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Abstract

This problem concentrates on existence and uniqueness of common fixed point for two pairs
of self mappings gratify broad rational type (9,1, ¢) - weak contractive axiom in the framework
of b-Metric Space. The pairs of mappings are weakly compatible and one pair is « - admissible
w.r.t. the other. Our results broad and improve some well known results in the literature.
As an application of our result, we shall discuss the existence of common solution of integral
equations.
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1 Introduction

The metric fixed point(FP) theory progressed a lot after the significant result
due to Banach[23] known as the Banach contraction mapping theorem. Bakhtin|24]
initiated the study of a broad metric space (MS) named b -Metric Spaces (b-MS)
and presented a version of the Banach contraction principle (BCP) in the context of
b-MS. Subsequently several researchers studied FP theory for single valued and set
valued mapping in b-MS see [13,12,11,23,26,5,27,20].

The concept of a-admissible and (a — t)-contractive mappings introduced by
Samet,Vetro and Vetro[5]. Then, La Rosa and Vetro|26] presented the notion of
f- a-admissible mappings and obtained common fixed point(CFP) theorems for
(a, 1, p)-contractions in broad MS. In 2018, Zoto and Vardhami[I7] proved CFP
results for broad o contractive mappings on the setting of b-metric-like spaces using
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the concept of g - ap-admissible mapping.

Numerous authors improved and modified the a-admissibility condition in the setting
of various abstract spaces; see[21,3| and the references therein. Abbas, Chemac, and
Razani|I3]| presented the conditions for the existence of a CFP for b-metric rational
type contraction. Aydi, Bota, and Moradi|II] established CFP results for single and
multivalued mappings satisfying a weak (-contraction in b- MS.

Hao and Guan[28| introduced a class of broad weakly contractive mappings and
obtained common fixed points(CFPs) by using different algorithms involving broad
weakly contractive conditions in the framework of b- MS. In 2009, Doric[6] proved
CFP theorems for broad (¢ — ¢)-weakly contractive mappings, where ¢, ¢ : Rt — R*
are functions such that 1 is increasing and continuous and ¢ is an increasing and
lower semi-continuous such that ¥(§) = ¢(§) = 0 iff £ = 0. On the other hand,
several authors obtained fixed points (FPs) and CFPs for a class of mappings
satisfying certain contractive conditions and employed them to establish the existence
of solutions of fractional and ordinary differential equations(ODE) and nonlinear

integral equations(I.E.), see [12,18,8,20] and the references therein.

2 Preliminaries and Main Results

Definition 2.1 [24] Let M, # ¢ set and s > 1 be a real number. A function
d: My x M — RT is said to b-MS

(i) d(¢,m) = 0 iff ¢ = n for any ¢, 1 € My;
(ii) d(¢,n) = d(n,¢);
(iil) d(¢,m) < s [d(C, k) +d(k,n)], ¥V ¢, n, Kk € M.

The d is said to b-metric on My, and (M, d, s) is said to b-MS with coefficients. b-MS

is metric with s = 1.

Definition 2.2 [24] Let (9, d, s) be a b-MS with s > 1 and {(,} be a sequence in
‘Jﬁb. Then,

(i) {¢n} is said to b-convergent if 3 ¢ € My s.t. d((,, () — 0 as n — oo. In this
case, we write lim, _,.C, = (.

(i) {¢u} is said to b-Cauchy iff lim, m—eod(Cny Gn) = 0.

Definition 2.3 [24] A b-MS (M, d,s), with s > 1, is known as complete if every
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b-Cauchy sequence in 9, is b-convergent.

Definition 2.4 [9] Two self- mappings T and B on M, are known as be weakly
compatible if ¥ and P commute at their coincidence points(CP), that is, T = B,
V(e CP(T,PB) # ¢ [28] A function & : M, — R in a b-MS (M, d, s) with s > 1 is
said to lower semi-continuous if, for any sequence {7,} in 9, which is b-convergent
to n € My, we have

&(n) < limy, 0 inf B(n,).

Later Karapinar et al.[7], Shahi et al.[22], Abdeljawad|25] and Rao et al.[T5] extended
a-adimissible mappings connect with two and four mappings and established fixed
and CFP theorems for mappings on several spaces.

