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Abstract

A hypergraph H is 6-distant, if for edges e1,e2 € H, the Hamming distance d(e1,e2) > 6,
which is equivalent to |e1 Ne2| < 2 on the 5-uniform hypergraph. A 5-uniform hypergraph H
is (3,2)-bipartite, if V(H) = SUT, and Ve € E,leN S| = 3,|leNT| = 2. In this paper, we’ll
research on the 6-distant (3,2)-bipartite hypergraph on S U T, that has a complete 3-uniform
induced sub-hypergraph on S =1,2,--- ,n = [n]. First we’ll determine number n which exists a

2(%)

hypergraph on the minimum size of |T'| = A i3]

then compute the number of (3,2)-bipartite
hypergraphs, which satisfies the 6-distant condition, for a few entries of n.
Key words: 5-Uniform Hypergraph; Design Enumeration; 6-Distant; Bipartite Hypergraph.
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1. Introduction
Problem 1.1 Let n > 3 be integer, set S=[n], T={n+1,n+2,--- ,n+ A}

For integer \, there exists a 5—uniform (3,2)—bipartite hypergraph
H = (SUT, E), which satisfies that:

LB = (3);
2.Vec E/lenS|=3,lenT| =2
3. v€1,€2 EE,’@lﬂBQ’ §2

For a given integer n, determine the minimum of A that H :exists. Let A(n) be the
minimum.

Here S is the origin vertex set of the hypergraph, T is the attachment set.
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Since for e;,e; € E(H), |e;\e;| = |e;| — |e;Nej| > 5 —2 = 3. It means that these
5-weight binary codes which are generated by edge e;’s whose pairwise Hamming
distances are at least 6. So for (3,2)—bipartite hypergraph H, we say it 6-distant if
‘H;satisfies the three conditions above.Obviously for A > 2 - (g) with distinct e; NS
and e; Nes NT = &, H:is 6-distant. So I\ =2 - (’;) We concentrate on the
minimum of .

For n > 3, let A(n,4,3) be the coding-theoretic function , i.e., the maximum
size of binary code of length n, constant weight 3 and minimal distance 4. It equals
to the maximum m that exists a set of triples {A;, Ay, -, A} C ([g]), such that

Vi # j, |A; N A;| < 1. The sequence is listed on the OEIS. [3]

Theorem 1.2 A. E. Brouwer, J. B. Shearer, N. J. A. Sloane and W. D. Smith.[I]

51
51

1] n#5 mod 6,
/] =1 n=5 mod 6.

A(n,4,3) =

n—1
2
n—1
2

Problem 1.3 (1) For which n, A(n) = %%)3), and for which n, A(n) > %? For

the first kind, we call it 6-distant 2-regular.

(2) For n > 3 which is 6-distant 2-regular, fix A = A\(n), determine the number N (n)
of 6-distant designs H.
Theorem 1.4 \(n) > %. Proof: Let

S={1,2,--- n}=n], T={n+1,n+2,--- ,n+An)},and H=(SUT,E) is
6-distant. For each z € T', we consider the subgraph H; of H whose every edge
contains x. For each two triples A;, A; € E(Hy), |AiNA;| <2—|{z}| =1. Thus as

definition of A(n,4,3), for each z € T,z is contained at most A(n,4,3) edges in 7.
Then we get 2(3) =2|E|= ¥ [enT| = Af) H{e€ Eln+je€e}| < Aff’ A(n,4,3) = A(n)A(n, 4, 3).
Jj=1 Jj=1

ecE

It is easy to observe that the equality holds, for every j € T, there are exactly
A(n,4,3) edges contains j. For m,n € N, we’ll write (["m]) ={A C [n]| |A| = m} for
the family of all m—subsets of [n].

2. Cases of n < 4

Theorem 2.1 A\(3) =2, N(3) = 1. Proof: It is trivial that |E| = 1, so that 7" > 2.
The design F = {{1,2,3;4,5}} ensures that |T| = 2 is possible. Here edge
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e = {ay, ay,a3; aq, as} represents that e N S = {ay,az,a3} and eNT = {a4,a5}. As
A(3,4,3) = 1, it means n = 3 is 6-distant 2-regular. And since |V| = 5, the design E
above is the only 5-uniform hypergraph. By definition, N(3) = 1.

Theorem 2.2 \(4) = 8, N(4) = 2520. Proof: Since |E| = (g) =4 and Vej,ep € F,
lerNesNS|=2. SoVey,es € E,egNesNT =3, we get
7| > > |ENT|=2x4=8. The design F = {{1,2,3;5,6},

eck
{1,2,4;7,8},{1,3,4;9,10},{2, 3,4; 11,12} } ensures that |T| = 8 is possible. As
A(4,4,3) = 1, it means n = 4 is 6-distant 2-regular. And for N(4), as |E| = 4 and
Vep,ea€ ElegNeaNT =, thus N(4) = (22822) = 2520.

As we mentioned in the proof, n = 3,4 are 6-distant 2-regular.

3.Case of n =5
Theorem 3.1 A(5) = 10, then n =5 is 6-distant 2-regular.

5
By Theorem q; A(5,4,3) = 2 By Theorem q; An) > -26)

Z AG43) 10.

