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Abstract

Characterizing Statistical A™-Convergence in the setup of Neutrosophic Normed Space for
Double sequences is the main objective of our study in the current paper. We have provided a
few instances that demonstrate how generalized this approach of convergence is. Additionally,
we described the Statistical A™- Cauchy sequence and Cauchy convergence criterion that exist
in the Neutrosophic Normed space.
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1 Introduction

Fast [7] introduced a new, more expansive idea of convergence in 1951 under
the name Statistical Convergence (§4). Numerous mathematical disciplines,
including topology, fourier analysis, measure theory, approximation theory, etc.,
have fascinating applications for it. After the first investigation of Zadeh [19], an
immense of research works have appeared on fuzzy theory and its applications. Fuzzy
Sets (F8) have found widespread use across a wide range of fields and technology.
The theory of Intuitionistic Fuzzy Sets (FFS) was presented by Atanassov [3]. A
substantial amount of research has been done using the 8§ and F%S§, notably in
the decision-making domain, on a wide range of challenging problems related to
many disciplines. Intuitionistic Fuzzy Metric Space (FFJMS) was investigated by
Park [16]. In [12], motivated by Park’s definition of an FFMS, Lael and Nourouzi
first defined an FFNS. In FFS, membership degrees are described with a pair of
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a membership degree and a non-membership degree. Karakus [I1] and Mursaleen
[14], studied the notion of Statistical Convergence (S6) and lacunary statistical
convergence in intuitionistic fuzzy normed space respectively. Smarandache [17]
proposed Neutrosophic Sets (NS8) as a development of the FFS. For the situation
when the aggregate of the components is 1, in the wake of satisfying the condition by
applying the neutrosophic set operators, various results can be acquired by applying
the intuitionistic fuzzy operators, whereas the neutrosophic operators are taken into
the cognizance of the indeterminacy at a degree akin to truth-membership and
falsehood-non membership, the operators disregard the indeterminacy. Jeyaraman
et al. [9] developed approximate fixed point theorems for weak contractions on
neutrosophic normed spaces (NNS) in 2022. In the present paper, our aim is to
discuss Statistical A™- Convergence in NN S. In this connection, we put forward the
notion of Statistical A™- Cauchy sequence and Cauchy convergence criterion that
exist in the Neutrosophic Normed space(NN'S).

2 Preliminaries

Definition 2.1  [9] The 7-tuple (M, p,v,w,x, O, ®) is said to be NNS if M is a
linear space, x is a continuous t-norm, { and ® are continuous t-conorm, ¢, v and w
are fuzzy sets on JM x (0, co)fulfils the following conditions:

For every x,Y € M and s, A > 0;

0

(b) pla, A) + (@, )+ wlz, A) < 3.

(¢) ¢(z,A) >0,

(d) ¢(xz,A) =1if and only if z =0,

(e) plax,\) =¢ <:L‘, ﬁ) for each o # 0,

() (2, A) % p(Y,5) <z + Y, A+ 5),

(g) w(x,A): (0,00) — [0, 1] is continuous,
lim p(z,A\) =1 and lim p(z, ) =0,
A—ro00 A—=0

)< 1,

) = 0 if and only if z = 0,

A =v <x, ﬁ) for each o # 0,
Ov(Y,s) > vie+Y,\+s),

(1) v(z,\)
(m) v(z, ) :(0,00) — [0,1] is continuous,
(n) lim v(x,\) =0 and lim v(z, \) =1,
A—r00 A—=0
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(0) w(z, ) <1,

(p) w(xz,A) =0 if and only if z =0,

(q) wlaz, ) =w (:L‘, ‘%‘4) for each a # 0,
(r) w(z, A) @v(Y,s) 2wz +Y,A+s)

(s) w(z, A) : (0,00) — [0, 1] is continuous,
(t) ,\ILIEOW(LA) =0 and }\ii%w(x, A) =1,

Then (¢, v,w) is known as Neutrosophic Normed Space [N NS].

