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Topological indices of Join graph of zero divisor graphs

of direct product of three finite fields
Subhash Mallinath Gaded] Dr. Nithya Sai NarayanaP]

Abstract

In this paper, we calculate the Weiner index, some degree-based topological indices, and some
eccentricity-based topological indices of Join graph of I'(Fi X F» X F3) and I'(J1 X J2 X J3), where
Fi, F>, F3, J1, J2, J3 are finite fields of order at least two. The vertex set of I'( F1 X Fo X F3) (I'(J1 %X
Jax J3)) is Z* (F1 x Fo x F3) (Z*(J1 X J2 X J3)), the set of non-zero zero divisors, and two distinct
vertices (z1,T2,%3), (y1,Yy2,ys) are adjacent if and only if (z1,z2,x3) - (y1,¥y2,y3) = (0,0,0),
the additive identity of the ring Fi X F» X F3 (J1 X J2 X J3). The vertex set of Join graph
F(Fl X F2 X Fg) -+ F(Jl X JQ X Jg) is V(F(Fl X F2 X Ff;)) U V(F(Jl X JQ X Jg)) and edge
set is E(I'(F1 x Fo x F3)) U E(I(J1 X J2 X J3)) U {(z1,22,23) - (y1,¥y2,y3) : (z1,22,23) €
V(D(Fy x Fy x F3)), (y1,y2,y3) € V(I'(J1 x J2 x J3))}.

Key words: Zero divisor graph, Join graph, Weiner index, degree based topological indices,
eccentricity based topological indices.
AMS classification: 13A70, 05C07, 05C09, 05C25.

1 Introduction

Consider the rings F} X Fy x F3 and J; X Jy X J3, where Fy, Fy, F3, Jy, Jo, J3 are
finite fields of order at least two. In this paper we consider the zero divisor graph
defined by Anderson and Livingston [2] for the rings F} x Fy x F3 and J; X Jy X J3,
denoted by I'(Fy x Fy x F3) and I'(J; x Jy x J3). The vertex set of

F(Fl X FQ X Fg) (F(Jl X J2 X Jg)) is Z*(Fl X F2 X F3) (Z*(Jl X J2 X Jg)) where two
distinct non-zero zero divisors (x1, z2, x3), (Y1, Yo, y3) are adjacent if and only if

(x1, 9, 23) - (y1,92,y3) = (0,0,0), the additive identity of the ring

F1 X FQ X F3 (Jl X J2 X J3) The Join graph F(Fl X FQ X F3) + F(Jl X J2 X J3) is
the graph with vertex set V(I'(Fy x Fy X F3)) U V(I'(J; x Jy X J3)) and edge set is
E(F(Fl X FQ X Fg)) U E(F(Jl X J2 X Jg)) U {(xl,xg,l'g) . (yl,yg,yg) : (56'1,.%2,.1'3) €
V(F(Fl X F2 X Fs)), (yl,yg,yg) € V(F(Jl X J2 X Jg))} [12]

For more information on graphs defined on rings which are products of finite fields,
we refer to [6, [7, 8, [@]. For basic concepts of graph theory, we refer to [I7] and for
ring theory we refer to [10].
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2 Weiner index and some degree based topological indices

In this section, we calculate the Weiner index, some degree based topological indices
such as [16] Sombor index, [15] the first and second Zagreb indices, forgotten
topological index, the Narumi-Katayama index, the first and second multiplicative
Zagreb indices, atom-bond-connectivity index of the Join graph of I'(F} x Fy x F3)
and F(Jl X JQ X Jg)

Example 2.1. [9] Let V(T'(F, x F; x F3)) = US_| A;, where
Al = {(0 a2, Q 3) as € Fy \ {O} as € Fj \ {0}}
AQ = {(al,O Gg) a) € F1 \ {O} as € Fg \ {O}}
Ag = {(Cll,ag, ) a, € Fy \ {O},(ZQ e K, \ {0}}
Ay = {(0 0 ag) az € F3 \ {O}}
A5 = {(0 as, ) as € Fy \ {0}}
A6 = {(a1,0 O) ay € F1 \ {O}}
We have, |Ay| = (|Fa| — 1)(|F3] — 1), |4a| = (IF3] — (I F5| - 1),
[As| = (IF1] = D)([F2[ = 1), [Aa| = [F5] = 1, |As] = |F2[ = 1, |Ag| = |Fa] — 1.
[9] Let V(T'(J, x Jy x J3)) = US_, B;, where
Bl {(0 bQ,b3) by € Jo \ {0},b3 c J3 \ {0}}
= {(b1,0,b3) : by € J; \ {0},b3 € J5\ {0}}.
{( ,bg, ) b € Jl\{O},bg € Jp x Jy X Jg\{O}}
B4 ={(0,0,b3) : b3 € J3\ {0} }.
={(0,b2,0) : bp € J2\ {0} }.
BG {(b1,0 0):b € J;\{0}}.
We have, |Bi| = (|J: — 1)(|Js| — 1), |Ba| = (|1] = 1)(|J5] - 1),
1 Bs| = (Ih] = D)([J2| = 1), [Ba| = |J3] = 1, |Bs| = |o| = 1, |Bs| = |-h] — 1.
Now we consider the Join graph T'(F} x Fy x F3) +T'(J; x Jy X J3) with vertex set
V(F(Fl X FQ X Fg) —|—F(J1 X J2 X Jg)) = V(F(Fl X FQ X Fg)) U V(F(Jl X JQ X Jg))
and edge set E(I'(Fy x Fy X F3) +T'(J1 x Jy x J3)) =
E(I(Fiy x Fy x F3)) U E(I'(J1 x Jo x J3)) U {(21, 22, 23) - (Y1,Y2,Y3) : (1,22, 23) €
V(F(Fl X FQ X F3)) (yl,yg,yg,) € V(F(Jl X J2 X Jg))} 112]
The degree of each vertex in the join graph T'(F} x Fy x F3) +T'(J; x Jy x J3) can
be determined as

by
0,
0,
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(1P| = 1+ [V(D(Jy x Jo x J3))] x €A
|F2| -1+ |V(F(J1 X Joy X Jg))l S A2
|F3| -1+ |V(F(J1 X J2 X Jg))| S Ag

|F1||F2|—1+|V(F(J1XJ2XJ3>)‘ JIEA4
’Fl"F3|—1+‘V(F(J1 XJQXJ?)))‘ fEEAg,
|F2||F3|—1+|V(F(J1 X J2 X J3))| IGA@.