For A = 10, this design of E is determined as listed in Appendix A(1). Hence we get
A(5) = 10.

Theorem 3.2 N(5) =6 x A(5)! =21772800. Proof: On case of n =5, a lemma
maps a 6-distant hypergraph to a subgraph of Petersen Graph|2]:

Lemma 3.3 For a 6-distant hypergraph H, let

G(H) = ((@),{{e NS|liceec E(H)}ieT}).

Then G(H) is a 2-regular subgraph of the Petersen Graph. Proof: Construct a
graph G with vertex set ([g]), and for pair of triples vy, vy € ([g]),

(v1,v9) € E(G) < |vy Nwg| < 1. Then G is a Petersen Graph.

For a hypergraph #, let F;={enS|ice,ec E(H)}, then Q(’H):(([g]), {F;li € T}).
For any i € T" and ey, e5 3 i, it holds that |e; Ney| < 2. And we observe that
i€eTNeiNeyand e; € SUT, s0 [(e1NS)N(e2NS)[<2—1=1, As the same
discussion in 3.1, we know that |F;| = [{e N S|i € e}| < 2. Combining with

15
SO|Fi| = 2|E(H)| = 20, so that for each ¢, |F;| = 2. Let F; = {A;, A},
i=6
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345

125 A 123

so |[A;1 N Ay <2—1=1, therefore F; € E(G). And since all the F; are distinct,
(otherwise F; = F; = {e; N S,ea NS}, then |eg Ney| > 1+ |{4,j}| = 3) we get that
G(H) is a subgraph of G. For any A € ([g]), dlee E(H), Ace. As

le\A| =5 —3 =2, s0 A is exactly on 2 edges F; of (G). Hence G(H) is 2-regular.

Lemma 3.4 G have 6 distinct subgraphs with its form represented as G(H). Proof:
For any H, G(#H) is 2-regular. Then G(#) is union of some cycles of G. Since the
girth of Petersen Graph G is 5, and Petersen Graph does not have a Hamilton
Cycle, Thus G(#H) must be the union of two disjoint 5-cycles. Because G has 12
5-cycles, and they are grouped into 6 pairs of two disjoint 5-cycles. Thus the
number of subgraphs is 6.

Lemma 3.5 Let G’ be a subgraph of Petersen Graph with form as union of two
disjoint 5-cycles, then equation G(H) = G’ has 10! solutions H. Proof: Let
E(G") ={li,la, -+ ,l10}. Since F; = {eN S|i € e,e € E(H)} uniquely determine H,
(Here because E(H) = {AU{i|A € F;}|A € ([g])} ). So
G(H) =0 <E(G(H)) = E(G)

S{FlieT} ={li,la,- ,lio}

s Fg, Fr, - -+ Fis is a permutation of 1y, 1o, - -+, l1g.
That causes the number of solutions of G(H) = G’ is 10!. By the Corollary and the
lemma above, N(5) =6 x 10! = 21 772 800.

4. Result of \(6)

Theorem 4.1 A\(6) = 10, the n = 6 is 6-distant 2-regular.

The problem of deciding A(6) appeared as a question in the 2002 IMO team
selection test of China. This interesting problem is designed by Zonghu, Qiu,
a Professor of Chinese Academy of Sciences. Proof: By Theorem ([1.2]),
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6
A(6,4,3) = 4. By Theorem 1' A(n) > A(26(1>3) = 10.

For A = 10, this design of F is determined as one of the 5 listed in Appendix A(2).
Hence we get \(6) = 10.

5.Result of N(6)
Claim 5.1 N(6) =6 x A(6)! = 21 772800.

Now we’ll prove Claim 1.

Since the design Appendix A(2) is not easy to constuct, we will show how we get
this design by analyzing the edges containing arbitrary element of 7. That is to
analyze the set (or say FHP) {e N S|i € e}, for every i € T. Then we can solve the
problem by counting the designs of sets of FHPs.

We will prove that there are 6 x 10! 6-distant designs to be constructed by this
method in part 2, and the uniqueness of these designs in part 4.

Firstly we have to introduce some definition and some facts. They will be used
throughout the proof.
Definitions and Facts

Definition 5.2 As we are discussing on [6] = {1,2,3,4,5,6}, we define the
conjugate operation on [6], 21¢, 22 as below:

1. A subset of [6], usually written as letter A C [6], has its conjugate (or say
conplement) A = [6]\ A.

2. A set of subsets of [6], usually written as letter F' C 2% has its conjugate
F={AlAc F}={[6]\ A|A € F}.

3. A set of sets of subsets of [6], usually written as letter F C 22 has its
conjugate F = {F|F € F = {{[6]\A|A € F}|F € F.

Definition 5.3 We call F' C ([g}) a Fano Half Plane (hereinafter. FHP) on [6], iff
F={A, Ay, A3, Ay}, and for every i # j, |A;| =3, |4, NA;| <1

We will prove the claim by analyzing the FHPs and its properties.

Fact 5.4 For any 2 triples A, A" in F', |[ANA'| =1.
Obviously, F is FHP < F is FHP. We can easily find that for any z € [6], x is
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exactly contained in 4 sets in F'. For FHP F', we will write F' in 4 number triples
instead of 4 sets.