Example 2.2 [9] Let (AL, ||o]|) be any N'S. For every A > 0 and all y € JM, take

(Y A) = s v(¥:A) = Amn and w(y, ) = 14l

Also, a*xb = ab,a®0b = min{a +b,1} and a®b = min{a+ b, 1}, for all a,b € [0, 1].
Then, a 7-tuple (M, p,v,w,*, ¢, ®) is an N NS which fulfills the above mentioned

conditions.

Definition 2.3 Let (M, p,v,w,*, O, ®) be N NS with norm (¢, v,w). A sequence

x = (zx) in J is called convergent to some & € M with respect to the N N (p, v, w) if
there exists kg € N for each ¢ > 0 and A > 0 such that

olxp —&EAN) > 1 —cv(rg—§N) <e and w(z, —&N) <e, forall k> k. Itis
denoted by (¢, v,w) — 1}1—>I<r>lo xp = E.

Definition 2.4 Let (M, ¢, v, w,x, O, ®) be an N NS with norm (¢, v,w). A sequence
x = (zx) in J is called Statistical Convergence (S6) to some & € M with respect to
the NN (o, v, w) if for each ¢ > 0 and A\ > 0,

S({keN:pa,—&N) <1l—corv(ee —& N > e w(z, —&A) >e}) =0,

It is denoted by S»w) — klim x, = & A Double Sequence (DS) z = ()86 to &, if
—00
double natural density of E(c) = {(j, k) € NxN: |z, —&| > €} is zero. It is denoted

by 8 — j}giinoo ik =&

Definition 2.5 Let (M, p,v,w,*, O, ®) be an N NS with norm (¢, v, w). A DS
r = (xj;) in M is called SB to some & € M with respect to the NN (p,v,w) if for
eache >0 and A >0,

92 ({(J, k) e NxN:p(xjy —&AN) <1—corv(xjy—&AN) >e,w(xj—EA) >¢e})=0.
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It is denoted by 8**) — lim zip = E.

J,k—o00

3 Main Results

In this article, we explain the Statistical A™ - Convergence and related ideas as

indicated by the arrangement of N NS. First we define the following terms.

Definition 3.1 Let (M, p,v,w,*, O, ®) be an N NS with norm (¢, v, w). A DS
z = (zj;) in M is called A™ — 8B to some & € M with respect to the NNS(p, v, w)
if for each e >0 and A > 0,

5 (j, k) ENXN: ATz — &N <1—cor .
2 = U.

V(Amxjk - 57 )\) > ng(Agm:Ejk - 57 )\) > €

It is denoted by ) — lLim A™z;, = ¢.

7,k—o00

Definition 3.2 Let (M, p,v,w,*, O, ®) be an N NS with norm (¢, v, w). A DS

z = (zj) in M is called A™- Statistical Cauchy (S$6a) with respect to the
NNS(p,v,w) if there exists jo, kg € N for each ¢ > 0 and X > 0 such that for
all j,r > jo and k,s > kg, we have

5 (j, k) e Nx N: A"z — AV, ) <1—cor .
2 - .
V(AT xj, — APz, N) > g, w(APry — AV \) > e

Lemma 3.3 Let (M, o, v,w,*, O,®) be an NNS with norm (p,v,w). Then the
following statements are equivalent for @Sy = (yjx) in JM whenever ¢ > 0
and A > 0,

1. 8§77 — j}ciinoo APy, = €,

2. 6, ({(j, k) e NXN: ATz, — & N) > 1 —¢€})
=0 ({(j, k) e Nx N: v(A%zy, — &, X) <e})
=08, ({(j,k) e Nx N:w(A"zj, — & N) <e})
=1,

3.6 ({(j, k) e NX N: ATz, — & X)) <1 —¢})
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= 0y ({(j,k’)ENXNiV(Amxjk &) >e})
=0 ({(j, k) e Nx N:w(AMz; — & N) > ¢})

=0,
4. 8 — hm go(A Tjk — 5)\)—182— hm I/(A Tjk — 5,)\):0and
Jk—o0 j,k—o00
8§y — lim w(A ik — &, )\) =0.
J,k—o00

Theorem 3.4 Let (M, p,v,w,*, O, ®) be an N NS with norm (¢, v, w).
If Sé‘p’”’w) — lim A™zj;, = &, then the limit ¢ is unique.

