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Abstract

In this paper, we introduce second order difference operator with logarithmic function and
its inverse by which we obtain Fibonacci sequence and its sum. Some theorems and interesting
results on the sum of the terms of advanced Fibonacci sequence are derived. Suitable examples
are provided to illustrate our results and verified by using MATLAB.
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1.Introduction

In 2011, M.Maria Susai Manuel, et.al, [7] introduced the generalized a—difference
operator as A v(k) = v(k + ¢) — awv(k) for the real valued function v(k). In 2014,

a(l)
G.Britto Antony Xavier, et.al, [2] introduced g—difference operator as
Ap(k) = v(gk) — v(k), ¢ € (0,00) and obtained finite series solution to

the corresponding generalized g—difference equation Ajv(k) = wu(k). With this
backround, in this paper, we obtain advanced Fibonacci sequence and its sum by
introducing second order difference operator with logarithmic function.

2. Advanced Finonacci Sequence and its Sum Obtained by Second
Order Difference Equation With Logarithmic Function

Fibonacci and Lucas numbers cover a wide range of interest in modern
mathematics as they appear in the comprehensive works of Koshy [6] and Vajda [10].
The k—Fibonacci sequence introduced by Falcon and Plaza [3] depends only on one
integer parameter k and is defined as
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Fro=0, Fp1=1 and Fpp41 =kFyn+ Fppo1, where n>1k>1.
In particular, if £ = 2, the Pell sequence is obtained as
Ph=0, P=1 and P, 1=2P,+F, 1 for n>1
Here we introduce second order difference operator with logarithmic function

A v(k) =v(k) — arlog(ki)v(k — 1) — aslog(ks)v(k — 2) which generates advanced
logke

Fibonacci sequence and its sum.

Definition 2.1 A advanced Fibonacci sequence is defined as Fy = 1,

Fy = aqlogky, F,, = azlog(ky — (n — 1)) F,—1 + aglog(ke — (n — 2))F,,_2,n >2 (1)

Example 2.2 Taking k =6,n =2, a1 =2, ay =3, ky = 3 and ky = 4 in (1), we get
a Fibonacci sequence with logarithmic function {1, 2.20,7.20,7.24, - - - }

Similarly, one can obtain Fibonacci sequences corresponding to each pair
(a1logky, asloghks) € R2.

Definition 2.3 A second order difference operator with logarithmic function on

v(k),k >n+2, denoted as A v(k), is defined as
logk

A v(k) =v(k) — arlogkiv(k — 1) — aslogksv(k — 2), k€ [0, 00), 2)

logka
and its inverse is defined as below;

if A wv(k)=u(k), then we write v(k)= A u(k). (3)

logka logk

Lemma 2.4 Let v(k),k > n + 2 be a functions of k € (—o00,00). Then we obtain

K oo - alogky 04210291{?2] _ ot ()
logka a’ a=s

logk logk
Proof: Taking u(k) = a**[1 — Qrogh 2 029 2] in , we obtain
a S

aS
logk logk:
A a®F = a* [1 _qoghm | %2009 2]. Now follows from 1}

logka a® a®s

Lemma 2.5 Let e** k > n + 2 be a function of k € (—o0,00). Then we have

-1
A e ** [1 — aue’logks — axe*logks)| = e 5, (5)

logka
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Proof: The proof follows by assuming a = e~! in (4.

Lemma 2.6 Let k¥ be a function of k € (—00,00). Then we have

-1
A [K* — ai(k — 1)" ogky — as(k — 2)"*loghs] = k*. (6)

logka

Proof: Taking v(k) = k" in (2)) and using (3.

-1
Lemma 2.7 If v(k) = A u(k), Fo =1, F1 = aylogk, and
logka

Foy1 = Fhaglog(ky —n) + F_1aslog(ky — (n — 1)) for i = 0,1, 2, ... then

v(k) = Fopv(k — (n+ 1)) — Fyaglog(ks —n)v(k — (n+2)) = Z Fou(k —1). (7)

=0
Proof: From and , we arrive
v(k) = u(k) + alogkyv(k — 1) + aslogksv(k — 2). (8)

Replacing k& by k& — 1 and then substituting the value of v(k — 1) in , we get
v(k) = u(k)+Fiu(k—1)+(Fioqlog(ky —1)+aslogks)v(k—2) + Fiaslog(ks — 1)v(k—3)
which gives

v(k) = Fou(k) + Fiu(k — 1) + Fyo(k — 2) + Fraslog(ks — 1)v(k — 3), 9)

where Fy, F} and F» are given in (|1).

