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Abstract

Zero-divisor graphs have been a key area of focus for many researchers. For the semi local
ring R of finite cartesian product of finite fields, we consider the zero divisor graph of R denoted
by I'(R) with vertex set as the non-zero zero-divisors of R where two vertices u and v are adjacent
if and only if the product of u and v is the additive identity of the Ring R. The objective of this

paper is to determine the number of cut vertices and cut edges, vertex connectivity and edge

connectivity of the zero divisor graph I'(R) and complement graph I'(R).
Key words: Zero-divisor graphs, Cut vertices, Cut edges, Vertex connectivity, Edge

connectivity.

AMS classification: 13A70, 05C25, 05C40.

1 Introduction

Zero divisors graphs have been studied on general rings. The idea of Zero Divisor
graphs of a commutative ring R has been introduced by I. Beck [3]. Originally all
the elements of the ring R has been considered as vertices of this graph and two
vertices u and v are adjacent if and only if #-v = 0. This definition is modified by
Anderson and Livingston [2] wherein the vertex set is reduced to only the set of
non-zero zero divisors of R. Let n > 2 and Fy,F>.--- ,F, be finite fields then

R=F X F, x---F, is a semi local ring. Let Z*(R) denote the set of non-zero,
zero-divisors of R and let I'(R) denote the graph with vertex set as Z*(R) and edge
set as {xy:x-y=0,x,y € Z"(R)} [4]. Since Z(R) is closed under multiplication, the
complement graph I'(R) of the zero-divisor graph I'(R) satisfies the property:

rs € E(T(R)) if and only if r-s € Z*(R).[1]

For basic graph theoretical terminologies we adopt the definitions of [6]. A vertex v

is called as cut vertex of a graph G if number of components of G —v is greater than
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the number of components of G and an edge e of a graph G is said to be a cut edge
if number of components of G — e is greater than the number of components of G[6].
A subset S C V(G) is said to be a vertex cut if G— S is disconnected or has only one
vertex and the cardinality of a minimum vertex cut is called as vertex connectivity
of a graph G, denoted by x(G)[6]. Simlarly F C E(G) is said to be an edge cut if

G — F is disconnected and minimum size of an edge cut is called the edge
connectivity of a graph G, denoted by A(G). [7] In this paper, we determine the
number of cut vertices, cut edges, vertex connectivity, edge connectivity of zero
divisor graph over the ring R=F} X F» X --- X F,,(n > 2), where Fy, F», ---, F, are
finite fields.

2 Cut vertices and Cut edges, Vertex connectivity and Edge connectivity

Remark 2.1 If R=F; X F,, and |Fj| = |F>| =2, then I'(R) is K, and does not
contain cut vertex. Further, if R = F| x F, with |F{| > 2, |F>| > 2, then it is easy to
check I'(R) is a complete bipartite graph Kj |1 or K|, |—1,1 which is also a tree.
Hence, the number of cut vertices in this case is 1. [0]

Theorem 2.2 (i) Let R=F, x F, X --- x F, with |F;| =2, (1 <i<n). Ilf n>3 then
the Zero-divisor graph I'(R) has exactly n cut vertices.

(ii) Let R=Fi xFa x -+ x F, with |[Fj| < |F2| <--- < |F,|. If n>2 and |F;| >3 or if
n >3 and |F,| > 3 then the Zero—divisor graph F( ) has no cut vertex.
Proof: (i) Let n >3 and |F;| =2, (1 <i<n). There are C(n,r) vertices of degree

2"—1,(1<r<n—1)inI'(R). Let V., = {v € V(I'(R)) : v has exactly r number of zero
entries in its coordinates },(1 <r<n—1). A vertex in the set V,_; has unique '1’
say at i’ position and all the n— 1 positions have 0/ entries. A vertex in the set V;
has '0/ in " position and 1’ in all other positions. Thus elements of V; are of degree
"1, A vertex in V,,_1 is adjacent to an unique vertex in V; and thus every vertex of
V,.—1 is a cut vertex. Further V; has no cut vertex and < VyUV,,_; > is connected.
We will prove that for every z € V(I'(R)) \ {V1 UV,_1} is not a cut vertex. Suppose,
z€V,,(2<r<n-2). We will prove that I'(R) — z is connected. Now z €V, = z
contain non-zero entries, that is '1’ in n— r positions, 1, -+, t—r, 2 <r<n—2)
with (1 <ty <---<t,—,<n). Let y;, y2 €{Vo U --- U V,_2} —z. Since, y; and y;
contains at least two 0's, both are adjacent to at least two vertices in V,,_1. If y; and
y2 are adjacent to same vertex, say, x in V,_1, then y;,x,y, is a path connecting y;
and y;. If y; and y, are adjacent to different vertices, say, x; and x; in V,,_1, then
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since, x| and x; are adjacent in V,,_1, we have a path y;,x1,x2,y2 connecting y; and
y2 and this path does not contain z. Thus every pair of vertices