d, =
|J1‘—1+’V(F<F1XF2XF3>>| ZEEBl
|J2‘—1+’V(F<F1XF2XF3>>’ QZEBQ
|J3‘—1+’V(F(F1 XFQXFg))’ .CEEBg

|J1||J2|—1+|V(F(F1XF2XF3))| ZE€B4
|J1‘|J3|—1+|V<F(F1XF2XF3))| .TEB5
\|=]2"Jg’—1+|v<F(F1XF2XF3))| CCEB6

The edge set E(I'(Fy x Fy x F3) + '(J; x Jy x J3)) Is given below :

xy € E(T'(Fy X Fy x F3) +T(J; X Jy X J3)) if

(2 € Ay, y € Ag  and number of such edges is (|Fo| — 1)(|F3] — 1)(|Fi| — 1)
r € Ag,y € A5 and number of such edges is (|Fi| — 1)(|F3| — 1)(|F2| — 1)
x € A3,y € Ay and number of such edges is (|Fy| — 1)(|Fs| — 1)(|F3| — 1)
r € Ay,y € A5 and number of such edges is (|Fy|- |Fo| — 1)(|F1| - |F5] — 1)
r € Ay,y € Ag  and number of such edges is (|Fi|- |Fo| — 1)(|Fy| - |F5] — 1)
r € As,y € Ag  and number of such edges is (|Fi| - |F3| — 1)(|Fy| - |F5] — 1).
xr € By,y € Bg and number of such edges is (|Ja| — 1)(|J3| — 1)(|J1| — 1)
xr € By,y € Bs and number of such edges is (|J1| — 1)(|J3] — 1)(|J2| — 1)
xr € B3,y € By and number of such edges is (|J1| — 1)(|J2| — 1)(|J3] — 1)
x € By,y € Bs and number of such edges is (|J1| - |Jo| — 1)(|J1| - |J3] — 1)
x € By,y € B and number of such edges is (|J1| - |Jo| — 1)(|J2| - |J5] — 1)
| * € Bs,y € Bs  and number of such edges is (|J1| - |Js| — 1)(|Jo] - |J5] — 1).
z e V(I'(FL x Fo x Fy)),y € V(I'(J; x Jo x J3)) and number of such edges is
|[V(T(Fy x Fy x F3))| - [V(D(J; x Jo x J3))].

1. The Weiner index of join graph T'(F} x Fy x F3) +T'(J; X Jy X J3) IS
W(F(Fl X FQ X Fg) + F(Jl X J2 X Jg))
= |E(T'(F} X Fy x F3))| + |E(T(J1 x Jy X J3))|
+ |V(T(Fy X Fy x F3))| - |V(T(J1 x Jo x J3))|

+memx5xgmg)4mnmxgxgm]
+ [O(W(P(Jl x Ty % J)), 2) E((Ji % Jy X J3))|]
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Proof. According to [9, Example 3.1],

dzam(F(F1 X F2 X Fg)) = 3, dzam(F(Jl X JQ X Jg)) = 3. Let

x,y € V(I'(Fy x Fo x F3) +T(Jy x Jo x J3)). Ifboth z,y € V(I'(F; x F; x F3))
and zy ¢ E(I'(Fy x Fy x F3), then, since both z, y are adjacent to each and
every vertex of V(I'(J; x Jy x J3)) in the join graph

[(F) x Fy x F3) 4+ T'(J; x Jy x J3), it follows that d(z,y) = 2. Similarly, if both
T,y € V(F(Jl X Jy X Jg)) and xry ¢ E(F(Jl X Jg X Jg), then, d(l‘,y) = 2inthe
join graph I'(F} x Fy x F3) +T'(J; X Jy X J3).

If 2 € V(I'(Fy X F5 x F)),y € V(I'(J1 x Jo x J3)), in the join graph

[(Fy x Fy x F3) +T'(J; x Jy x J3), then, clearly, d(x,y) = 1. Therefore, the
diameter of the join graph T'(F} x Fy x F3) + T'(J; X Jy X J3) is 2. We
determine the number of pairs of vertices which are at distance 1 and 2 in the
join graph T'(F} x Fy x F3) +T'(J; x Jy x J3). The number of pairs of vertices
which are at distance 1 in the join graph T'(F} x Fy x F3) + T'(J; X Jy X J3) is
E(F(Fl x Iy x Fg) + F(Jl X Jy X J3)) which is

3[(IRI-D B - D(BI-D)] + (B Bl=1) + (Bl El-1) + (1] F|-1)]

+3[ (A= D(L=1) (1Tl =D)| + [(aF1T2]=1) + (A =1) + (1)1 J5]-1)]
+ |[V(T'(Fy x Fy x Fy))| - |[V(I'(J1 x Jo x J3))| = |[E(T'(Fy X Fy x F3))| +
|E(D(Jy x Jo x J3))| + [V(D(Fy x Fy x F3))| - |[V(I'(Jy x Jy x J3))|.