Definition 2.5 Let X # ¢ set a : X x X — RT. We need the following definitions
and notations in the rest of research see[25,7,15,5,22]

(i) A mapping of T:X — X is said to be a- admissible if a((,n) > 1 =
a((,%n) > 1V (,neX.

(ii) A mapping of T : X — X is said to be triangular a- admissible if «(¢,n)
— a(T(,%n) > 1V (,neXand a((,k) > 1and a(k,n) > 1 = «a((,n)
V{,nkeZX.

(iii) Let §,® : X — X. Then § is known as o~ admissible w.r. to & if a(&(, ®n) > 1
= a(§¢, ) > 1V (neX

(iv) Let §,® : X — X. Then the pair §, & is known as a- admissible if a({,n) > 1
— «(F¢,6n) > 1 and a(&(,§n) > 1V (,neX.

(v) Let §,6,8,T : X — X. Then the pair (§,®) is known as a- admissible w.r.t.
the pair (B, %) if (P, Tn) > 1 = a(F¢,Gn) > 1 and a(TC,Py) > 1 —
a(6¢,Fn) > 1V (neX

> 1
> 1

Lemma 2.6 [14] Let (M, d, s) be a b-MS with s > 1 and let {n,} be a sequence in
gﬁb S.t.

lzmnﬁood(nna 77n+1) =0

If the sequence {n,} is not b-cauchy, then 3 ¢ > 0 for which one can find two
subsequences {n,,} and {9, } of {n.} s.t. n; > m; > j and for the following four
sequences
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{dm, )} {dm, 100,00 b { Ay 170,) b, { A0 10, 1)} it holds that:
€ < limpyoot fd(Nmy, Mny) < 1My 00 SUP ANy s My ) < SE
g < iMoo f A (N s My —1) < M0 SUP A (M5 Ty—1) < 6
g S M —so00 I0F d(rnj—1, ;) < VM0 SUP A (i1, ;) < s2e;

€ . . .
? S llmn—wo inf d(nm]-—l» nnj—l) S llmn—wo sup d(nm‘j—la nnj—l) S S€E.

Lemma 2.7 [I] Let (M, d,s) be a b-MS with s > 1 and let {(,} and {n,} be
b-convergent to points (,n € My, respectively. Then, we have,

1 ) ) )
?d({’, n) < limp—oo Inf d(Goy M) < limyp o0 SUP d(Gry ) < st(C,n).

In particular, if ¢ = 7. then lim,_o0d(¢n,mn) = 0. Moreover, for every w € My, we

have,

1 ) . )
?d(g,w) < iMoo INf d(Cy w) < UMy, o0 sUp d(Cp, w) < sd(C, w).

We formulated the contractive axiom in our main results based on the following set

of functions:

© = {¥ : R" — R" is an increasing and continuous function s.t 9(¢) =0 iff £ =0} ;

U = {w : R™ — R* is an increasing and lower semi- continuous function s.t. ¥(&) = 0 iff

£ = 0};
® = {¢:R" — R" is a continuous mapping s.t. p(§) =0 iff £ =0} ;

In 2025, Kalo et al.]2] introduced broad rational type (9, ¢,1%) weak contractive
mappings and studied CFP for two mappings in the framework of 6-MS.

Theorem 2.8 [2] Let (M, d, s) be a b-complete metric space (b-CMS) with s > 1
and let a9, x M, — RT be a function. Suppose T,P : M, — M are two
self-mappings s.t. ¥ is (P-a,) - admissible and gratifying the following axioms:
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(i) V(B¢ TN)d(C, &) < (M, (¢,n)) — LMo, (¢, m) + v0(N(¢,n)V(,n €
M, with a (P, Tn) > s, where i=1,2

(ii) the pair (¥,P) is a broad rational type (¢, 1, ¢) weak contraction mapping with

My, (¢,1) = maar{ dRCFon), d(TC ), AT, Fon), o-1d(TC,Bn) + d(Tn, B,

d(Tn, Pn)[1 + d(TC, PO }
1+ d(B¢,Fn)