Example 5.5 F = {{1,2,3},{1,4,5},{2,4,6},{3,5,6}}, written in short form as
F = {123,145, 246, 356}

We call P = {{a,b},{c,d},{e, f}} is a matching of [6], if

{a,b,c,d,e, f} ={1,2,3,4,5,6}.

The set FHP represents strong connection to the pairing of [6], with these facts
below:

Definition 5.6 For FHP F', an Absent Matching Pr C ([g]) of F'is defined as all
the binary subset which is not contained in any of the set in F'. That is,

Pe=(tidbe (5)Ia) £ Ava e r)

Samely, for a matching P, we shall write P’s 2-sets in number pairs instead of sets,
or write directly just 6 numbers for 3 pairs. Obviously, |Pr| = (3) — |F|- (}) = 3,
and similarly for any x € [6], z is exactly contained in 1 pair in Pr, Thus an absent
matching of any F' is a matching of [6], ensures the definition well-defined.

Example 5.7 For FHP F'={{1,2,3},{1,4,5},{2,4,6},{3,5,6}} as in example 1,
the absent matching of F' is Pr = {{1,6},{2,5},{3,4}}, written in short form as
Pr = {16, 25,34} = 162534

Fact 5.8 For any FHP F'| a complement F U {{0,i,j}{7,j} € Pr} is a Fano
plane[4] on vertices {0,1,2,3,4,5,6}. This is how FHP named.

Corollary 5.9 There are exactly 30 different FHPs.

Proof: This is because that the map w(F) = FU{{0,14,7}|{7,j} € Pr} is a bijection
between the set of FHPs and set of Fano planes on vertices {0, 1,2,3,4,5,6}.

It is well known, and easy to compute that Aut(Fano Plane) = PGL(3,2), and the

number of Fano planes equals to the automorphism classes of a Fano plane

|S7/ ~ | = % = 30, thus the corollary follows.
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Definition 5.10 For a matching P = {ab,cd,ef}, let a <c <e, a <b, c <d,
e < f. A Pullback FHP from P is defined by Fp = {ace, adf,bef,bde},

(2) Pr, =P.

(3) Fp,=ForF.

Definition 5.12 Let F be a set of ten FHPs. F is Balanced FHP Set iff,

1. Every triple of [6] is exactly contained in 2 of the FHPs in F;
2. For any two FHPs Fy, Fy € F,|[F1 N Fy| <1

Definition 5.13 Let Py, P, P, Py, Ps be 5 matchings of [6]. If for any i # j,
P,NP; =2, we call P ={P, P, P3, P, Ps} a Perfect Collection of matchings.

As for any matching P, |P|=3,s0 |J P = ([g]), contains all 15 pairs in [6], so any
PeP

pair {a,b} C [6] is contained in exactly 1 matching in P.

Fact 5.14 For FHP F, FHP setF (not necessarily balanced), and matching P,
collection of matchings P ;(not necessarily perfect), it holds that

1F€]:$PFE,P}':{PF|PW_€]:}
2. PeP= Fpe Fp={Fp, Fp|P € P}

Proof of existance of 6 x 10! designs

We’ll discover the connections among the perfect collections, balanced FHP sets,
and 6-distant designs, which is needed in the prove of the uniqueness.

Lemma 5.15 There exist exactly 6 perfect collections of matchings. Proof: As
there are exactly () - (5)/2 = 15 matchings in [6], let P = {{P1, R}, N P, = &},
here P; are matchings in [6]. It is easy to see that |P| = 15 x 8/2 = 60. For each of
P, let P, = {ab,cd,ef}, P, = {af,bc,de} and a perfect matching P ;contains Py, P,
Let Py € P with {a,d} € P3, P; must be {ad,bf,ce}, otherwise we cannot construct
Py. So Py = {ac,be,df}, i.e., P;uniquely determined.

Then there exists a mapping f from P to {P|P;is perfect collection of matchings}.
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As for any perfect collection P, |f~1(P)| = (g) = 10, hence the number of perfect
Pl _ 60 _

1P = 10 6. Here we list all 6 perfect collections in appendix B.

collections is

Corollary 5.16

1. Each matching appears in exactly 2 Perfect collections.
2. Each 2 Perfect collections have exactly 1 common matching.

We can know this corollary immediately by observing these 6 perfect collections.

Lemma 5.17 A design H=(S U T, E) satisfies the condition (1)(2) in requirements
of 6-distant, then H satisfies (3) & F ={F, ={enSli€e,e € E}|7T<i<16}isa
balanced FHP set.