Replacing k by k — 2 in (§)) and then substituting v(k — 2) in (9)), we obtain

v(k) = Fou(k) + Fiu(k — 1) + Fyu(k — 2) + Fyv(k — 3) 4+ Faaslog(ks — 2)v(k — 4),
where Fj is given in .

Repeating this process again and again, we get .

Corollary 2.8 If v(k),k > n+ 2 is a closed form solution of second order difference
_ailogks  aslogks

as a25

equation with logarithmic function LA u(k) =a*[1
OgRa

ask o Fn+1as(k—(n+1)) o FnOleOg(k'Q o n>as(k—(n+2))

], then we obtain

_ Z Eas(k—i) [1 _ allog(kl — Z) . anog(kQ — Z)} . (10)
1=0

as a23

Proof: The proof follows by applying v(k) = a** in and using .
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The following example is an verification of .

Example 2.9 Taking k=6, n=2,s=2, a1 =2, a0 =3, a=2,k; =3 and ks =4
in , we get
2 A 21 —1 41 —1
212 _ F326 _ 3F2l0g(2)24 — Z }71,22(6—1) [1 . 09(;; Z) . 09(2631 Z)
i=0
where Fy =1, F} = 2.20, F, = 7.20 and F3 = 7.24.

| =524948.25

Corollary 2.10 Let e=** k > n 4 2 be a function of k € (—00,00). Then
e~k _ Fn+16_5(k_(n+l)) _ a2l0g<k2 _ n)Fne—s(k—(n+2))

= Z Festk=0) [1— aqlog(ks — i)e — aslog(ky — i)e*]. (11)
i=0

Proof: Taking v(k) = e~** and applying in , we get .

Example 2.11 Taking k =5, n=2,s =3, a1 =3, as = 2, a = 1.8, k; = 11 and
ks = 21 in , then we obtain

2
e™15 — Fye 0 — 2Flog(19)e™ = " Fe36=9[1 — 3log(11 — i)e® — 2log(21 — 7)€’

=0
= —66.5
where FO = 1, F1 = 913, F2 = 86.88 and Fg = 809.51.

Lemma 2.12 Let t € N(0),k > n + 2 . Then a closed form solution of the second
order difference equation logarithmic function

2 2
v(k) — > &plogkpv<k —p) = [kt - apl()gkp(k _p)t} is
p=1 p=1

-1
A [k — arloghki(k — 1)" — aslogks(k — 2)"] = K (12)

logka,
Proof: Taking v(k) = k' in (2)) and using (3), we get (12)).

-1 2
Corollary 2.13 If v(k) = A [k'— > a,logk,(k—p)'], k > n+2is the closed form
logke p=1

solution given in (12)), then k' — F,,11(k — n — 1) — F,aslog(ks — n)(k — n — 2)*

= ZF [(k — i)' — anlog(ky — i) [k — (i + 1)) — aslog(ks — i)[k — (i +2)]']. (13)
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Proof: The proof follows by taking u(k) = Z aplogk,(k — p)t in .

p_

Example 2.14 Let £k = 1011, n =3, t =4, k; =21, ks =9, a3 = 5, ayg = 3 in
Corollary (2.13). Then
S Fu(1011 — i) = (1011) — Fyo(1007) — 3log(6) Fyu(1006) = —10438211162420716.

1=0

where u(k) = k' — aqlogky(k — 1)" — asloghks(k — 2)t, Fy =1, Fy = 9.13, F, = 86.48,
F3 =801.89 and F,; = 7289.82.

Corollary 2.15 Let v(k), k > n+2 be a solution of second order difference equation
with logarithmic functions

: k' : (k—p)'
v(k) — > aylogk,v(k —p) = | — — aylog(k, — )
= evteatie =0 = L = ot = g
Thentwe have (k—n—l) (k—n—2)
— — F1 — aslog(ke — n)
logok) " log(k —n 1)) 9 =) = =2))
(k‘—l—p)t
aylog( ) 14
= Z R =

t

\/log(bk)

Example 2.16 Let k=14, n =3, b =10, t =7, oy = 15, cvg = 19, ky = 29, ky — 32
in Corollary [2.28] Then we obtain

Proof: The proof follows by taking v(k) = in the Theorem .