My, (C,1m) = maz{ d(P¢, Bn), d(SC, BE), d(Tn, P,

d(TC, PO A(Tn, BC) + d(Tn, Pn)d(TC, Pn)
1+ d(Tn, B¢) + d(TC,Bn) ’

d(%¢, PO d(Tn, BE) + d(Tn, Pn)d(<¢, Pn) }
1+ s(d(%¢,BC) + d(Tn, Bn) ’

N(¢n) = min{d(B(,FC), d(Tn, &n), d(PC, 8n), d(Tn, ) }-
(iii) T(M) C P(Myp) and P(My) is a closed subspace of My;
(iv) 3 (o € My such that a(Po, To) > s;
(v) for any non-decreasing sequence {B¢,} in M, with P, — PC in P(M,) as
n — oo and a(PB,, Plar1) = s ¥V n € Ny, we have a(B(,, BE) > s V n € Ny;
(vi) a(Pw, Pr) > sV @,k € EP(T,P).

Then ¥ and B admit unique coincidence point(CP)in 9,. Moreever, T and P have
unique CFP in 9, provided that ¥ and P are weakly compatible.

Inspired by the results of Kalo et al.[2], We define broad rational type (¢, 1, ¢) weak
contractive condition for two pairs of self mappings.

Definition 2.9 Let (M, d, s) be a b-MS with s > 1 and let a:9M, x My — RT be a
function. Let TP, F, & : M, — My, be mappings s.t. (F,®) is a- admissible w.r.t.

(B, T).
The pairs (T,B) and (F, ®) are called broad rational type (19,1, ¢) weak contraction
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mapping if 3 e d, Y e ¥, p € & and 7 > 0 s.t.

(B¢, Tn)d(FC, 8n)) < I(Me, (¢, 1)) — V(M (¢, 1)) + 72 (NU(¢, 7)) for all ¢, n € My
(1)
with a(PB¢,Tn) > s, where 1 = 1,2

and

My, (C,1) = maz{ d(PE, Tn), d(BC, §C), d(Tn, 1),

(T, &n)[1 + d(BC, §C)] }
1+ d(B¢, En)

d(P¢, 5¢)d(En, d(%n, &n)d(PB¢, G
M. (61 = (ARG, ), ARG, 50), T, o), “ORF T A BIALE. B

d(B¢, F)d(Tn, §C) + d(Tn, &n)d(PC, &n) }
1+ s(d(PB¢, §C) + d(Tn, &n)) ’

MN(C,m) = min{d(B¢, FC), d(Tn, &n), d(BC, &), d(Tn, TC)} -

S ORC ©n) + (70,5,

In this paper we establish CFP theorem for two pairs of weakly compatible mappings
satisfying broad rational type (9, ¢) - weak contractive condition.

Theorem 2.10 Let (M, d, s) be a b-CMS with s > 1 and let a:9p x My — R be
a function. Suppose T,B, F, & : M, — M, are mappings s.t. (F, B) is a- admissible
w.r.t. (P, %) and satisfying the following axioms:

(i) the pairs (T,B) and (F, ®) are broad rational type (9,1, p) weak contraction
mapping with My, = My, ;

(i) F(Mtp) C T(My), S(M) C P(Mp) and T(My,) or P(My,) is a closed subspace
of M;

(i) 3 G € My s.t. a(PG,85¢G) > s and a(F¢G,PBG) > s;

(iv) for any non-decreasing sequence {*B(,} in 9, with B¢, — P¢ in P(My) as
n — oo and a(PB,, Plar1) = s ¥V n € Ny, we have a(B(,, BE) > sV n € Ny;

(v) a(Pk,Tw) > sV w,k € CP(PB, T).

Then ¥, §, B admit unique CP in 9. Moreever, (T,P) and (§, &) have unique
CFP in 9y provided that (§,P) and (&, T) are weakly compatible.
Proof: From (ii7) 3 (3 € My s.t. a(PBG,FG) > s and «(F¢G,PG) > s. Since

(I").Iournal of Computational Mathematica Page 205 of



2456-8686, x(ii), 2026: 200 - 232
https://doi.org,/10.26524 /cm245

F(Mp) C T(My), B(My) C P(My), I sequences {(,} and {n,} in My s.t.

