (y(léﬁ))) LSS (Ta (T(MM (Ta (g<UU(<)>>>))>

Hence the lemma is proved.

Lemma 2.11 (see Lebedev[22], p.127]) The function J,(z) (n = 0,1,2..) has no
complex zeros, and has an infinite number of real zeros symmetrically located with
respect to the point z = 0, which is itself a zero if n > 0. All the zeros of J,(z) are
simple, expect the point z = 0, which is a zero of order n if n > o.

The following several properties of a - conformable Bessel functions are given
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Proposition 2.12 [12] Let n is a nonnegative integer. Then

L (57 () = s ()-s(2)

2. To(z7"(Jo)n(z)) = _axna(*]a)n-&-l(x)

3. To((Ja)n(2)) = a(Ja)n-1(2) = 22 (Ja)n-1(2)
4 To(Ja)a)) = 2 (Jan(2) — alaura ()
5. (Ja)nt1(z) = %(Ja)n(x) a(Ja)n-1(2)

6. (Ja)-n(x) = (=1")(Ja)n(®)

3 Main Results

In this section, we prove our main results :

Theorem 3.1 Let G C R be a bounded domain with piecewise smooth boundary
0G=B; U By. Let ¥(z) be a solution of the differential inequality

o (V) )V (x m
82 (s ) 4 paui) =0 in @)

which satisfies

U(x)>0 in G
U(x)=0 in 0G

0V (z) 0V (z)
W <0 on By Ine

<0 1w DBs.

where n is the unit Exterior normal vector to dG.

If [ f(2)¥(z)dez =0

Then every solution u € D(G) = C**(G) N C*(G) of () has a zero in G UB;.

Proof: Suppose to the contrary that there is a Solutlon u of (1) which has no zero in
G UB;. Let u > 0in G UB;.

By assumption(A4;) we get p(z,u) > p(x)u(z)

Hence we have

‘ (9(“(1"))

multiply (B) by ¥(z) and integrating on over G

/G<A§“ (g(z(g))) +p(x)u(x)) U(z)doz < /Gf(m)\p(m)dax (6)

‘I")J ournal of Computational Mathematica Page 403 of

) T p@u() < f(z) in G (5)




2456-8686, 6(1), 2022:396-412
https://doi.org/10.26524 /cm140

From green’s formula and the hypothesis, we get

L2 (Gac) vz [ g () wos = [ 250 (G ) s

[ () veomor > - [ 250 (s ) os + [ (Ghatay) Ao
combining the equation (&) and (), we get

L2 () vt [ tommwionee = - [ S50 (00 ) s

+/G (95(?)) Ag¥(z)dar + /G p(x)u(z)¥(z)dow

. /B 21 (gf;(z))) 0.5+ /G (ﬁf&) AU (e}

+ [ @@ < [ f@veda ®)

which is contradiction, it is easy to see that the right-hand side of (8) is zero.
If u<0in GU By, v = —u, applying the first part for v, we get

@ ﬂ x)v(x —f(xz) in
8 (205 ) 4 paelo) < 1) in G

we lead to be contradiction, hence the proof.

We consider the lemma (2.11), where G is an annular domain
A(ry,re) ={z e R"/ry < |z| <ry}

Corollary 3.2 Assume that p(x)=p(r). Let ¥(r) be a solution of the inequality

plon (Ta (r<a+"—2> (Ta (g(‘IJ\IJ((:))>))> +p(r)¥(r) =0 in (r1,72)
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which satisfies

U(r)>0 in (r,7re)
U(ry) =WU(ry) =0
8a\I/(T1) 2 0 8a\lf(r2)

on® ’ on® <0

If f:f F(r)¥(r)ret=2d r = 0

then every solution u € D(A(r1,72)) of (1) has a zero in A(rq,72)
where A(r1,7m2) = {z € R"/r < |z| < ra}

Proof: Let we take By = S,, and By = 5,

1

/ flz)¥(x)d,x —/ f(z)V(x)d,Sdyr
A(r1,m2) r Sr
T2
= O’n/ F(r)U(r)rletn=2dq
T1
The conclusion follows from Theorem (3.1)) and the hypothesis. Hence the proof.

The Bessel function (J,)(2)-1(r) and (Ja)(z)-1(r) has a oscillatory character.
Let ay, by (k> 1) be number such that Arg < a < by,
(Ja)z-1lar) = (Ja)(z)-1(bk) =0,
(Ja)(2)-1(ar) = (Ja)(z)-1(bx) = 0 and
(Ja)()-1(r) > 0, (Ja)(@)-1(r) > 0 in (ax, by).