J,k—00

Proof: Suppose that Sép’”’w) — lim AMz;, =& and S(“ww) — lim AMzj, = &,

J,k—00 J,k—00

For given € € (0,1) and A > 0, take p > 0 such that (1 —p)x(1—p) >1—¢,p0p < ¢
and p® p < e. Consider

Kio(p,N) = {(G, k) € Nx N (A, — &,0/2) <1 - p},
Fao(p,A) = {(j, k) € N x N: p(AMz ), — &, 0/2) < 1—p},
%3,V(p7 /\) = {(j’ k) € NxN V(Aiml‘jk - 51; )‘/2) > ,0}
Hin(p,N) = {(j, k) € Nx N: v(A™zj — &,0/2) > pl,
%S,w(p7 )‘) = {(j7 k) € N X N W(Aimxjk - 61) )‘/2) Z p}
Kow(ps A) = {4, k) € Nx N w(@A%ay, — &,7/2) > p}.
Using Lemma we have
52(:7{1,90(p7 A)) = 52<%3,V(p’ )‘)) = 52(%5,w(p7 )‘)) =0.
52<%2790(p7 )‘)) = 62(‘7{4,V(p7 )‘)) = 52(%6,w(p7 )‘)) =0.

[%1750(/)7 )‘> U %Qaw(p7 A)] N [%371/(:07 >‘) U 3{47V(p7 )‘ﬂ N

[%5,0.) (p7 >‘) U %6,w(p7 A)]
Clearly, 62(Fyw(p,A)) = 0. Whenever (j,k) € NxN—X,,.(p,\), we have three
possibilities, either (j,k) € N X N — [H; ,(p, A) U Ho ,(p, A)] or
(7,k) e NX N = [H1,(p, \) UF2,(p, V)], (4, k) € NX N = [H;,(p, \) UHa(p, V)]
First we consider (j,k) € N x N — [H1,(p, A) UFa,(p, A)].

Let Hoppw(ps A) =
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Then

@(51 _527)\) Z 2 (Amx]k_gla%> * @ (Asmx]k_f?a%)
>(1—=p)*x(1—=p) >1—c.

As given ¢ € (0,1) was arbitrary, then (& — &, ) = 1, for all A > 0, then & = &.
Secondly, if (j, k) € N x N — [Ts,, (p, \) U Fa, (p, V)],

A A
(€ — &, <v (Amxjk — &, 5) Qv (Afmmjk — &, 5) < pOp < e.

Since ¢ € (0,1) was arbitrary, then v(& — &, A) =0, for all A > 0, i.e., & = &.

Therefore, Sé‘p’”’w) — lim A™zj, exists uniquely.
j,k—00

Thirdly, if (j, k) € N'x N — [Fs,u(p, \) U oo, V)],
w(£1_€27)\)§w A mjk_é-l,i ®w A xjk—§2,§ <p®p<eE.

Since ¢ € (0,1) was arbitrary, then w(§ — &, A) =0, for all A > 0, i.e., & = &.
Therefore, Séwj’“’) — ‘Em AMg ). exists uniquely.

75 —00
Theorem 3.5 Let (M, ¢, v,w,*, O, ®) be an NN S with norm (¢, v,w). If (¢, v,w) —

A}fim A% =€, then 8" — A}ﬁim A™z;, = £ But converse not true in general.
7,k—00 7,K—00

Proof: Let (p,v,w) — j}cigloo AMzj), = ¢ Then, there exists jo, ko € N for given
e >0 and any A > 0, such that for all 7 > jo and k > kg we have

© (Ammjk — &, )\) >1—¢e,v (Afma:jk — ¢, /\) <e and w (Amxjk - ¢, )\) <e.
Additionally, the set

d(e,\) = (j,k) ENXN:gp (A%, —€0) <1—cor |
v (A% —€,0) > e,w (A2 —£,)) > ¢

has finite number of elements. We know that the natural density of any finite set is

always zero.
Therefore, da(sd(e,A)) =0 i.e., 82(@’”@) — lim A™gzj, = £ The next example might

j,k—00
be used to demonstrate that the converse of the above result is not true.
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Example 3.6 Consider the space of all real numbers with the usual normi.e. (R, |-]).
Define axb = ab,aQb = min{a+b,1} and a®b = min{a+b,1}, forall a,be€ [0,1].