Nont1 = SCont+1 = TCont+2 and nopio = Glopto = Plopts, n € Ny 2)

Now we have
a(PG,8G) =2 s = a(PBG,TC@) > 5,
— a3, BG) > s, iealn,m) > s
= (T, PG) = 5,
— (6, 3C) = s,i.e.aln,n) 2 s
= (PG, TG) > s
= a(F(,60) > s, ie.alns,m) > s

Continuing in this way,we have

a(Mp, Mnt1) > sVn €N (3)
Similarly by using a(F¢,P¢1) > s we can claim that

a(Mpt1,Mn) > sVn €N

From (2), we have if nyy1 = oo for some n € N then
Lont2 = M2nt1 = Nont2 = SCong2 and from (2)

If mony2 = Monys for some n € N then Ploniz = Moni2 = Monis = GCniz Vn € Ny,
that (,®) and (T, F) have a CP at (o,12 and (2,13 and we have finished the proof

so we assume that 7, # 1,1 V n € Nq.

from (3), a(Plont1, Tont2) = a(non, Mont1) > 8
from (1) we have

Case I. If nis odd i.e., n = 2n+1, n = 0,1,2,.... then we get

ﬁ(Sd(mnH, 772n+2) = ﬁ(Sd(%CQn—Ha ®<2n+2>
S 79(04(%(27#1, (ZCZnJr?)d(%CZnJrla ®<2n+2)

< I(My, (Cont1, Canra)) — Y (Mo, (Cantt;s Canta)) + 7P (MUC2nt1, Conta)) (4)
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where

mbl (C2n+17 C2n+2) — max {d(mCZnJrla E<2n+2)7 d(mc2n+17 %CQnJrl)a d(QCQnJrZa ®C2n+2)7

d(T¢an+2,BCont2)[1+d n+1,862n
5 [Ad(PBlont1, BCont2) + d(ZTan2: Font1)], (Eommz 1&&2&;%;;5 = H)]}

N(Con+1, Cont2) = min{d(‘B@nH, SCon+1)s A(Tlont2, Blany2), d(iﬁxgmh

®C2n+2)7 d<$<.2n+27 gc2n+1> }

mbl(@mh C2n+2) = max {d(n2n7772n+1>, d(ﬁzm 7]2n+1)7 d(772n+17772n+2),

1

Z[d(nzm 772n+2) + d(772n+17 ?72n+1)],

d(M2n+15 Non+2)[1 + d(N2n, Nant1)] }
1+ d(n2n, N2n+1)

1
< max {d(n2n7 772n+1), d(772n+17 772n+2), §[d(772n, 772n+1) + d(ﬂ2n+1, 772n+2)]} (5)

m(<2n+17 C2n+2) = man {d(ﬁzm 7]2n+1)7 d(772n+1, 772n+2)7 d(ﬁzm 772n+2)7 d(772n+1, 772n+1)} =0
(6)

If d(mon+1, N2nt2) > d(Nan, Mons1) for some n € N, then by equations (4)-(6), we have

Hd(Nant1, Nang2) < V(sd(Nont1, Nont2)
< DM, (Cnt1, Cont2)) — VM, (Cnt1, Cont2)) + 79(0)
< (Mo, (Cons1, Cons2)

< ﬁ(d(ﬁzmh 7]2n+2)

which is contradictory. Thus from equation (5) we have

d(M2n+1, Mon+2) < Mo, (Cant1, Conta) < d(N2ns M2nt1)- (7)
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Case II. If n is even then similar case I. Hence d(n,, n,+1) is decreasing sequence.
Let limy—00d(Mn, nt1) = A, for some A > 0.
From equation (7) it follows that

limn—>ood(7]2n+17 7]2n+2) = limn—mombl(één—s—la (2n+2) =\ (8)

We claim A = 0. Suppose that A > 0. Approaching as n — oo on both sides of the
Equation (4) together with Equation (6) and (8), we have

= liMmn— ooV ($d(M2nt1, Non+2)

D) < D(N) < limsoo{ (Mo, (Gonr1, Gont2)) = UMy, (Gansr, Gons2))