Theorem 3.3 Assume that (A;) and (As) hold and let (As) be satisfied for
plz) =2 | If

rH

bk/)\ a(d—n
/ F(r)rl % ))H)(Ja)(%)_l(/\r)dar =0 for some k>1
ag /A

then every solution u € C?**(E) of (1) has a zero in A(ay/\, bi/A].
Proof: Let define the function ¥(r) = r((l’(%))aﬂ‘)(Ja)(%)_l()\r) is a solution of

el ) e
e (7 () ) = (5 (g ) +pover =0
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where g(V(r)) = r* for some p > 1

(Ar) ((?L“Q> p(7572) ol D) (s g (5) O‘er(‘lf)) +

(Ja) 4 2 2

L (Ar) <O‘7Ar(“22)> — (Ja)s (A7) (%M(%Q)) +

()
(Ja) 2 (A7) (O‘?ZTW)) + (T3 () <O‘1A2r(%2)) _ g

(see,[34] Theorem 2)
show that

U(r) >0 in (ag/A bg/N)
W(ap/A) =W (by/A) =0

0V (ar/A) >0 0" (by/N)

<0
one ’ on«

Follows from corollary (3.2), we get

bk/>\ a(d—n
/ F(r)yr ™7 (1) a1y (Ar)dar = 0.
ag /A

Hence the proof is complete.

Remark 3.4 The following remark in the paper see[12]. If

L (_1)n o (2n+%)
(Ja) () () = 2o (W (7) )

0=(2) *sin(a)

then

Tre
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similarly,

(Ja) 25y (@) = (é) ((3 ;fa) cos(z%) + %sm(ﬂ))

Corollary 3.5 Assume that (A;) - (A3) hold and that p(x) = f—j (A > 0). Let n=3
and M be a positive integer with 2M /A > ry. If

(2M+1)7 /A
/ F(r)rsin(Ar)*dar =0 9)
2Mm /A

Then every solution u € C**(E) of () has a zero in A2Mm/\, (2M + 1)7/)].
Proof: From the remark, we get

P () () = (W (i)a) * jasin(w)

It is clear that (Ja)%(QMﬂ) = (Ja)%((QM + 1)7) =0 and (J,)

in (2Mm, (2M + 1)7). Follows from Theorem (3.3), we get

(r)>0

[

(2M+1)m /A
/ F(r)rsin(Ar)%d,r =0
2Mm /A

Hence the proof.

Theorem 3.6 Assume that (A;) and (Asz) hold and let (As) be satisfied for
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p(x) = j—i CIf

b /A (sti=m) )
Fr)r = (o)
ak/A\

—1(Ar)dor =0 for some k>1

n
6

then every solution u € C?**(FE) of (1) has a zero in A(ax/\, b/

Proof: Let define the function W(r) = r((&)=De+r( ], )n) 1 (Ar) is a solution of

n
6

(e o)) o
(e (e Grae)) 2 (5 () ) oo =0

where g(U(r)) = r* for some p > 1

ﬁ
N~—
Il
o

(see[34], Theorem 2)
show that

U(r) >0 in (ag/A bg/N)

U(ar/A) =V (be/A) =0

OW(a/A) o o 97U (be/A)
one T 7 on®

Follows from corollary (3.3), we get

<0

bk/A a(d—n
/ F(T’)T( (472 )+1)(Ja)(%71)<>\7')da7" = 0.
ak/A
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Hence the proof is complete.

Corollary 3.7 Assume that (A;) - (A3) hold and that p(x) = ;\—i (A >0). Let n=3
and M be a positive integer with (4M + 3)7/2X > rq. If

(4M+5)m/2
/ F(r)rcos(Ar)*d,r =0 (10)
(AM+3)/2)

Then every solution u € C**(E) of (1) has a zero in A((4M +3)7/2\, (4M +5)7/2]].
Proof:From the remark, we get

(Ja) oy () = (W : fr)a> ? cos(r)"

PO () ) ) = (#) ! o cos(r)"

It is clear that (Jo)=1((4M +3)m/2) = (Ja) 21 (4M +5)7/2) = 0 and (Ja)=1(r) >0
in ((4M + 3)7/2,(4M + 5)7/2) Follows from Theorem (3.3), we get

(4M+5) /2
/ F(r)rcos(Ar)*d,r =0
(AM+3)m/2)

Hence the corollary is proved.

Corollary 3.8 Assume that (A;) - (A3) hold and that p(x) = 7’}—5 (A > 0). Every
solution u € C**(E) of

% () + Pt =0

has a zero in A(ag/\, bx/A] for some k > 1.

4 Conclusion

In this article, we have derived some new sufficient condition for oscillation of
solutions of conformable hybrid elliptic partial differential equations. We have given
some examples to illustrate the effectiveness of our new results. Our newly- derived
oscillation results extend and improve numerous findings in the recent publications
on classical literature to conformable hybrid elliptic partial differential equations. We
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belived that this research work would lead to further work on the conformable hybrid
elliptic partial differential equations.
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