For all A > 0 and every y € R, consider p(y,\) = ﬁ‘yl,u(y, A) = %lly' and

w(y,\) = % Then, clearly (R, ¢, v,w,*, O, ®) is NNS. Define the double sequence

7k jand k are squares
Ay = . Then for given ¢ > 0 and any A > 0, we get

0 otherwise
the below set for £ = 0.

H(z, ) ={(j,k) e NxN: oAz, A) <1—corv(AMzp, A) > &, w(A™z, A) > £}

A
:{(j,k)ENxN:]Amxjk\251_€>0}

= {(j,k) € N x N: jand k are squares}

, 1
Thus, gt % (e, M| < G = lm oo | (e, A)] = 0.

Hence, 8 — lim A"z, = 0.
J,k—00

By the above defined double sequence (A™z;;), we get

ﬁ jand k are squares
© (Amxjk, A) = I ie., (AMz, A) < 1, for all j, k,
0 otherwise
(
/\Ef'lkl jand k are squares
V(AT z i, ) = / ie., v(AMz;, ) > 0, for all j, k and
0 otherwise
(.
Lik jand k are squares
w(AP x5, \) = ie., w(AMx, A) > 0, for all jk.
0 otherwise

\
This implies that (¢, v, w) — ‘}ﬁim Az # 0.
J,k—00

Theorem 3.7 Let (M, p, v, w,*, ¢, ®) be an N NS with norm (¢, v, w). Let z = (z1)
and z = (zj;) be any two DSs € M. Then

(i) If 8 — lim A™z; =¢ then 8% — lim A™az; = afia € R,

Jsk—r00 Jk—o0
(i) If 8F™) — Jim AV = & and 8P — Jim A"z = & then 8 —
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lim Am(Ijk -+ ij) = fl + 52.

J,k—o0
Proof: Proof of the above is obvious so we leave it.

Theorem 3.8 Let (M, p,v,w,*,O,®) be an NNS with norm (p,v,w). Then
82(%”’”) — lim AMgj, = ¢ iff there exists a set § = {(jp, kp) : 0, ¢ =1,2,3,...} C

J,k—o00

N x N such that 6() =1 and (p,v,w)— lim A%z, =<

Jprkq—00

Proof:
Necessary part:
Assume Sé‘p’y’w) — lim AMzj, =& For A >0 and p €N, we take

J,k—o00

(k) € N x N: (A%, — €,4) > 1

L(p,\) =
v(AMx — & N) < —andw( M —EN) < %
and
k) € NxN: Afm<—/\<1—l
%(p’)\>: (j? )E X ()0< 'Tjk 57 )— or
VAT — € 0) 2 1 w(AMy — € 0) > 1

As 82(%1/@) lim Am%kz = ¢, then 05(XK(p,A) =0.

J,k—o0

Also for any A > 0 and p € N, evidently we get £(p, ) D L(p+ 1, ) and

02(£(p, A)) = 1. (1)

For (j,k) € £(p,\), we prove that (p,v,w) — '}fim Amxjk =¢.
7,K—00

We show this contrary. Suppose that DSy = (z;x) is not AM-convergent to &, for all

(7, k) € Z(p, A).
So, the existence of @« > 0 and kg € N such that

WAz — €, 0) > a, for all j, k > k.
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= (A2, — &N > 1 —a,
(A2, — €, )) < aand
w( A — €, 0) < @, for all j, k < k.

Therefore,

5 (j, k) ENXN: ATz —EN) > 1—a, 0
2 — .
v(AMzy — &0 < aand w(AMzy — 0 < a

ie. 52(3(04 A)) =0.