21" (17)* (16)*
Jiog@0) (21\/&;9718 — 10.5log (ks — 3)—109((21176) )
P 1 S o —i—p)*
o OF[\/log(11(21—i)) pZ plog(hy \/log 11(21 —i — ))]

— 9226630264497941.12,
where Fyy = 1, Fy = 50.51, Fy = 2590.47, F3 — 131361.81 and F, — 6587244.76.

Lemma 2.17 If v(k), k > n+2 is a closed form solution of the second order difference
equation with logarithmic functions
2

v(k) — ; aplogkyv(k — p) = k'sin(sk) — ilaplog(kp —p)(k —p)tsin(s(k — p)), then
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k'sin(sk) — Fpi1(k —n — 1)'sin(s(k —n — 1)) — azlog(ka — n)(k —n — 2)'sin(s(k —n —2)) =

Z F; [(k —i)sin(s( Z aplog(k, — p)(k —i—p)'sin(s(k —i — p))} . (15)

2
Proof: Taking u(k) = [k'sin(sk)— Y aplog(k,—1)(k—p)'sin(s(k—p))] in Theorem
p=1

- 2.7l and using (4)), we get .

Corollary 2.18 A closed form solution of the logarithmic second order difference

equation logarithmic function A v(k) = k'sin(sk) — 22) aplogk,(k — p)isin(s(k — p)) and
ogka p=1

hence we have

ktsinsk — Fp1(k — (n+1))*sin(s(k — (n + 1)) — Fpaslog(ks — n)(k — (n + 2))*x

sin(s(k— (n+2)) ZF 4—2 oy log(ky,—p) (k— (i+p))* sins(k—p—i)]. (16)

Proof: The proof follows by taking ¢ = 4 in Theorem [2.17]

Example 2.19 Let k =9, a=3,n=3, a1 =2, s =2, ayg = 3, k; = 29.55, ks = 15.9
in Corollary ([2.18]). We have
91sin18 — Fy(5)* Sm(10) 3log(12. 9)(4) sin(8)

= Z Fi[(9—4)* - Z aplog(k, — p)(9 — (i +p))*sins(9 — p — i)]
= 2421452716882 48
where Fy =1, I} = 6.77, F, = 53.69, F3 = 410.99 and F; = 3119.24.

Corollary 2.20 A closed form solution of the second order difference equation with
logarithmic functions
2 2
v(k) = 3 aylog(k, — p)olk — p) = Kitan(bk) — - aylog(k, — p)(k — p)'tanb(k — p) is
p=1

p=1
given by

k'tan(bk) — Fp1(k — (n+ 1)) "tan(b(k — (n +1)))—
azFnlog(ky —n)(k — (n+ 2))tan(b(k — (n + 2)))

= F [(k —i)'tan(b(k —i)) = > alog(k, — p)(k —i — p)'tan(b(k —i— p))]. (17)
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Proof: Taking v(k) = k'tan(bk) in Theorem we get (17).

Example 2.21 Let £ = 2.0091, n = 3, t =5, a =4, b =05, ap = 3, ag = 2,
ki = 34.85 and ky = 12.5 in Corollary (2.18]). We have
(2.0091)tan(10.0455) — Fy(—1.9909)tan(—9.955)—
2 F4l0g(9.5)(—2.9909)5 tan(—14.9545)
3 2
= > F;[(2.0091 — 7)5tan(5(2.0091 — i)) — > aylog(k, — p)(2.0091 — i — p)5 x
i=0 p=1
xtan(5(2.0091 — i — p))] = 1043823.96,
where Fy =1, Fy = 10.65, Fy, = 117.61, F5 = 1284.11 and F; = 13886.16.

Corollary 2.22 A closed form solution of the second order difference equation with
logarithmic functions

2
v(k) = 2, eplog(ky = p)ulk —p) = e~**log(bk) — Z aplog(k, — p)e*Plog(b(k — p))
p= p=1
is given by
e**log(bk) — e Viog(b(k —n —1))—
o Flog(ky — n)es*=2log(b(k —n — 2))

— Fie? [log Z aylog(k, — p)e *Plog(b(k —i — p))] . (18)

i=0
Proof: Taking v(k) = e**log(bk) in Theorem , we get .

Example 2.23 Let k =7, n =3, s =15, b =2, a; = 15, ag = 10, k; = 18 and
ks = 15 in Corollary (2.18). We have

etl 5l0g(14) Fye*Slog(6) — 1OF3log(12)e3log(4)

= ZF615 Ilog(2(7 — 1)) — Z%lf)g(k —p)e " Plog(2(7 — i — p))]

= —579152724 29, where F) = 1 F1 = 43.36, I3 = 1869.61, F; = 78899.26
and Fy = 3252901.95.