Now we compute the number of pairs of vertices which are at distance 2 in
the join graph I'(F} x Fy x F3) + I'(J; x Jy x J3). The number of pairs of
vertices which are at distance 2, with z,y € V(I'(F} x Fy X F3)),

Ty ¢ E(F(Fl X FQ X Fg) is

C(V(N(E x By x F))l, 2) =3[ (1B = DR~ DBl -1)] + [(R]]1Fl-1)
+ (BB = 1) + (1B |F| - 1)]
- C(|V(F(F1 x Fy x I)), 2) CB(D(F x Fy x Fy))].

Similarly, number of pairs of vertices which are at distance 2, with
T,y € V(F(Jl X J2 X J3)), Ty ¢ E(F(Jl X J2 X J3) is

C(IVIT (I x T x ), 2) =3[ (1h] = (1| = (1] = D] + [(14] - 11 = 1)
+ (A sl = 1) + (1] - ] = 1)]
- C(|V(F(J1 x Ty % J5), 2) B (T % Ty x J))].

Therefore, the Weiner index is W (I'(F} x Fy x F3) +T'(J; x Jy X J3))
= ’E(F(Fl X FQ X Fg))‘ + |E(F(J1 X J2 X J3))|
+ ’V(F(Fl X F2 X Fg))’ . |V(F<J1 X J2 X Jg))’
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+ [C(\V(F(Fl x Fy x Fy))|, 2) E(D(F, % Fy Fg))@
+ [C(\V(F(Jl % Jy % Jo)), 2) B(D(Jy % Jy % Jg))@. O

2. The first Zagreb index [11,[14] is M (L (Fy x Fy x F3) +T'(J; x Jy x J3))

= erV(F(F1><F2><Fg)+F(J1XJQXJg))(deg(x))z
=D pen, (deg(x))® + 30 ca,(deg(2)® 4 3 cu,(deg(x)? 4 3 ca, (deg(x))?
T Yaea,(deg(x))? + Yo o (deg(x))* + 37 o5 (deg(x))? + 3 ,cp,(deg(x))?
+ D pen, (deg(x))? + X cp, (deg(x))® + X cp. (deg(x))® + 3, cp, (deg(x))?
= (B = D(|Fs| = D(IF] =1+ [V(T(J1 x Jo x J3)))* + (|Fa| — 1)
(|Fs] = D)(JFa] = 1+ [V(D(Jy x Jp x J3))])?
(B = D) ([Fo| = D)(|Fs] = 1+ [V(D(Jy x J2 x J3))])* + ([Fs] — 1)
(|FL] - [Fo| = 14+ [V(D(J1 x Jy X J3))])?
+([Fo| = )(|Fr] - [Fs] = 1+ [V(T(J1 x 2 x J3))[)? + ([Fi] —1)
(|F2| - [Fs| = 14+ [V(D(Jy x Jy x J3))])?
+(Jo] = D) (| Js] = (| L] = 14 [V(T(Fy x Fy x F3))])* + (|h] — 1)
([Js] = 1)(|Jo| = 1+ [V(T(Fy x Fy x F3))])?
+([] = D)(|Jo] = D(|J5] =1+ [V(T(Fy x Fy x Fy))[)* + (]J5] = 1)
(1] - | 2] =1+ [V(T(Fy x Fy x F))])?
(o] = D)(|Ju| - [Js] = 1+ [V(T(Fy x Fp x Fy))[)* + ([4h] = 1)
(IJa] - [J5] = 1+ [V(D(FL x Fy x F3))|)?.
3. The second Zagreb index [11,[14] is Mo(T'(Fy x Fy x F3) +T'(Jy x Jo x J3))

- Zﬂ?yEE(F(E X Fox F3)+T'(J1 X J2 X J3)) deg(x)deg(y)

=D wenryen, 2€9()deg(y) + 30, a, sea, deg(x)deg(y) +

ZZ‘EAg,yEA4 deg( )deg(y

D wensyens 4eg(x)deg(y) + >, yea, deg(x)deg(y) +
veds yed, deg(z)deg(y

+ D ven, yens 4€9(2)deg(y) + >, e, deg(x)deg(y) +
rEB3,y€By deg( deg(y

+ > veBayen, 4eg(r) f(fg Y) + D e, yen, deg(z)deg(y) +

eg(y

() «(f Y) + Xsearyen, deg(x)deg(y) +

(z)de

eg(

(

)

d

Z:BEBS,ZIGBG deg< )

d
eg
d
g
)d
eg(
d
]
d
€g
d

+ erAl,yeBl deg

rE€A1,yEB3 de-g( )
+ erAl,y€B4 d@g
erAhyEBG deg( )
+ ZxéAmyGBl deg
erAz,yGBg de-g( )
+ Za:EAz,yGB4 deg(

r€A2,y€Bg deg(x)
+ 2 e nsgen, deg(x)deg(y) + X oca, yen, deg(x)deg(y) +

rEA3,y€B3 deg(:z:) (
+ 2 e nsgen, 4€9(2)deg(y) + Y-, ca,yen, deg(x)deg(y) +

Y) + Dwen,yen, deg(w)deg(y) +

<

) ? Y) + Xseasyens deg(@)deg(y) +
eg(y

Q.H U R &H &H &R Q.%E
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9(
9(
9(
9(

ZmeAg ,YEBeg deg (ZL’

+ Z$€A4 yEBl
deg(a:

)de
)de

de
2 Y) + Dsensyen, deg(@)deg(y) +
xr
de
x)de
de
X
de
xr
d

rE€A4,yEB3
+ Zx€A4 ,JYEB4 d@g
deg(x

)

eg(

)

( Y) + D pcn,yens deg(z)deg(y) +
r€EAL,YyEBsg )