Yo(M(Cant, <2n+2)}
< I(A) = ¥(A) +7¢(0)
< 9(N)

which is contradictory thus, A = 0 and hence

limn—mod(nnv nn+1) =0 (9)

Next, we claim that the sequence {n,} is b-cauchy in 9,. Assume, that {n,} is not
b-cauchy . By lemma 2.1, 3 ¢ > 0 and two subsequences {n,,} and {nm,,} of {n,}
n; >my > j for all j € N and d(1m;, Mn,) > €, AN, ;1) < €
Since n; > m; V j € N using equation (3) we have a(B(n,, T(y;) > 5. Now, putting
¢ = (m, and 1 = (,, in equation (1), we derive
D5y ) = O(5(Fomy> BCy)
S ﬁ(a(mCm]a gCnJ)d(Srnga 6@!13))

< I My, Gy Cny)) = LMo, Gy Gny)) + 72Uy 5 Gy )) (10)
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where
mbl (ij'a Cn]) - max{d(mfm] ) {Zan), d(‘BCm] ) 3ij)a d<1<n]a ®<nj)7
]_ d(‘ZCn] b Q5an [1 + d(mé—m] 9 ',SCTVLJ )]
Z [d<§’B<mJ ) ®an) + d(izgng ) %’ij )]7 1 + d(g’pcm] 7 (zé-n]) }

1
= mam{d(nmj—h nnj—l)a d(nm] ) nmj—1>7 d(nnj7nnj—1)a ?S[d(nmjynnj—l) + d(nnj—ly T’mj)]7
(11)

d(nn] ) nnj—l)[l + d(nmj’ nmjfl)] }}
1+ d(ﬁqu + 7771]'71>

NGy Guy) = mind AP, §0,), AT, 86, AP, 8G,), (12)
AT, 86 ), (TG, Fm,) |

= mm{d(ﬁmﬂ nmj71)7 d(nnj ) nnj*1>7 d(nmja Unj—l)a d(nn]’a Umjfl)}

Now, approaching as j — oo in equation (11) together with lemma 2.1 and using

equation (9), we have
limj oo SUPp Mo, (G s Tny) < max {5€,0,0,0,0} = se, (13)
and

. . €
8€ > Limj_yo0 inf My, (G5 Cnj) > =

(14)

Also,approaching as j — oo in equation (12) together with lemma 2.1 and using

equation (9), we have
0 < 1imyjyoo SUP MGy 5 Cny) < MiN {(), 0,€, 826} =0. (15)

Approaching sup in equation (10) together with lemma 2.1 and using equation (13)
and (15), we have
V(s€) < 1imj_so0 SUPV(5d(Mim; s ;)

< limj—wo sup {ﬂ(gﬁbl (ija Cn])) - ¢(mbl (ija an)) + 7@(m(Cmﬂ Cn]))}
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< 19<llmj—>00 sup mhl (gij CTL])) - llmJ—mO inf ¢(9ﬁbl (<mj7 CTL])) +0
< (s€) — Y(lim_oo inf My, (Gm; Cny))-

From this, it follows that ¢ (liminf; . My, (Cm,, Cn,)) = 0.

Using the properties of . we get liminf;_.c My, (Cm;, (n;) = 0. which contradicts
equation (14). This contradiction guarantees that {7, } is a b-cauchy sequence in M.
By completeness of MM, 3 k € M, s.t.

limn—>oon2n+1 = limn—)oo3§2n+1 = limn—)ooTCQn-i—Q =K (16)

limn—)ooﬁQn—i—Q - limn—>oo®c2n+2 = limn%ooméén—&—fi =k

Since P(My) is closed, we have k € P(My). So,we can choose a point p € My, s.t.
k = S and rewrite the equation (16) as

limn—)oon%’b—i-l = limn—)ooggbn—‘rl = limn—)oogc2n+2 = ‘BM =k (17)

limn—wonQn—i—Q = limn—)ooquQn—i-Q = ll’mn—>ooq3<.2n+3 = q3/~L =K

We aim to assure that p is a CP of § and ‘P that is §u = Pu = k. Assume, that
§u # k. Condition (iv) ensure that a(B(,, k) =a (P, Pu) > s for n € Ny,

Since ;‘B/u =K, pllt C =Wnn= C2n+2 n (1)