Lemma 2.24 Let v(k), k > n+2 be a solution of the second order difference equation
with logarithmic functions. Then we have,

2 2

v(k) — Y aulog(k; — i)v(k — i) = k®cosech(k) — > ailoghk;(k — 1)Pcosech(k — i),
=1 i=1

then we have, k®cosech(k) — Fy1(k —n — 1)tcosech(k —n — 1)—
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asglog(ky — n)(k —n — 2)fcosech(k —n —2) = > F;x
i=0
[(k - i) Dcosech(k Z aplog(k, — p)(k —i — p)Dcosech(k — i — p)]. (19)

Proof: Taking v(k) = k®cosech(k) in Theorem [2.7| and using , we get (19|

Example 2.25 Let k= 1.5, b=5,n =3t =4, ay = 12, ay = 20, ky = 50, ky — 34
in Theorem [2.24 We have,

(1.5)Wcosech(1.5) — F4(—2.5)(4)cosech(—2.5) — 20l0g(31)(—3.5)@cosech(3.5)

= i F;[(1.5 — i)Mcosech(1.5 — i) — 2 aplog(kp — p)(1.5 — i — p)Dcosech(1.5 — i — p)] = 8547.97,

=0

where Fy =1, F} = 46.94, F2 = 2262.91, F5 = 108405.04 and Fj; = 5165357.99.

Corollary 2.26 Let v(k), k > n+2 be a solution of second order difference equation
with logarlthmlc functions

v(k) — El aplogkyv(k — p) = [log(log(bk))k(®) — Z aplog(ky — p)log(log(b(k — p)))(k — p)®].
=

Then we have
log(log(bk))k® — F, 1log(log(b(k —n —1)))(k —n — 1) —
Oézlog(kg —n)log(log(b(k —n —2)))(k —n —2)®

z”: F;[log(log(b(k — 1)) (k — 1) )y® — Z aplog(kp — p)log(log(b(k —i—p)))(k —i — p)(t)]. (20)
=0

Proof: Taking u(k) = log(log(bk)) E® — Z aylog(k, — p)log(log(b(k — p)))(k — p)®
in Theorem [2 - 7| and using (4)), we get (20 .

Example 2.27 Let k=16, n=3,0=10,t =4, ay = 15, ap = 19, ky = 29, ky = 32
in Corollary [2.26l Then we obtain

log(log(lGO))16(4) F4log(log(120))(12)(4) — 1910g(ky — 3)log(log(110))(11)@

~ 3= Riflogllog(10(16 - )16 )*) - z aplog(ky — p)log(1og(10(16 — i — p)))(16 — i — p)(¥]

= —225566400698 78, where FO =1, I} = 50.51, F, = 2590.47, F5 = 131361.81 and
Fy = 6587244.76.

Corollary 2.28 Let v(k), k > n+2 be a solution of second order difference equation
with logarithmic functions

k0 (k —p)®
( ) Eaplng U<I€ p) [lOg(lOg(ka)) p;()éplog( )log(log(b(k’—p)))]'

Then we have
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e (k—n—1)®

R (k—n—2)®
log(log(bk)) "' log(log(b(k — n — 1))

log(log(b(k — n — 2))

— asglog(ke — n)

- _Zm (k—i—p)®
EE: log( log jij(lplog log(log(b(k7—-i —-p)))}' (=1)

k()

Proof: The proof follows by taking v(k) = log(log (bk))
o0g\tog

in the Theorem .

Example 2.29 Let £ =21, n =3, b =11, t =4, ay = 14, ag = 10.5, ky = 27,
ko = 29 in Corollary [2.28] Then we obtain

B2 - €0 ST A S W ) L
log(log(231)) ol 4lq>g(gog(187)) 10:5l0g(k, 3)logééolg(176)) v
= — v aplo — —iop)”

= % T =) ~ 2 2#90 ~ D o112 1= 7]

= —242342850538 15,
where Fy =1, Fy = 46.14, F5 = 2140.03, F3 = 98053.51 and F); = 4436729.18.

3. Conclusion

We obtained summation formula to advanced Fibonacci sequence by introducing
second order difference operator with logarithmic function and have derived certain
results on closed and summation form solution of second order difference equation
which will be used to our further research.
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