Proof:[Proof of = in Lemma [5.17]

For a 6-distant design H = (SUT, E),

i> For any ¢ € T and e1,e5 3 14, |e; Ney| < 2. And we observe that i € T'Ne; Ney
and e; € SUT, s0 [(e;NS)N(eaNS)| <2—1=1, As the same discussion in
4.1, we know that |F;| = |[{eN S|i € e}| < 4. Combining with

16
SO |Fy| = 2|E| =40, |F,| = 4, F, is FHP.
=7

ii> Thus E = {F;, Fy, - , Fi¢}, here F’s are FHPs. Since |E| = [(})|, and any
two edges in F must have different triples in S = [6], so there is a bijection
from F to S’s triples (g) . m:er—eNnS. Obviously, Ve € E|leNT| = 2, let
eNT = {u,v}. Consider the definition of F;’s, we know e N S is contained in
exactly 2 FHPs F,, F,,.

iii> Suppose 2 of these FHPs have at least 2 common triples, |F; N Fj| > 2, Let
AAeFNF,m Y A) =e 71 (A)=¢, e#¢€. Since F; 2 A =eN S, so
1 € e. Similarly, 7 € e and i,j € €/, that is, i,j € ene’ NT. Therefore,
A=e\{i,j}, A =¢e\{i,j}. But triples A and A’ is in a same FHP,
|ANA| =1, Hence lene| =lenenNS|+leneNT|=2+1=3,
contradiction!

Thus for any 4, j, |F; N F;| < 1, that is, F;is a balanced FHP set.
Proof:[Proof of < in Lemma (5.17))]

Let F ={F; = {enS|i € e}|i € T} be balanced. Suppose ¢,¢’ € E that [ene'| > 3.
Since e,e’ C SUT,s03<|ene|=lenenNS|+leneNT|.

(1) lene'NS|>3. Let e={a,b,c,a, B}, e={a,b,c,a’,5'}, here a,b,ceS. With
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e # € we know «, 5,d/, " are at least 3 different elements, as definition of Fj,
{a,b,c} € F,, F, F,, Fg, contradicts to the definition of balanced FHP set.

(2) leneNS|=2/leneNT|>1. Let e ={a,b,c,a,5}, ¢ ={a,b,d,a,p'}. As
the definition of F;, {a,b,c},{a,b, '} € F,, contradicts to the definition of
FHP.

(3) lenenNS|=1,lene NT|=2. Let e ={a,b,c,a, 5}, e ={a,VV,c,a,5}. As
the definition of F}, {a,b,c}, {a,V,c'} € F, N Fp, so |F, N Fs| > 2, contradicts
to the definition of balanced FHP set.

(4) lene' NT| > 3. This is impossible because |e NT| = 2.

So there always be a contradiction. Thus #H satisfies the condition (3) in the
requirements of 6-distant.

Corollary 5.18 For a 6-distant design H = (V, E), Let
F(H)={F,={enS|i € e € E}|i € T} be the balanced FHP set induced by H.

Lemma 5.19 Let F;be a balanced FHP set, then equation F(H) = F has 10!
solutions H.

Proof: Let E(G") = {l1,l2, -+ ,l10}. Since F; = {eN S|i € e,e € E(H)} uniquely
determine H, (Here because F(H) = {AU{i|A € F;}|A € ([g])}. ). So

E(H) = F@{FHZ < T} = {ll,lg, s 7l10}

< Fr Ey, - -+, Fig is a permutation of [y, 1o, - -+, l19.

Hence the number of solutions of E(H) = F is 10!.

Lemma 5.20 For a perfect collection P, Fp = {Fp, Fp|P € P} is a balanced FHP
set.

Proof: Just write down the 6 perfect collections P;, and compute each Fp, by the
definition, simply observe and verify to get the answer. These P;’s and Fp,’s are
listed in Appendix B and C.

Theorem 5.21 The 6 perfect collections induce exactly 6 x 10! designs of H.
Proof: For a perfect collection P, by Lemma , Fp is a balanced FHP set. By
Corollary , for Fp, it induces 10! designs of H. Thus these 6 perfect
collections induce 6 x 10! designs of H. Below we’ll prove these 6 designs are all the
essential designs with different balanced FHP sets, and they induce all 6 x 10!

designs by Lemma ([5.19)).
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Intersection and distribution properties of FHPs in 6 balanced FHP sets

Before we prove the uniqueness of these designs, we’ll introduce some behavior of
balanced FHP sets. and we’ll observe how FHP’s triples are distributed in induced
6 balanced FHP sets in Appendix C. These properties are necessary for proving the
uniqueness.

Lemma 5.22 A perfect COHeCthH 7) Fp {Fh FQ, F3, F4, F5, Fl, FQ, }737 F4, F5}
satisfies that U F; and U F; equally divide ( ) has both 10 triples of [6] and with

=1 =1
empty intersection.

Proof: Same as lemma ((5.20]), just write down the 6 Fp, calculated in lemma ([5.20)),
simply observe and verify to get the answer. These P;’s and Fp,’s are listed in
Appendix B and C.

Lemma 5.23 For FHP Fy, Fy, if | Pp, N Pg,| = 1, then exactly one of following
holds:

L|IPNE|=[ANEl=0,|RNEl =FNFE=2
2. ]Fﬂ?Fg] - ‘FlmF2’ :2, |F10F2‘ = ’F1ﬂF2‘ :07

Proof: W.lo.g. let Pp, = {12,34,56},

(1)Pp, = {12,36,45}. Then

Fy = {135,146, 236,245}, = {136, 145,235,246}, I, = {134,156, 235,246},

T, = {135,146,234,256}. So |F,NTFs| = [FNFy| =2, |F, N Fy| = [N F| = 0.