+ 2 se s yen, gl Y) + 2easyen, deg(x)deg(y) +

erAs),yGBg deg(w)

+ Zx6A5 yEBy deg( ) y) + Zx6A5,y€B5 deg(:l:)deg(y) +

Zw€A57y€Ba deg(w) (

+ ZmeAg yEB1 deg( )

> e g yen, deg(@)deg(

+ ZazeAﬁ yEBy degg z)deg(y) + erAG,yeB5 deg(z)deg(y) +

x€A6,y€Bsg deg( deg(y

gy
=
g\y
eg
g\y
€9
g\y
ey
g\y
€g
Y

Y) + Dseagyen, deg(w)deg(y) +

)
(
)
(
)
(
)
(
)
(
)
(
)

JUES = D(F5] = 1)(|Fi| = 1)]

(B = DRl B =)
JOEL] = D F5] = D([F2| = 1)

[ 1
(| Fo| = 1)(|Fy| - |F5] — 1)
([F5] = V(B - [Fo| = D[] = D([F] = D([F3] = 1)]
([Fx] - [Fo] = D)1 - [Fs] = DI([F3] = 1) ([ F2| = 1)]
([Fa] - [Fo| = 1)(|Fy| - [F5] = DI[([F3] = D)([Fy| = 1)]
([Fx] - [ B3] = D)(1Fa| - [Fs] = DJ[([F2] = D)([F1] = 1)]

([ Sl = D) S| - [Js] = DI S| = )(|J5] = 1)(|/1] — 1)]
([ 2] = D) - [ T3] = DI S| = D)([ T3] = 1)(] 2| = 1)]
([J3] = D)(|Ju] - [Jo| = D] = D)(| 2] = 1)(|J5] = 1)]
([A] - ol = D] - [J5] = DI J5] = 1)(]J2| = 1)]

([ o] - [J2| = D)(| S| - [J3] = DI[([J5] = 1)(|J1| = 1)]

([ o] - [Js] = D) (| S| - [Js] = DI[([J2] = 1)(|/1] — 1)]

([F2] = D) (] = DI[([Fe] = D([F3] = 1) (2] = 1)(]J3] = 1)]
([F1] = D)(| 2] = DI[(1F| = D) ([ F3] = D)([ L] = 1)([J3] = 1)]
([F1] = 1)(| 5] = DI[(1Fs| = D)([F3] = D([ L] = D)([J2] = 1)]
E\Fl\ = ([ ] - [ o] = DI([F| = 1)(|F5| = 1)(|J5] = 1)]

(

(

(

(

(

(

(

(

(

(

(

[ By = D)([A] - [ s - IE] = D F5| = 1)([ L] = 1)]

—_ =

|Fy| = D)([J2] - [J3] = DI[([F] = D)(|F3| = 1)(| ] = 1)]

| Fo| = (L] = DI(E] = D(Fs] = 1)([J2] = 1)(|Js] = 1)]

[Fo| = D)([i] - [ o] = DI[([F1] = D)(|F5| — 1) (| 5] — 1)]
[Eo| = D)(IA] - [Js] = DI = (| Fs] = 1)([J2] = 1)]
|Fo| = 1)(|Jof - [J3] = DI[([F1] = 1D)([F5] = 1)(| 1] = 1)]
|5 = D)(|4] = DI(E = D[ F| = D)([ 2] — 1)(|J5] = 1)]
|Fs| = 1)(| 2] = DI[([F2] = D (1F| = 1D)([Ji] = 1)(|J5] = 1)]
|3 = 1)(|J5] = DI F = D F| = D([ L] = 1)(|J2] = 1)]
|3 = 1)(|A] - [ 2| = DI[(IF] = (| Fa| = 1)([J5] = 1)]

e e e e i i e e e i i e e e e e e i s ()

(
)
)
)
)
I
) It
| Eo| = D)(| | = DI = D(Es] = ([ ] = D)(|J5] = 1)]
|Fo| = 1§EIJ3! = DI(EA] = D((E| = D(A] = 1)([ 2] = 1)
)
)
)
)
I
)
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| Fs| = D)(|A] - [ 3] =1

IMAFL = D)(|[Fo =1
|5 = 1)([J2] - [J3] — 1))
)

( ) )
(1EY] = D)(|Ff = 1)
( ) )
( ) )

e
|5 = 1)(] /2| = 1

(

(

[( | 1)]
[( | Ji| = 1)]
(1] - [Pl = 1)([ L] — 1 | J3| —1)]
[([Fy] - [Fo] = 1)( 2] = 1 | 1)]
[([Fx] - [Fo] = D)([ 5] = DI[(F3] = D(|J] = 1) (| J2| = 1)]
(1 FL] - Bl = 1)([ ] - [J2] = DII(Es] = 1)(]J3] = 1)]

[([Fx] - [Fo] = D)( ] - [Js] = DI[(|Fs| = D) (| 2| = 1)]

(1] [F2] = 1)([ 2] - | Js] = DI[(|F5] = 1) (| /1] = 1)]

[([Fx] - [F5] = (] = DI[(|F2] = D)(|J2] = 1)(|J5] = 1)]
{EU*U | Es| = 1)([ 2| = DI[([Fo] = 1)(| S| = 1)(|J5] = 1)]
[(
[(
[(
[(
[(
[(
[(
[(

)
)( |E5| = 1)(| /] =1
)
)
)
)
:
[l - [ F5] = 1;§U3| = DIE] = (4] = 1)(| ] =1)]
)(
)
)
)
)
)
)