(a) yi,y2€ {(ViUV,—1}

(b) yi,ypo€{Vo U --- UV, 2}—2

(c) one of y;,y, € {ViUV,_1} and the other e {V, U --- UV, 12} —z

are connected in a path not containing z. Therefore, I'(R) — z is connected. Thus, z
is not a cut vertex. Hence, the zero-divisor graph I'(R) of semi-local ring

R=F xF x---xF, with |F{| = |F| =---=|F,| =2,(n > 3), has exactly |V,—_1| =n

cut vertices.

(ii) Case(1): Let n > 2, |Fi| > 3. We prove that v € V(I'(R)) is not a cut vertex.
That is, we prove that I'(R) — v is connected. Fort x,y € T'(R) —v if xy € E(T'(R) —v),
then nothing to prove. Suppose xy ¢ E(I'(R) —v). Clearly x,y contains at least one
entry as 0’ in its coordinates. Let x contains ‘0’ in i position and y contains ‘0’ in
7 position. It is possible that i = j.

Let V,—1 = {u € V(['(R)) : u has exactly n— 1 number of 0/ entries in its
coordinates}. Note that there exists (|F;| — 1) vertices in V,—; C V(I'(R)) containing
non zero entry in i’* position. = There exists at least (|Fj| —2) vertices in

V(T'(R) —v) containing non zero entry in #/" position.

Since |Fi| < |B| <+ < |F| and |Fi| >3 = |F;|—2>1, (1 <i<n) and hence there
is at least one vertex say z € V(I'(R) —v) with one non-zero entry in i’* position and
'0" every where else. Clearly xz € E(I'(R) —v). Similarly there is at least one vertex
say w € V(I'(R) —v) with one non-zero entry in j"* position and ‘0’ every where else
with yw € E(I'(R) —v). Further any two vertices in V,_; with non-zero entries in
different positions are adjacent. Thus, if i = j then x and y are joined by the path
x—z—y and if i # j then x and y are joined by the path x—z—w—y in I'(R) — v.

= I'(R) —v is connected = v is not a cut vertex in I'(R).

Case(2): Let n >3, |F| > 3. If |F1| > 3, then by case (i) I'(R) has no cut vertex.
Suppose |Fi| =2, |F>| > 3. For v € V(I'(R)) we prove that I'(R) — v is connected. For
x,y € I'(R) —v if xy € E(I'(R) —v), we have nothing to prove. Let xy ¢ E(I'(R) —v)
and V,_1 be as defined in case (i). Note that x,y have 0/ entry in at least one
position. Let x has ‘0’ entry at position i and y has '0’ entry in position j where

1 <i,j <n. Further there exists a position say k,1 < k < n such that x,y both have
non zero entry in position k.

If k=1, then there exists at least two vertices in V,,_; with ‘0’ entry in position 1
and non zero entry in i and j position. This is possible as n > 3 and |F>| > 3. Thus
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there is a vertex z € I'(R) — v, such that xz, yz € E(I'(R) —v) to get a path x—z—y in
I['(R) —v.

If k # 1, then clearly there exists at least two vertices in V,,_; with ‘0" entry in
position 1 and non-zero entry in position i as n > 3 and hence there is a vertex

z1 € T(R) — v such that xz; € E(I'(R) —v). Similarly there is a vertex z; € I'(R) — v
such that yz; € E(I'(R) —v). If i=j = z1 =22, then x—z; —y is a path in I'(R) —v.
If z; # 22, then since z122 € E(I'(R) —v) we get, a x —z; —zp —y path in I'(R) —v and

hence v is not a cut vertex. Hence there is no cut vertex in I'(R) in this case also.

Theorem 2.3 (i) If R = F| x F, with |Fj| =2 then there are |F>| — 1 cut edges in
['(R) and if |F>| =2 then there are |Fj|—1 cut edges in I'(R).