(2)Pp, = {12,35,46}. F, = {134,156,236,245}, F, = {136, 145,234,256}. So
|IFINE| =|FiINE| =0, |FiNE|=|FNE| =2

Lemma 5.24 For FHP F, F5, it Pp, N Pp, = &, then exactly one of the following
exists:

LIANB|=[RNEl=1|AnNEl=[RNEl =0
2. [MNE| =Nkl =0, RNkl =[lNE =1

Proof: W.l.o.g. let Pr, = {12,34,56}. As the union any two matchings of [6] is the
edge set of a Hamiltonian cycle of [6], whose all the Hamiltonian cycles of [6] are
isomorphic, again w.l.o.g. let Pp, = {16,23,45}. Then F; = {135, 146, 236,245},
T, = {136,145, 235,246}, Fy = {124, 135,256,346}, F = {125, 134, 246, 356}. So
IFiNE|=|FNE|l=1FRNEK|=|FNFK =0
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Lemma 5.25 For FHP F' and a perfect collection P, let

5
.F'p = {Fl,FQ,Fg,F4,F5;F1,F27F3,F4,F5} as in lemma (5.22). If F' C U E, then

F, e {F, Fy, F3, Fy, F5}. Proof: Again w.l.o.g. let -

P ={123456, 132546, 142635, 152436, 162345} =P, as in appendix B. Then
{Ae F|1e A}y c{A e Fp|l € A} = {123,124,135,146, 156}. Since every two
triples A, A’ in F have 1 common number, {4 € F|1 € A} must be one of the
following;:

{135,146}, {124,156}, {123,156}, {123, 146}, {124, 135}.

Whichever {A € F|1 € A} is, let r be the number not appearing in this set.

Consider {A € F|r € A}, F equals one of the following, corresponding to which
{A € F|1 € A} equals above:

{135,146,236, 245}, {124, 156, 236, 345}, {123, 156, 245, 346},
{123,146,256, 345}, {124, 135, 256, 346}

That is a part of Fp, as in Appendix C.

Corollary 5.26 For a perfect collection P, with Fp same notation as in lemma
(5.22), |FiNE| = |FinE;|=1,V1<i<j<b5.

As Lemma (5.22) indicates that |F; N F;| = |F; N F;| =0, V1 <i,j <5, we see that
Lemma ([5.22)) and Corollary ([5.26]) shows the properties of the intersections of
FHPs in a balanced FHP set.

Now we’ll introduce some distribution properties of FHPs in the induced balanced
FHP sets listed in Appendix C.

Lemma 5.27 For FHP F' and a perfect collection P, Pr ¢ P, then
EI-F117F127-F13 EF’P:

5 5
J.JFNUF|=3|Fn F|=1
i=1 =1

Proof: As for any pair of matchings Py, P, |P, N Py| = 0,1 or 3, and

VP, € P, Pr # Py, thus |Pp N Py| = 0,1. Since |Pg| =3, and Pr ¢ |J P = (1),
PeP
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then 3P, Py, Py € P that |Pp U P;| = 1,i = 1,2,3. By Lemma (5.27)),
ElFl,FQ,Fg € F’P, ‘Fﬁ E' = 2.

3 3
Suppose that |F'N |J F;| =4, that is, F C |J F,
i=1 i=1

1. 3i,j, ;N F;=2. W.lo.g. i=1,j=2. By Corollary (5.26)), let |F53 N F| =1,
|F3 N F2| = 0. Thus

3
i=1

contradiction.
2. |F1 ﬂFQ’ = |F2 ﬂF3| = |F1 ﬂF3| =1. By Lemma( , F e fp. Thus
Pr € Pz, = P, contradiction.

3
Hence |FFN |J F;| < 3. It holds that

=1
3 3
3> |FnlJE| =) IFNFE|- Y [FNENF|+|FNFNFNE
i=1 i=1 1<i<j<3
=6— > |[FNFNF[+0
1<i<j<3
>6- Y |FENF|>6-3=3
1<i<j<3

Then all the equalities hold, that is Vi, j, |F; N F;| = |F N F;NF;| =1, and
3 5 5
FFNF;CF. And3=|FNUF|<|FNU F|=3,s0 |[FN Y F| =3,

=1 =1 =1
5
FnUEl=|Fl-3=1
=1
Proof of uniqueness of these 6 x 10! designs

Theorem 5.28 These 6 x 10! designs are all 6-distant designs.

Proof: We’ll prove that the FHPs in balanced FHP sets must be arranged as we
constructed in part 2. And we’ll use the intersection and distribution properties just
proved in part 3 to prove it.

For a design H, by Lemma ({5.18)), we consider F = F(H). By Lemma (5.17)), F ;is

balanced.
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Now we proof that for some perfect collection P, F = Fp. We will prove this in two
cases.

Case 1: 3JF € F such that F € F

Let P = Pp = Pr. As F;is balanced, any two FHPs in F;have at most 1 common
triple. As Corollary .(1), P is in two of 6 perfect collections, let P € P; N Ps.
By Lemma (5.23)), VF’ € F, if Pp # P, then

IFNF'|#2, [FNF'| #2= PmNP=@. Same as the construction in
lemma, Prr and P appears in 1 perfect matching, so Pr € P; U P;y. Then

F C Fp, U Fp,. It holds that

|\Fp, N F|+ |Fp, N F| = |F|+ |Fp, N Fp, N F| =10+2 = 12.