Since « > , then 05(Z(p,A)) =0 as L(p,\) C ZL(a, ), which is a contradiction to
.

This implies that the existence a set £(p, ) for which d5(£(p,A\)) = 1 and the
DSy = (1) is statistically A™-convergent to €.

Sufficient Part:

Now, there is a subset § = {(j,,k,) : p,¢=1,2,3,...} CNxNwith 55(¥) =1 and
(o, v,w) — lim AM™ Tk, = &, i.e. for given a > 0 and any A > 0, we have Ny € N

Jpikqg—r00
which gives o(A™xj, — &, N) > 1 —a, v(AMzj, — & N) < a and w(AMz, — & N) < a,
for all j,k > Ny.
Now, let

j,k cNxN: AM g —f,)\ <1-—qwor
%(a’)\> _ ( ) 90( ik )
V(AT x — & N) > a,w(AMx — € )) > «

Thena %(a7 )‘) - N — {<jNo+17 kNO+1)7 (jNo+27 k:No+2)v }
As 05(F) = 1 = 6(F (o, \)) < 0. Hence, 8 — lim A%z, = ¢

J,k—00

Theorem 3.9 Let v = (xj;) be any DS in NNS(M, p, v, w,*, ¢, ®) with norm
(p,v,w). Then 8" — lim A™z; = ¢ iff there is a DSy = (y;) such

J,k—o0

that (p,v,w)— Em A"y =€ and & ({(j,k) e Nx N: ATz = ATy, 1) = 1.
J,K—00

Proof:
Necessary part:
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Let 8% — Tim A%z =¢.

J,k—00
By Theorem (3.8) we get a set § = {(jp,ky) : p,g = 1,2,3,...} € N x N with
52(F) =1 and (p,v,w)— lim A"z, =¢

Jpikg—r00

. o Aimajjk (]7 k) € j . X
Consider the sequence A™y;;, = which gives the result.
& otherwise
Sufficient Part:

Let y = (yjx) and z = (zj) in M with (p,r,w) — lim Amyjk = ¢ and

J,k—o0
52 ({(], k‘) c N X N . Amyjk = Amy]k}) =1.
Then for every € > 0 and A > 0,

k) ENXN:p(AMz,;, —& X)) <1—cor
(J, k) (A2 — &, N) CAUSB.

V(AP — EN) > e, w(AM — € N) > ¢

where
o (7,k) e Nx N: p(AMy; — & N) <1—cor
V<Amyjk - 57 )\> Z ng(Amyjk - 57 A) Z €

and B = {(j, k) € Nx N: (AMg; # Amyjk)}.
Since (¢, v, w) — ‘}cim Amxjk = ¢ then the set d has at most finitely many terms.
J,k—00

Also, 05(%) =0 as 0>([B]) =1 where B° = {(j,k) € Nx N: AWy, = ATy}
Therefore

5 (j, k) e NX N:p(AMy; — &, N) <1—cor 0
2 pr—

V<Amyjk - ga )‘) Z va(Amyjk - ga )‘) Z €

We get 8377“) — lim Ay = €.

j,k—00

Theorem 3.10 Let y = (y;x) be a DS in an NNS(M,p,v,w,*,O,®). Then
gleme) _ 1im AMy = ¢ if and only if there exists two DSsz = (z;) and
J,Kk—00
x = (zj) in M such that AMy; = AMz + AMz; for every (j,k) € Nx N
where (¢, v,w) — lim A™z; =¢ and 82(“””’“) — lim AMzj =¢.

J,k—o00 4, k—00
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Proof:
Necessary part:
Let 87" — lim Ay = €.

J,k—00

By Theorem (3.8) we get a set § = {(jp, ky) : g = 1,2,3,...} € Nx N with
02(§) =1 and (p,v,w)— lim AVy;, =¢
—00

Jp> q

Consider the DSsz = (zj;) and z = (zi)
Amy ja k) € j 0 jv k) € j
APz = e (:F) and AMyj = G k) )
& otherwise APy — & otherwise

Sufficient Part:

Consider z = (x;) and 2z = (zj) in M with ATy, = A"z + AV, for all

(4,k) € N x N where (¢, v,w) — 1im Az =¢ and 8P — 1im AV = €.
J,K—00 J,Kk—00

Then, we get result using Theorem (3.5 and Theorem (3.7]).