(i) fR=F xF X x F, with |F;| =2, (1 <i<n) and n > 3 then the I'(R) has
exactly n cut edges.

(iii) If R=F xF x---xF, with |F1| < ’Fz’ <o K ’Fn’ and if n > 2 with ‘Fl‘ >3 or
if n > 3 with |F>| > 3 then I'(R) has no cut edges.

Proof: (i) If |Fi| =2, then I'(R) = K; || Which contains exactly || — 1 edges
and each edge is a cut edge. If [F;| =2, then I'(R) = K|, |—1,; which contains exactly
|F1| — 1 edges and each edge is a cut edge. (ii) Let n >3 and |F;| =2, (1 <i<n). A
vertex with ‘0" in one position and 1’ in remaining positions is a degree 1 vertex
and hence the unique edge adjacent to this vertex is a cut edge. There are n vertices
of degree 1 in T'(R) and hence I'(R) contains at least n cut edges. Let Ec(I'(R)) be
the set of all these n cut edges.

Now let e =uv € E(I'(R)) \ Ec(T'(R)). Then both the endpoints u and v of edge e
contain ‘0’ in at least two positions. Suppose, u contains '0/ in i"* and j* position
where 1 <i< j<n and v contains 0/ in I and m'* position where 1 <I < m < n.
Note that i, j may be equal to [,m. Further u is adjacent to vertex v; containing "1’
in i"* position and ‘0 in all other positions and v is adjacent to vertex v; containing
1" in I'" position and '0’ in all other positions.

If i =1 then uv;vu is a cycle and hence uv is not a cut edge.

If i #£ 1 then v;v; is an edge and uv;v;vu is a cycle and hence uv is not a cut edge.
Therefore, the zero divisor graph of Semi-local ring R = F| X F; X --- X F,, with

|Fi| = |F2| = --- = |Fy| = 2,(n > 3) has exactly |Ec(I'(R))| =n cut edges.

(iii) By property of cut edge, e = uv is a cut edge = either u or v is a cut vertex. By
theorem, 2.2, for n>2 and |Fi| >3 or n >3, |Fi| =2, |F>| > 3, T'(R) has no cut
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vertex = I'(R) has no cut edge.

Theorem 2.4 T'(R) has no cut vertex.

Proof: For n =2, T'(R) is disconnected and hence has no cut vertex. If n > 3, we
show that T'(R) is connected and diameter of T(R) is 2. [5] Let u, v € V(T(R)). If
(u,v) € E(T(R)), then d(u,v) = 1. Suppose, (u,v) ¢ E(T(R)). Then u and v do not
contain non-zero entries in the same p081t10n. Let u contains t; € {1,2,-+- ,m; — 1} in
the i"" position and v contains tie{l,2, —1} in the j’h position. Clearly,

i # j. Let ze V(I'(R))\ {u,v} contain non-zero entry in the /" and j™* position and
"0/ elsewhere. Then, clearly, (u,z),(v,z) € E(T(R)). Therefore, u —z—v is a path
connecting u and v. Thus, d(u,v) = 2. Hence, T'(R) is connected and diameter of
[(R) is 2.

Let v € T(R). We prove that v is not a cut vertex. Let x,y € [(R) —v. We claim that
there exists an x —y path in T(R) — v.

If xy € E(T'(R) — v) nothing to prove. If xy ¢ E(I(R) —v) then x and y contain
non-zero entries in different positions. That is, there exists i # j such that x
contains non-zero entry in it position and y contains non-zero entry in j’h position.
Clearly, the vertex w with /1’ in i and " position and 0/ in other positions is such
that xw, wy € E(T(R)). If w# v, then x —w—y is a path connecting x and y in
[(R) —v. If w=v, then since n >3 and xy ¢ E('(R) —v) = There exists a
position k, (1 <k < n) such that x,y have ‘0’ entry in position k. Let wy be the
vertex with entry /1’ in i and k* position and '0’ everywhere else and w, be the
vertex with entry /1’ in j** and k" position and ‘0’ everywhere else. Clearly,
X—wj—wp—Y is a path connecting x and y in TR)— V= m— v is connected

and v is not a cut vertex. Hence, F( ) has no cut vertex.
Corollary 2.5 T'(R) has no cut edge.

Theorem 2.6 If R=F x F, x -+ x F,, (n>2). then the vertex connectivity
kK(T'(R)) and edge connectivity A(I'(R)) of ['(R) is 8(T'(R)). In other words,
K(I'(R)) =A(T(R)) = 6(I'(R)) =min{|F;| —1: 1 <i<n}.