0(8d<gﬂ’ Q5C2n+2)) S ﬁ(a(mﬂa TC2n+2)d(3/~L7 ®<2n+2)) S ﬁ(mtbl (:uu C2n+2> - ¢<mbl (M7 C2n+2)
+70(MN(p, Conta)

(18)
mbl (:ua §2n+2) = m‘w{d(m% TCQTH-?)’ d(‘BN» SM)? d(i{an_i_Q, ®C2n+2)7

1 d(Zlant2, BCont2)[1 + d(Ppu, i)
%[d(m/b BConr2) + d(Tlont2, S)]; 1+ d(Bpt, Tlanso) }

Approaching as n — oo

. 1
lzmn%oombl (M? C2n+2) = m&l’{d(/ﬁl, H)a d("ia SN% d(/ﬁ;a H)a %

d(r, £)[1 + d(x, Sp)] }

)+, Fy0), =g
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1 1+d
limnﬁoombl (,u, C2n+2) = maxr {07 d(K‘a S':u)a 07 %[O + d(/‘i, S,LL)], [ +1 fbgﬂ_)] }
LM y00Me, (1, Gont2) < d(k, F(n)) (19)

lzmnﬁoom(/% C2n+2) = min {d(Glu’a gﬂ% d<i§§2n+2a ®<2n+2)7 d(mﬂv ®<2n+2)7 d(‘3:<2n+27 glu)}
im0 M4, Conso) = min {d(k, §p), d(k, k), d(k, ), d(k, S}

= min {d(/ﬁSN)vO?O?d(’f’%M)} =0 (20)

Approaching sup in equation (18) together with equation (19),(20) and lemma 2.2,

we derive

Hd(Fp, k) < V(slimn_oo sup d(Fp, GCont2))
< im0 SUP V((Ppt, Tonv2)d(Fit, BConi2))
< limn o0 sUp {0(Me, (11, Ganr2)) — (Mo, (1, Canr2)) + 1L (NU1, Conta)) }
< limy—so0 SUp (M, (14, Conra)) —liMmn oo INE (M, (11, Conra)) iMoo sUp Yo (N1, Cnt2))
< 9(d(r, 3n)) — Y (d(k, ).

From this it follow that ¢(d(k,Fu)) = 0. By property of i,we have d(k,Fu) = 0.
Therefore,§1u = x. That is, p is a CP of § and ‘B.

= Su=06u==«x
Since §,*B are weakly compatible.
= §Pu=63u

— §rk =Pk
Since § CY¥ = k=3%pueTdqgeMst. Tg=r We claim that &g = « put
¢ =Cony1,n=qin (1)

V(sd(FCans1,6q))) < I((Plant1, Tq))d(Flans1, Gq)
< I (Mo, (Cont1,9)) — LMy, (Cont1,9)) + 79(MCant1,9)) (21)
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I PCont1, Tq))d(k, Bq) < I (Mo, (Cnr1,q)) — VMo, (Cony1,q)) + 70 (M Cons1,9))

Me, (Cong1,9) = ma%{d(%ﬁ@nﬂ, Tq), d(PCont1, §Con+1), d(Tq, Gq),

1 d(Tq, Bq)[1 + d(PGont1, T¢2n+1)]
55 A BGoni1,69) + d(Tq, Flonia)], A }

Approaching as n — oo

. 1
limy—0oMy, (Cont1,q) = mam{d(f@, K),d(k,k),d(z,Bq), %[d(z, &q) + d(k, k)],

d(k, 8q)[1 + d(k, K)] }
1+ d(k, k)

. 1
llmn—)oombl (C2n+17 Q) = max {07 07 d(lia QSQ) 2 [d(ﬁa Q5q) + 0]7 d(/{a Q5Q)}

' 2s
limn—)oombl (C2n+17 Q) S d("’ia ®Q) (22)

iMoo M(Cont1, @) = min {d(Bant1, §Cant1), d(Tq, &), d(Blant1, 8q), d(Tq, FCont1)}

limy oM (Cons1,q) = min. {d(k, k), d(k, &q),d(k, &q),d(k,k)} =0 (23)

Approaching sup in equation (21) together with equation (22),(23) and lemma 2.2,

we derive

D(d(r, Bq) < I(slimy, o0 SUp d(Flans1, Bq))
< imp 00 SUP I ((PCont1, T@)d(FCont1, Bq)
< iMoo sUp {9(Me, (Cns1, @) — VMo, (Cont1, @) +70(MUCont1,0)}
< im0 SUP I (M, (Cont 15 @) — 1My 00 Inf Y(My, (Cont1, @) i1 00 SUP YO (N(C2n415 )
< J(d(k, 8q)) — ¢(d(x, 8q)).