Il (
Il (
Il (
Il (| 5] —
Il (

|Fu] - [ Es] = D[] - [J2] = DI([F2] = 1)(| 5] — 1)]
|Fu| - [ E5] = D)([ ] - [Js] = DI([F2] = 1)(|J2] = 1)]
|Fu| - [ F3] = 1)([ 2] - [Ja] = DI[([F2] = 1)(| /2] = 1)]
|| - [ F3[ = D)([ ] = DI[([Fy] = D)(|J2] = 1)(|J5] = 1)]
|| - [ F5] = 1)([ 2] = DI[([F1] = (1] = 1) (5] = 1)]
|Fo| - [F3] = 1)([J3] = DI([F1] = 1D)(J 4] = 1)([J2] = 1)]
|| - [ F3[ = 1)([Ju] - [Jo| = DI[([F1] = 1)(|J5] = 1)]
|Fo| - [Fs| = 1)(J 4] - [Js] = DI[([Fr] = 1)(| 2] = 1)]
[([F] - [F3] = 1)(| o] - [J5] = DI[(|F1] = D)(| ] = 1))
4. The Forgotten topological index [5] is
(L(Fy X Fo x Fy) + T(J1i X Ja X J3)) = 30y (0(rx B x )+ 11 x Ja x ) (€9 (T)
=D pen, (deg())® + 30 o4, (deg(x))® + Zz€A3<d€g(x)>3 + D vea,(deg())
T Y aea(deg(x))® + 37 4 (deg(x))® + 37 cp (deg(x))® + 3, cp,(deg(x))?
+ D pen, (deg(x))® + X cp, (deg(x))® + 3 cp. (deg(x))® + 3, cp, (deg(x))?
= ([P =1+ [V(D(Jy x Jop x J5)) )P (|Fo] = D)(1F5] = 1) + (| Fo| = 1+ [V(T(Jy X
Jo X Js)))*(|Fy| — 1)(|F35] — 1)
+ (|F| = 1+ [V(T(Jy x Jo x Ja))DP(|F] = V(|| = 1) + ([F] - [Fo — 14
[V(T(J1 x Ja x J3)) )P (| F5| — 1)
+ (|Fx] - [Fs] = 1+ [V(T(J x Jo x Ja)) )2 (1 o] = 1) 4 ([F2f - [Fs] — 1+
|V( (Ji x Jo x Js)))*(|Fu| = 1)
(L] = T+|V(T(Fy x Fy x E3)))*(|Jo] = 1)(|Js] = 1) + (|Jo] = 1+ [V(T(Fy x
Fy x Fy)))*(| 1] — 1)(|Js] — 1)
+ (3] = 1+ [V(T(Fy x Fy < Es))*(IA] = 1)(|Jo] = 1) + (|| - ]2 =1+
[V(T(Fy x Fy x Fy)))*(|Js] = 1)
+ ([ ] - [Js] = L+ [V(T(Fy x Fy x F))[)*(| 2] = 1) + (o] - [Js] = 1+
[V(T(Fy x Fy x Fy))[)*(| 1] = 1).
5. The Narumi-Katayama index [13] is
NK(F(Fl X FQ X Fg) + F(Jl X J2 X Jg)) = HmQV(F(leFQXF3)+F(J1><J2><J3)) deg(m)
Enxe&h d(eg)(x) ) erA2 deg(z) - HIEAg deg(z) - erA4 deg(x) - Ha:EA5 deg(z) -
zE€A¢ eg\xr

tH++++++++HH+++++

=

33
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HzeBl zegg$§ ) H:EGBQ deg(x) - HzeBg deg(z) - erB4 deg(x) - Hm€B5 deg(z) -
zeBs PCI\T
= [([F1] =1+ [V(T(J1 x J2 x Js))(|Fa| = )(|F5] = 1)) - [([Fo] — 1+ [V(T'(J1 %
Jo X J)))([Fr| = D) (|Fs] = D] - [(|[F5] = 1+ [V(T(J1 x Jo x J3))[)(|F1| =
D([Fo| = D] - [(1F] - [Fo] = 14 [V(D(J1 < T2 x Js))[)([F5| = D] - [([F1] - [F5] =1+
[V(D(Jrx T2 x J3)) ) ([ F2| = D] - [([F2] - [F5| = 1+ [V(I(Jy x Jo x Jg))[) (| F1| —1)]
(1] =1+ V(I (Fy x By x Fy))[) (Lo = 1)([Js| = 1)] - [([J2] = 1+ [V(T(F7 ¥
Fy x Es))|)(| 1] = )(|Js] = D] - [([ 5] = L+ [V(T(F1 x F x F3))[)([J1] = 1)([ 2| —
D] [([] - [ o] = 1+ [V(D(Fr x Fo x E3))[)([Js] = )] - [([J1] - [ 3] = L+ [V(D(F7 %
Fy x Fy))[)(| 2] = D] - [(| 2] - [Js] = 1+ [V(T(Fy x Fy x F3))[)(| 1] —1)]
= (|F1|=1)% - (|Fo| = 1)° - (|F5[ = 1) - (|7 = L+ [V(D (1 x Jo X J5))]) - (|1 Fo| — 1+
V(L (i x Jo x J3))]) - [([ B3] = 1+ [V(D (i x Ja x J5))[) - ([ F1] - [Fo = 1+ [V(D(J1 x
Ja x J3))|) - (|F] - [F3| = 1+ [V(T'(Jy x Jo x J3))|) - (|F2| - [F3| = 1+ [V(I'(J1 x J3 X
T (I =1 (| o] =1)% ([ Js] = 1) (| o | = 1+ [V (T (Fy x Fy x F3))[) - (| o] — 1+
V(T (Fy % Fy x F))- (5] =1+ 1V (D(F: % Fy x Fo))[)- (13- Jal 1+ |V (D(Fy x
Eyx E5))|)- ([ 4] Js| =14 V(T (Fy x Fy X Fy))|)- (| 2] [ Js| =1+ V(D (Fy < Fy X Fy) ) ).
6. The first multiplicative Zagreb index [1,,[18] is
Hl(F(Fl X F2 X F3) + F(JI X J2 X Jg))
= [oev r(m xruxm) s ) (deg(2)?
= NK(F(Fl X FQ X Fg) + F(Jl X J2 X Jg))2
= (1] =1)°- (IR = 1)° - (IF] = 1)° - (|[F] = L+ [V(T(J1 % Ja x J3))])?
1+ |V(F(J1 X J2 X Jg))l)z
B =1+ [VT(L X o x T - (1] - [Ba] = 1+ V(T x Ja x Jg))])?
(IF1] - [F5 = 1+ [V(T(Jy x Jo x J3))|)?
([Fo] - [Fs] = 1+ [V(D(J1 x Jy x J5))])? -
(Ih] = 1+ [V(D(Fy x Iy x F))])?
(ol = 1+ [V(D(Fy X Fy x B))))? - [(1s] = 1+ [V(T(Fy x Fy x B))))? - (1] -
| Jo| = 1+ [V(D(Fy x Fy x Fy))|)?
(] sl = 1+ [VDUE X By x F)))2 - (1] - [ sl = 1+ [V(D(Fy x By x Fy))|)2
7. The second multiplicative Zagreb index [1,(18] is
HQ(F(Fl X FQ X Fg) + F(Jl X JQ X Jg))