Theorem 3.11 Let (M, p,v,w,*, O, ®) be an NNS with norm (p,r,w). Then
subsequence of a @8 which is A™ — 88, is also A™ — 88 with respect to (i, v, w).

Proof: The proof is obvious.
Next we can found the Cauchy criterion for §6 sequences in N N S.

Theorem 3.12 A DSy = (yjx) in NNS(M, o, v, w,*, O, ®) is A™ — 86 with respect
to (o, v, w) if and only if it is A™ — §Ba with respect to (¢, v,w).

Proof: Let 8{¥"*) — lim A™y;, =€ Then, for e > 0 and A > 0, take p > 0
72y — 00

such that (1 —p)*x(1—p)>1—¢g,p0p<e and p®p<e.
Let

(j,k) e NXN:o(AMy; —€,5) <1—por
FE(p, A) = v (AMy;, — &€, 3) > p,

w(A%y; —€,3) > p
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Therefore d2(K (p, ) =0 and da([FK(p, N)]¢) = 1.
Let

(j,k) € Nx N: p(AMy;. — Ay, A) <1—cor
Z(e,\) = v( Ay — ATy, A) > €,
WAy — ATy, ) > €

Now, we prove £(g,\) C H(p, A), for this if (j, k) € L(e,\) — K (p, A).
Then, we get
p (AMyj —€,3) <1 —porv (AMy —€,3) 2 p, w (A% — €, 3) > p.
m m m A m A
A15071_52¢(A y]k_A yrsv)\) 290 A yjk_§7§ * @ A yrs_£7§

>(1—=—p)x(1l—p)>1—c¢

A A
ande < V(Amyjk - Amyrm)‘) <v (Amyjk =&, E) Qv (Amyrs - ¢, §>
< pOp < €.
AlSO,&Sw(A yjk_A yrsv)\)éw A yjk:_€>§ ®w A yrs_§7§
<p®p<g,

which is impossible.

Therefore £(e,\) C E(p,\) and &(£L(e, ) = 0.

ie. y= (y;) is A" —8Ba with respect to (p,v,w).

Conversely, assume that y = (y;x) is A™ — 8®Ba with respect to (p,v,w) but
not AM™ — 86 with respect to (i, v,w).

Thus for ¢ >0 and A > 0,05(Z£(e,\)) = 0, where

(j,k) e NXN: @ (A™y; — Ay, A) <1 —eor
Z(e,\) = v (Amyjk — AMy ko )\) > e,

w (AMy — ATy, A) > €
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Let p>0such that (1—p)*x(1—p)>1—¢g,p0p<e and p®p<e.
Also, 62(FK(p, X)) = 0, where
(]7k)€NXN¢(Amyjk_€7%) >1—/0>
H(p,A) = v (AMy;, —€,3) < pand
w (Amyjk =&, %) <p
m m m A m A
NOW?QO(A yjk_A yjok:o’)\)ZQO A yjk_§7§ * @ A yjoko_£7§
>1—p)x(1=p)>1—¢

A A
and U(Amyjk’ - Aimyjok‘o) )\) S v (Am%k - 57 §> <>V (Amyjoko - 57 5)

< pOp < e.
A A
Also, w(AM ;1 — Ak, A) < w (Amyjk - ¢, 5) ®w <A§myj0ko =&, §>
<p®p<e.

Therefore, 3 ([£(g,N)]°) =0 i.e. 52(£(e,\)) = 1, which is a contradiction as
y = (y;x) is A™ — 8Ga. Hence, y = (y;x) is AM™ — 86 with respect to (p,v,w).

4 Conclusion

We have provided a few instances that demonstrate how generalized this
approach of convergence is. Additionally, we described the Statistical A™- Cauchy
sequence and Cauchy convergence criterion that exist in the Neutrosophic Normed

space.
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