W.lo.g. |Fp, NF|>6 > |Fp, N F|. Suppose Fp, # F,let F' € F\Fp,. Then
Pr ¢ Pi. By Lemma (5.27)), 3F3, Fy, F5 € Fp,, that

|F'NF3| =|F' NFy =|F'NFs| =2 and

|F’F‘|F3ﬂF4| = |F’ﬂF4ﬂF5| = |F’ﬂF5ﬂF3| = 1. Here FIG.F\.FPI C.Fp2 and
F,F € Fp,, and Fp, is balanced, therefore {Fs, Fy, F5} N {F,F} = @. Let
Fy=F € Fp, N F,also F, = F € Fp, N F. On the other hand, F :is balanced,
F3, Fy, F5 ¢ F, therefore |Fp, N F| < 7. We denote F» € Fp, be the lemma
mentioned, by Corollary (5.26)), {F;}2_; have pairwise nonempty intersection.

(1) |Fp, N F|=7. Thus Fy, Fy, Fy, Fy € F. For any F’ € F. Same as Corollary
(5.16)).(1), Pg, is in two of 6 perfect collections, as Fy € Fp,, let Pr, € Py N Ps,
so Fy € Fp, N Fp, Then same as above F C Fp, U Fp,. Hence

F C (fpl U JT"7D3) NFp, UFp, = Fp, U (J—"p2 ﬂfp3).
So it holds that |F| < |Fp, N F| + |Fp, N Fp,| =7+ 2 =9, contradiction!

(2) |Fp, N F| =6 = |Fp, N F|. Same reason as (1), {Fy, Fy, I}, 2} ¢ F. As
F3,Fy, F5 ¢ F, then Fy, Fy, F3, Fy, F5 € Fp, N F. Suppose F, € F, consider
F',F" € F\Fp,. Then Pp, Ppr ¢ P1. By Lemma (5.27), 3F!, F?, F3 € Fp,,
|FFNF'NF?|=|FFNF*NF3=|FNF'NE3 =1, and
|F'NF'NF?| = |F"NF*NF3 =|F"NF'NF3| =1. As Fp, is balanced,
|F'NF? = |F?NF3|=|F'NF3% =1, so
(FINFHU(F?NE3)U(F'NF3) C F' And,
(FINFHU(F?NE3)U(F'NFE3) C F”, we get |[F' N F"| > 3, contradicts to
balance of F.

Then Fy ¢ F, so that Fp, N F = {F\, F|, F5, F3, Fy, F5}. Let F' € F\Fp,,
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5
then Pp ¢ Py. By Lemma (5.27), |F' N U F;| =1 or 3. Again let

i=1

AeF'n U F;. As Pz, balanced, A appears twice in F}, F}, i = 1,2,3,4,5. By
Lemma - A appears twice in Fj, i = 1,2,3,4,5. But A appears in

F' £ I, Fy, F3, Fy, Fs, and F', Fy, Fy, F3, Fy, F5 € F, therefore A appears in at
least 3 sets in F, contradiction!

That results F = Fp,, that is, F ;is listed in the Appendix C.

Case 2: VFeF,F¢F

By Corollary (j5.16|), for each FHP F, Pr is in two of the perfect collections:
Pr € Py NPsy. So for each FHP F, F is in 2 of the 6 balanced FHP sets induced by
these 6 perfect collections. It holds that

S| FNF| =2 x |F| =20.
F' balanced

Then there exists a balanced FHP set Fp,, [Fp, N F| > [%] = 4. By Lemma ([5.20)),
Fp, consists of 5 pairs of conjugate FHPs, so |Fp, N F| < 5. Let

5
Fp, = {1, Fy, F3, Fy, F5; Fy, Fy, F3, Fy, F5} as in lemma ((5.22) so that | J F; and
i=1

5
U F; equally divide ([g}). W.lo.g., let

i=1

{F17F27F37F47F5}ﬂf_{F15F27”. 7Fu}7

{F17F27F37F47F5}mf {F57F47 '7F5—’U+1}7
and symmetrically, u > v. As 4 < u+ v <5, then all possible
(u,v) = (5,0), (4,0); (4, 1), (3,1); (3,2), (2,2).
Since ‘./T'-\.Fply =10 — (U+U) > 5, let {F6,F7,F8,F9,F10} Q .F\erl.