- H:cheE(F(Fl><F2><F3)+I‘(J1><J2><Jg)) deg(x)deg(y)

(1P| =

(A1 =1)%- ([ 2] = 1)° - (|Js] = 1)° -

= [, yen, 4e9(x)deg(y) - [loea, yen, deg(@)deg(y) - 1l.ca, yea, deg(x)deg(y)
‘HmeA4,yeA5 deg(x)deg(y) - HmeA4,yeA6 deg(x)deg(y) - z€As5,yE€As deg(z)deg(y)
“1lzeB; yeBs d69($)d€9(y) " 1leen, yeBs deg(x)deg(y) " 1lzeBsyeB, deg(z)deg(y)
:ceB4,yeB5 eg(z)deg(y) - xeB4,yeBG eg(x)deg(y) - l.ep,yen, deg(x)deg(y)
vedr yen, 4€9(x)deg(y) - Tloea, yen, deg(x)deg(y) - [l.ca, yen, deg(x)deg(y)
[oca, yen, deg(x)deg(y) - e, yen, deg(x)deg(y) - [l.ca, yen, deg(x)deg(y)
vedryen 1€9(x)deg(y) - e, yen, deg(x)deg(y) - [l.ca, yen, deg(x)deg(y)
vedyyen, 1€9(x)deg(y) - Tleca,yen, deg()deg(y) - [l.ca,yen, deg(x)deg(y)
vesyen 1€9(x)deg(y) - Ten,yen, deg(x)deg(y) - [l.ca,yen, deg(x)deg(y)
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[oca,yen, deg(@)deg(y) - Tl,ca, yep, deg(x)deg(y) - [, yen, deg(x)deg(y)
vedsyen €9(x)deg(y) - e, yen, deg(x)deg(y) - [l.ca, yen, deg(x)deg(y)
2E€A4,yEBy deg(z)deg(y) - H:eeA4,yeB5 deg(x)deg(y) - Hx€A4,y€BG deg(z)deg(y)
vedsyen 1€9(x)deg(y) - Ten. yep, deg(®)deg(y) - 1l.ca, yen, deg(x)deg(y)
vensyen, 4€9(x)deg(y) - Tl,ca, yep, deg(x)deg(y) - [, yen, deg(z)deg(y)
vegyen 1€9(x)deg(y) - ea, yen, deg(x)deg(y) - 1l.ca,yen, deg(x)deg(y)

TLicagyen, deg(@)deg(y) - Tlicagyen, d€9(@)deg(y) - T1,ea e, deg(@)deg(y)

= [([E1] = D E| - [Fs] = DI F] = D(F5] = V(] = 1)]

([ Fe] = D[R - [Fs| = D][([F] = D([F3] = D)(|F| = 1)]

[ F5] = D(1F - [Fo| = D[ Fr] = D) ([ F2| = 1)(|F3] = 1)]

[ F] - [P = V)([F - [Fs] = D[ F3] = D)(|F2] = 1)]

[ F] - [l = V)([F2 - [F3] = DI[(1F3] = D(|F1] = 1)]

L(E] - S| = D)(|F2 - [F5] — D[ F2] = D([Fy] = 1)]

(] = D) ([ S| - [J3] = DI([S2] = D)(|J5] = 1)(|/1] = 1)]
([ 2| = D)([Ju] - [J3] = DI = ([ Js] = 1)(|J2| = 1)]
([ Js] = D) Ju] - [ 2| = DIJi] = D)([ o] = 1)(|J5] — 1)]
(A - [T = D) - [Js] = D]([J3] = 1)([J2] = 1)]

(] - o] = 1)([ 2] - [J5] = D][(|J5] = D)(| | = 1)]

L] - 5] = D)([J2| - [J5] = D][(|J2] = D)([ ] = 1)]

[(F ] = D] = DI Fe| = D1 F5] = D([J2] = 1)([Js] — 1)]
(£ = D] = DI([F] = D) (1 F5] = 1)(| 1] = 1)(|J3] = 1)]
(7] = D)) = DI[([F2| = D)([F3] = D([ L] = )([J2] = 1)]
[ E] = DA - [l = DI F2] = D] = 1)(]J3] — 1)]

[ F2 ] =D (] - [Js] = DI F| = D(1Fs| = 1)(| 2| = 1)]

[ F = D)l - [Js] = DI F2] = D(1F3] = 1)([i] = 1)]