Proof: 1If |Fi| = |F| =+ = |F,| =2, then by theorems [2.2] and [2.3] T'(R) contains
cut vertex and cut edge and hence, k(I'(R)) =A(I'(R)) = 6(I'(R)) = 1. Let |F| >2
Consider a vertex with a zero in the i’? position and non-zero entries in the

remaining positions. The degree of such a vertex is |F;| — 1, (1 <i < n). Therefore,
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6(I(R)) =min{|F;| —1:1<i<n}. Let S={vi, - ,vsrr)—2} C V([(R)) with
|IS| = 6(I'(R)) — 2. We prove that I'(R) — S is Connected.
For x, yeI'(R) — S if xy € E(I'(R) — S) we have nothing to prove.
Suppose xy ¢ E(T'(R) —S). Note that x and y has at least one ‘0’ as its co-ordinates.
Let T={veV(G): v contains non-zero entry in exactly one position and ’0’
in remaining positions }. There are |F;| — 1 vertices having one non-zero entry in
th position, (1 <i< n) and 0’ elsewhere and |T|=Y",(|F;| —1). Therefore ( even if
S C T), there exists a vertex in 7'\ S with a non zero entry in i position and '0’
everywhere else for i=1,2--- |n
There exists two vertices z and w in T, such that,
(i)z, w¢ S
(ii) xz, yw € E(I'(R) — S).
It is possible that z =w. Further, any two vertices in T with non-zero entries not in
same position are adjacent. Thus, if z=w, then x—z—y is a path in T'(R) — §. If
z# w, then x —z—w—y is a path in I'(R) — S connecting x and y. = T'(R)—Sis
connected. = The minimum cardinality of a vertex cut in I'(R) is
min{]F,-\ —1:1<i<n}.

K(T'(R)) = min{|F;| — 1|1 <i < n}.
But, 8(T'(R)) = min{|F;| — 1|1 <i<n} and
K([(R)) < 8(T(R)) = k(I'(R)) = 8(I'(R)) = min{|Fi| - 1]1 <i<nj.
Further, A(I'(R))- the edge connectivity of I'(R) satisfies,

<

<(R) S AT(R) < SR
k(T(R)) = A(T(R)) = 3(T(R)) = minf|F| — 1: 1 <i < n}.

Corollary 2.7 (i) If n =2, then T'(R) is disconnected, therefore,

k(I(R)) = /I(T(R)) =0.

(ii) f R=F; X F, X --- X Fy, n >3 then k(I'(R)) = A(T(R)) = §(T'(R)).

Proof: (i) Trivial.

(if) 6(I'(R)) = (V([(R))[ - 1) —A(T'(R)) =

(T Bl = TR (1] = 1) = 1) = D) = max{ (BB — 1) (1 < j <)},

The maximum degree vertices in (m) contains ‘0’ in exactly one co-ordinate

position and non-zero entries in remaining co-ordinate positions. And the number
of such maximum degree vertices is

(IT2y 1Bl =TT (R = 1) = 1) = 1) —min{|Fi| = 1|l <i<n}.

Therefore if S C V(I'(R)) with |S| = §(T(R)) — 1 and T C V(I'(R)) is set of
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maximum degree vertices then, clearly, for n >3, |T| —|S| > 2. Consider the set

S C V(T(R)) with |S] = 8§(T(R)) — 1. Let x = (x1,x2,--,x2), y = (y1,y2,-- ,yn) € S.
Suppose xy ¢ E(T(R)). Then the non-zero entries of x and y are not in the common
co-ordinate positions. That is, if x has non-zero entries in the co-ordinate positions
X1,y (1 <k <n), then y contains ‘0’ entries in the co-ordinate positions
Y1,¥2,- Yk Since, |T|—|S| > 2, let z € T, such that z ¢ S. If xz € E(T(R)) then

yz & E(C(R)), since x and y have non-zero entries that are not in the common
co-ordinate positions, and since |T| —|S| > 2, there exists w € T, such that

yw € E(T(R)). Since, T is a clique, zw € E(T(R)). Thus, x —z—w—y is a path
connecting x and y. Hence, T'(R)\ {S} is connected if § ¢ V(I'(R)) with

S| = 8(T(R)) — 1. Therefore, k(I'(R)) = §(T'(R)). Hence,

k(T(R)) = A(T(R)) = 8(T(R))-
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