(1) (u,v) = (3,2),(2,2), that is, Fy, Fy, Fy, F5 € F For each i, ;6 <1i < 10,
F; ¢ Fp,, s0 Pp, ¢ Py, by Lemma (5.27), 3F}, F2, F? € Fp,s.t.|F N Fy| = 2. As
Fhalanced, F}, F?, F? € Fp \F C {F3, Fy, F5; F1, F», F3}. By the intersection
property of F', F? F? we know that

{F;‘la F;‘Qv F?} = {F37F47F5} or {Fla Ea E}a 1= 67 778a97 10.
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So there must be 6 <14 < j <10, s.t. {F}', F?, F’} = {F}, F}, F}}.
As Fp, is balanced, |F!' N F?| = |F? N F3| = ’le NE?| =1, so
(F'NEFA)U(F2NEP)U(FNE?) C F;, therefore,
(FINEFHU(FPNF?)U(FNEP) C Fj, we get |F; N F;| > 3, contradicts to balance
of F.
(2) (u,v) = (4,1),(3,1), that is, Fy, Iy, F3, F5 € F. Similar as (1), for each 4,
6 <i<10, F; ¢ Fp,, so Pp, ¢ Py, by Lemma , dFY F? FP € Fp,, s.t.
|F? N Fy| = 2. As Fbalanced, F}, F? F? € Fp \F C {Fy, F5; F,, F, Fy, I3 }. By the
intersection property of F', F2, F3, it holds that
{Ela Fi27 Fig} = {Ea F?n E} or {F%E? E} or {F%E?E}
or {Fy, Ty, F5), i =6,7,8,9, 10.
So there must be 6 <i < j <10, s.t. {F}, F?, F?} = {F},FJQ,FJ‘Q’}
As Fp, is balanced, |[F} N F?| = |[F?NF3| = |F'NF}| =1, s0
(FNEFAHU(F?NER) U (F N F?) C F;, therefore,
(FINFAHU(FPNF))U(FNEP) C Fj, we get |F; N Fj| > 3, contradicts to balance
of F. .
(3) (u,v) =(5,0),(4,0), that is, Fy, Fy, 5, Fy € F. We denote § = |J F;. We
=1
use technique of double counting on M = [{(A, F) € § x F|A € F}|. i.e?, the
numbers of triples in §’s triples appear in all 10 FHPs in F.

5

On one hand, count M with triples A, |§| = | J F};| = 10, for any triple A, by the
j=1

definition of balanced FHP set, A is exactly contained in 2 of the FHPs in F, so

M = Z|{F€]—"|A6F}| > 2=2x|§| =20.
A€g
On the other hand, count M with FHP F. As Fi, F,, I3, F, € F, and

F; C§(j=1,2,3,4), we know I, Fy, F3, F) contribute 4 x 4 = 16 to M. For
Fs, F;, Fy, Fy, Fip ¢ F, for each i, 6 <i <10, F; ¢ Fp,, so Pp, ¢ P;. By Lemma
G270, |FN§|(=1or3) > 1, Vi=6,7,8,9,10, we know Fy, s, Fs, Fy, Fig
contribute at least 5 x 1 =5 to M. Hence,

M=) |FN§| > Z|F m§|+Z|F NG| > Z4+21 =21,
FeF
contradiction!
So it is not possible for all F' € F, that F' ¢ F.

Hence for any design H, there exists a perfect collection P, F(H) = Fp.
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By lemma (5.15) and (5.19)), we know N (6) = 6 x 10! = 21 772800. Thus we proved

our claim.

6. Caseof n =17

By theorem (|1.2)), it is well known that A(7,4,3) = 7 with design of Fano plane,
and maximality of considering 2-subsets.

Theorem 6.1 n = 7 is not 6—distant 2—regular, that is, there doesn’t exist a
6—distant hypergraph H = (SUT, E) with T'= {8,9,--- ,17}

Proof: Since n =7, thus S = [7],let A =10 and T = {8,9,--- ,17}.

Suppose there exists a 6-distant hypergraph H = (S UT, F). Using same method as
deciding A(6), it holds that A(7) > 10. As A(7) =10 = %, using same

method as lemma (5.17)).7 >, it holds that {e N S|i € e} is a Fano Plane on [7].

Consider on vertice subset (S\{7})UT £ SUT, the induced sub-hypergraph is

H = (SUT, E). (Here obviously £ = {e € E|7 ¢ €}.) Then H is 6-distant on S UT
with n = 6. By Lemma , .7-'(7-2) is a balanced FHP set. By Theorem ([5.28]),
F(H) is induced by some perfect collections listed in Appendix B. That is, F(H) is
one of the balanced FHP sets listed in Appendix C. By Lemma ,

VF € F(H),F € F(H).

Let F={enS|8ce, 7¢e}c F(H), then F € F(H), thus let

F={enS|kee, 7¢e} for some k > 9. Consider ' £ {eN S|7,8 € e} = F\F. As
F is a Fano Plane on [7], F is an FHP on [6], by Fact (5.8),

F ={{i,j,7T}{i,j} € Pz}. That is, {{i,5,7}/{i,j} € Pz} € {eN S|8 € e}. For the
same reason, {{i, 7, 7}|{i,7} € Pz} € {eN S|k € e}. By Fact( , Pz = P, s0
that {{4,/, 7}|{i,j} € Ps} € {enS|8 e e} n{en S|k € e}. As |Pz| = 3, there exist
three edges ey, e2,e3 D {7,8, k}. It contradicts to the 6-distant condition of H.

Hence A\(7) > 10 = %, it causes that 7 is not 6-distant 2-regular.

7.Conclusion and Open Conjectures

Although these works are on some small scales of n, it is shown that there are
some kinds of patterns in the designs. By the past sections, the pattern on n =5 is
the cycles on Peterson Graph, and pattern on n = 6 is the FHP and perfect
matchings on [6]. After we construct these designs with regular or beautiful
patterns, we must prove that there isn’t any other designs. Either we analyze on
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the rules of patterns, or compute the numbers of some items is effective to solve the
problem.