[ F2] = D] = DI F] = D) F5] = 1) 2] = 1)([J5] = 1)]
(7] = (| 2] = DI[(|FL] = D)1 F3] = D([ L] = 1)([Js] = 1)]
(7] = D)(| 5] = DI[([Fy] = D (1 F3] = D([ L] = ([ J2] = 1)]
([ F2] = D[] - [ o] = DI(F] = D)(1Fs| = )| Js] = 1)]

[ F2) = D) - [Js] = DI FL] = D3] = 1)(] 2] = 1)]
([ Fe] = D)(1 ] - [Js] = DI([FL] = D)(1Fs| = D[] = 1)]
(1 F5] = D([ 1] = DI[(F] = D F2] = D([J2] = 1)([J3] = 1)]
[(F5] = D)([ o] = DI[(|F1] = D F2] = D([ L] = 1)([Js] = 1)]
[ F5] = D)(| 5] = DI[([Fy] = D F2] = D([ L] = ([ J2] = 1)]
[ F5] = D) - [ o] = DI FL] = D (1F2] = 1)(]J3] = 1)]
(1 F5] = D)([ ] - [Js] = DI(FL ] = D)(1Fs| = 1)(|J2| = 1)]

[ F3] = D)1 - [Js] = DI FL] = D(|F] = 1)(] 1] = 1)]

[ F] - [Fe] = D)([ ] = DI(Fs| = D J2] = D3] = 1)]

[ F] - [ = ) (2] = DI F3] = D) (1] = 1)(]J3] = 1)]

[ F] - [Fe] = 1)([ 5] = DI[(Fs| = D(|] = 1)(|J2| = 1)]

L E] - [ = )| ] - [J2] = DI[(Es| = 1)(]J3] = 1)]
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((E] - [ = D] - ] = DIFs| = 1)(| 2| = 1)]
(] - [ = D)(1a] - [Js] = DIEs] = 1)(|] = 1)]
((E ] [Es| = D] = DIE| = D(|J2| = D(|J5] = 1)
(] - 15| = D)(| | = DI[(1F2] = (2] = 1)(|Js] = 1)]
(] - 15| = (1] = DI(1F2] = D(|Ji] = 1)(| ] = 1)]
(][5 = 1)(A] - [J2] = DI F2| = 1)(| 5] = 1)]
(- [Fs| = D] - [Js] = DII(E| = 1)(| 2| = 1)]
(] - [E5] = 1)(] o] - [Js] = DI[([F2] = 1)(|J1] = 1)]
[ F] - 15| = D (] = DI(F] = D] 2| = D)(|Js] = 1)]
((F2] - [Fs[ = D)(1 2] = DIF = D(| 1] = D(| 5] = 1)]
[ F] - [E5| = D(|Js] = DI = (1] = 1)(| ] = 1)]
(([F2] - [E5] = )(|A] - [ o] = DI L] = 1)(| 5] = 1)]
[ F2] - [Fs| = D)(1] - [Js] = DII(F2| = 1)(| 2| = 1)]
[ F2] - [Fs] = D)(1 ] - [Js] = DII([F2| = 1)(| /1| = 1)]

= (B3| =1 (| o = D (IF5] = 1) (| Fa | Fof = 1)° (| B3] |
(A =12 (o] = 1% (|| = )P+ (][ 2] = 1) (| N1 Js] = 1)°

3 Eccentricity based topological indices

Example 3.1. By Example[2.1| (1), the diameter of the join graph

F(Fl X Fy x F3) + P(Jl X Joy X Jg) is 2 and for
T,y € V(F(Fl X F2 X Fg) —|—F(J1 X J2 X Jg)) if

1) (B By - 1)°
(|l o] = 1)°.

xy ¢ E(I'(Fy x Fy x F3) +T'(J; x Jy x J3)), then d(x,y) = 2. Therefore, the

eccentricity e(x) of each vertex x in the join graph
F(Fl x Fy X F3) + P(Jl X Jy X Jg) is 2.

1. The total eccentricity [3], [4] of I'(F} x Fy x F3) +T'(J; X Jy X J3) is
EL(F X By x F3) + T'(J1 X Jo X J3)) = 3 v (r(kyx Fax )+ T ( x Ja x ) €(2)
)|

= 2[|[V(T'(Fy x Fy x F3))| + [V(T'(J1 x Ja x J3))]|].
2. The first Zagreb eccentricity index [1)] is

Ef([(Fy x Fy x F3) + T(J1 X Jo X J3)) = 3 v (7 x Fox )+ T (Jn x Jax ) (6(T))

=4[|V(['(Fy x Fo x F3))|+ [V(I'(J1 x Jy x J3))|].
3. The second Zagreb eccentricity index [1] is

Ey(D(Fy X Fo X F3) + D (J1 X Ja X J3)) = 30 c (51 x Fox )10y xJax J3)) E(X)E(Y)

:Zx6A1,yeA6 6(1’) <y) + erAz yEA5 ($)6(y) + ZSEEAg,yEAzl ( ) (

T2 veanyens €@EW) + D ca, yens €(@)ely) +
+ z€B1,y€Bg e(x)dy) + €D,y Bs 6($)6(y) +
t 2 eeByyeBs e(z)e(y) + erB4,yeBe e(r)e(y) +
+Zx€A1,y€Bl 6(.73')6(?}) + erAl,yGBg 6(.73)6(?}) +
T venryen €@eEW) + Xica, yen e(@)e(y) +
T vcnsyen €@EW) + Xica,yen, e(@)e(y) +
+ zE€A2,yEB, 6(13)6@) + €Ay ,yEBs e(a:)e(y) +

w€As,yeAs ©
r€B3,yc€ By

e

z€B5,y€Bs

m
8

r€A1,yEB3

>
2
erAl,yeB@-
>
2

®
8

r€A2,y€B3

)
Y)
(y)
(y)
(y)
(y)
(y)
(y)