On the other hand, although these results are solvable by computer searching, the
computers always have a limit so that you cannot solve the problem as n — co. The
searching can only give us the result or design, but no theorems or lemmas about
the rules of the patterns. These lemmas and theorems discovered by manual work
can help us to find some propositions for arbitrary n. It is helpful for solving larger
size of n without exhaustive searching, just like we apply (5.17)).1 to the case n = 7.

These results below are proved in our article in the past sections:

n  An) A(n,4,3) Is6-distant 2-regular N(n) N(n)/A(n)!
3 2 1 True 1 1/2

4 8 1 True 2 520 1/16

d 10 2 True 21 772 800 6

6 10 4 True 21 772 800 6

7 >11 7 False N/A N/A

Conjecture 7.1 For integer n > 4, n is 6—distant 2—regular iff n # 1 or 3 mod 6,
which is equivalent to A(n,4,3) < % by theorem |}

The number % — A(n,4,3) is the number of pairs not in any triples in [n],
which is called absent pairs as we discuss N(6). As the method we used that in

section 5, for even number n, it can be used to construct the absent pairing of [n].

Conjecture 7.2 For integer n =5 or 0 mod 6, if n is 6—distant 2—regular, then
6 x A(n)!'| N(n).

A. Design examples
A design that satisfies A\(5) = 10

{1,2,3;6,7}, {1,2,4;11,12}, {1,2,5;8,9}, {1,3,4;13,14}, {1,3,5;11,15}
{1,4,5;6,10}, {2,3,4;9,10}, {2,3,5;12,13}, {2,4,5;14,15}, {3,4,5;7,8}
A design that satisfies A\(6) = 10
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Generated by Fp, and permutation (7,8,9,10,11,12, 13,14, 15, 16).

B. All 6 perfect collections

Here sets are written in abbreviated form,
e.g. Pr={{1,6},{2,5},{3,4}} = {16, 25,34}

P, = {{12,34,56}, {13, 25,46}, {14, 26,35}, {15, 24, 36}, {16, 23,45} }
P, = {{12, 34,56}, {13, 26,45}, {14, 25, 36}, {15, 23, 46}, {16, 24, 35}}
P, = {{12,35,46}, {13, 24,56}, {14, 25,36}, {15, 26, 34}, {16, 23,45} }
P, = {{12,35,46}, {13,26,45}, {14, 23, 56}, {15, 24, 36}, {16, 25, 34} }
P, = {{12,36,45}, {13, 24, 56}, {14, 26, 35}, {15, 23,46}, {16, 25, 34} }
P, = {{12,36,45},{13,25,46}, {14, 23,56}, {15, 26, 34}, {16, 24, 35} }

C. Induced Balanced FHP sets

Here sets are written in abbreviated form,

eg. F={{1,2,3},{1,4,5},{2,4,6},{3,5,6}} = {123, 145,246, 356}.
For one balanced FHP set, the FHPs are arranged like

Fp ={F1, F5, F5, Fy, F5; Fy, Fy, Fy, Fy, Fy}

Fp, = {{135, 146, 236, 245},
{136, 145, 235, 246},
Fp, = {{136, 145,235, 246},
{135, 146, 236, 245},
Fp, = {{134, 156, 236, 245},
{136, 145, 234, 256},

]-‘Pd = {{136, 145, 234, 256},

{134, 156, 236, 245}

]:Pe = {{134, 156, 235, 246},

{135, 146, 234, 256},

pr = {{134, 156, 235,246}

{135, 146, 234, 256},

, {124, 156, 235, 346},

, {124, 156, 236, 345},

{124, 156, 236, 345},
{126, 145, 234, 356},
{124, 156, 235, 346},
{125, 146, 234, 356},
{125, 146, 236, 345},
{126, 145, 235, 346},

{125, 146, 234, 356},

{126, 145, 235, 346},

{125, 146, 236, 345},

{126, 145, 234, 356},

{123, 156, 245, 346},
{125, 136, 234, 456},
{123, 156, 246, 345},
{126, 135, 234, 456},
{123, 156, 246, 345},
{126, 135, 234, 456},
{125, 136, 246, 345},
{126, 135, 245, 346},
{123, 156, 245, 346},
{125, 136, 234, 456},

{125, 136, 246, 345},

{126, 135, 245, 346},

{123, 146, 256, 345},
{126, 134, 235, 456},
{124, 136, 256, 345},
{126, 134, 245, 356},
{123, 146, 245, 356},
{124, 136, 235, 456},
{123, 146, 256, 345},
{126, 134, 235, 456},
{126, 134, 245, 356},
{124, 136, 256, 345},

{124, 136, 235, 456},

{123, 146, 245, 356},

{124,135, 256, 346};
{125, 134, 246, 356} }
{123, 145, 256, 346};
{125,134, 236,456} }
{125, 134, 246, 356};
{124, 135,256, 346} }
{123, 145, 246, 356};
{124, 135,236,456} }
{123, 145, 246, 356 };
{124, 135,236,456} }

{125, 134, 236, 456} ;

{123,145, 256, 346} }
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