$€A27y€B6
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D ey yen €(@EW) + Xien,yen, €@)EWY) + Pien,yen, €(@)e(y)

12 scasyen, € e(z)e(y) + r€A3,yEBs e(z)e(y) + € A3,y€Bg e(r)e(y)

t 2 zecAsyen: e(z)e(y) + v€As,yeBy € e(r)e(y) + rE€A4,yEB3 e(z)e(y)

+ 2 vemipen, €0)eY) + Dea,yen, €0)eW) + Xaca, yen, €()e(v)
+Zz€A57y€Bl (I)e(y) + Z €As,yEBg (x)e(y) + ZzeA5 yEB3 e(x)e(y)

D veasyen, €(@)EW) + Dieasyens €@)EWY) + Yieasyen, €(@)e(y)

+ r€A6,yEB1 ($)€(y) + Z €Ag,y€Ba (x)e(y) + Z €Ag,yEB3 (x)e(y)

+ 2 e qyeB, e(r)e(y) + xE€Ag,yEBs e(z)e(y) + >, €Ag,y€Bs e(w)e(y)

= [2(1Fa] = 1) - (|1Bs] = D] - (1A= D]+ [2(1F — 1) - (|F5] = )] - [2(|F2| - 1)] +

2(1F = 1) - (1F2] = D] - [2(1F5] = D] + [2(|F5] = D] - [2([F2| = D] + [2(|F5] = 1)] -
2([F1| = D] + [2(|F2 = 1)] - [2([F1] = 1)]

+[2(1 ) = 1) - (3] = )] - [2(J1] = D] + [2(]4h = 1) - ([J5] = D] - [2(] /2] = 1)] +
2([J1 = 1) - (|| = )] - [2(]J5] = D] + [2(|Js] = 1)] - [2(| ]2 = D)] + [2(]J5] = 1)] -
2(] 1] = D] + [2(]2| = D] - [2(]4] = 1))

2(1F2] = 1) - (|Fs[ = D] - [2(] S| = 1)(|Js] = DI + [2(|F2| = 1) - ([F5] = 1)] - [2(] /1| —
)([Js| = 1))+ [2(1F2 = 1) - (| F5[ = D)]- [2(1 1| = 1) (| Jo| = 1)] +[2(| Fo[ = 1) - (| F5] = 1)] -
2(|Js] =D+ 2(1F2| =1)-(1Fs[ = D)]- [2(|Jo| = D]+ [2(| F2| = 1)- (| F5| = 1)]- [2(] 1 [ = 1)]

2(1F = 1) - (1Fs[ = D] - [2(] S = D)(|Js] = DI + [2(|F3| = 1) - ([F5] = 1)] - [2(] /1| —
(5| =D+ 21 Fr [ =1)- ([F5] = D] - [2(] /1| = 1) (| 2| = D]+ [2(| 1| = 1)- ([ F5[ = 1)] -
(15[ =D+ 2(1F [ =1)- (1Fs[ = D)]- [2(| Ll = D]+ [2(1 F2 | = 1)- (| F5| = 1)]- [2(] [ = 1)]

2(1F1] = 1) - (|15 = D] - [2(1 2| = D(|Js| = DI + [2([F2] = 1) - ([Fof = D] - [2(] 4] =
D(|Js[ = D]+ (1 =1)- (| Eo| = 1)] - [2(] 1| = 1)(|Jo| = D] +[2(1Fr [ =1)- (| F5| = 1)]
2(|Js] =D+ 2(1F [ =1)- (| = D)]- 22| = D]+ [2(| F1| = 1) - ([ F2| = D] [2(] A [=1)]
+ [2(1Fs] = D] - [2(J2| = D)([Js] = D]+ 2(1Fs[ = D] - 2(] 4] = D(|J5] = )] +
2(1F5] = D - 214 = 1)( /2| = D]+ [2(1F5[ = D] - [2(Js] = D] + [2(1F5] = 1)]
2( /2] = D] + 2(|Fs[ = D] - [2(]4] = 1]

+ [2(1F2| = D] - 21 = D)([Js] = D] + 2(1F[ = D] - 2] 4] = D(|J5] = 1) +
2(1F2| = D - 2014 = 1)( 2| = D]+ (1] = D] - 2(1Js] = D] + [2(1F2] - 1)]
[2(| 2| = D] + [2(|Fo = 1)] - [2(] 1] = 1)]

+ 2(181] = D] - 21| = 1)([Js] = D]+ (1] = DI - [2(1 4] = D(|Js] = D] +
2(1Fr] =D - 2(14] = V(L2 = DI+ 2(1A] = D] - 2015 = DI + 2(1F1] = D] -

2(] 12| — D] + [2(J1F1] = D] - [2(] /1] = 1)].

4. The eccentricity connectivity [1] is £¢(T'(R)) = erV(F(R))e(x)deg(x)
=6(|F1[ = 1) - ([Fo| = 1) - (|F5] = 1) + 6(|h] = 1) - (| ]| = 1) - (|J5] = 1) 4+ 2([ F3| -
|| = D[([F5] = D]+ 2(|Fa - [Fs] = D[([F2| — D]+ 2(]Fo| - |[F5] = D[([F1] = 1)] +
2([ 1] - [ 2| = D15 = D] +2(1 1| - [ 5] = D[(| J2] = D) +2(] 2| - | J5| = D[([ 2] = 1)}
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4 Conclusion

We have calculated Weiner index, degree based topological indices and eccentricity
based topological indices of the join graph of zero divisor graphs of direct product
of three finite fields in terms of the order of fields.
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