From this it follow that ¥ (d(k, ®q)) = 0. By property of ¥,we have d(x,®q) = 0.
Therefore,®q = k. That is, ¢ is a CP of & and ¥.

— K=06¢ — Tq=08q
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The pair (&,T) is weakly compatible,we have
THg=06%Tq = Tk =06k

Now, we claim that §x = k. Put ( = Kk, n = (oo in (1)

V(sd(Fr, BConr2) < V(a(Br, Tlons2)d(Tk, Glonia)) < I (Mo, (K, Conya) = (M, (K, Canta)

+7p (M, Canta)

My, (ff, C2n+2) = mam{d(‘m, 3<2n+2), d(mﬂ, 3’1‘%)7 d(‘z@mz, ®2n+2>7

1 d(ZTCont2, GCons2)[1 + d(Br, §k)]
2_8 [d(m/{, ®C2n+2) + d(£€2n+27 SK)]’ 1+ d(m/{’ §<2n+2) }

Approaching as n — oo

limp oM, (K, Cong2) = mam{d(iﬁﬁ, k), d(Bk,§kK), d(k, K),

) d(k, k)1 + d(Br, k)]
%[d(iﬁm, k) +d(K, k)], 1+ d(Bk, k)

N(k, Cony2) = min {d(Br, Fr), d(TCant2, Blony2), d(BrK, Goni2), d(Tlanta, §K)}
MN(K, Cong2) = min{d(Br, k), d(k, k), d( Bk, Blopi2), d(k,Fk)} =0

} = d(Fk, k)

Approaching sup.
D(A(Fk, 7)) < D(sd(Fr, k) < DHd(Fr, k) — B(d(Fr, k)

— K=k

Now, we claim that &x = k. Put ( = (5,41, 7 = Kk in (1)
I(a(PBlant1, Th)A(SCons1, Bk) < I My, (Conr1, £) = (M, (Canr1, &) +70(N(C2ng1, K)

Mo, (Cons1, k) = maw{d(‘BCan, Tk), d(PBant1, SCont1), d(Tk, Bk),
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1 d(Tk, BK)[1 + d(PBlant1, §Cont1)] }

2—S[d(;ﬂBC2n+1a Gr) + d(Th, FCnt1)]; 1+ d(Blnt1, TK)

Approaching as n — oo

limp 0o My, (Cons1, k) = maw{d(n, Tk),d(k, k), d(Tk, BK),

d(%k, Br)[1 + d(k, k)] }

i[d(qm, k) + d(Tk, k)], 1+d(k+%Tk)

2s
= d(&k, k)
N(Cant1, k) = min {d(Plant1, k), d(Tk, BK), d(Plant1, BK), d(Tk, Flan+1) }
N(Const, ) = min {d(r, §k), d(Tk, k), d(k, k), d(k, k) }
N(Cons1, k) = min {0, d(Tk, Bk), d(k, Bk),0} = 0

Approaching sup.
J(d(k, ®r)) < I(sd(k, Br)) < I(d(k, Br)) — (d(k, Br))

= Bk = K.

We deduce that 6k = Tk = §k = &k = k and hence k is a CFP.
To prove uniqueness, assume that w is another CFP of T, &,§ and & such that

k # w. Thus, we have

Sk=6k=LPr =Tk =K
Sw=0w=Pow=%w=w

By means of (v), it holds that a(*Bx, Tw) > s. Implement equation (1) with ( = x,
n=mw
Yd(k,w)) = Id(Fk, Bw))) < I(sd(Fk, Bw))
< J(a(Br, Tw)d(Fk, 6w)) < (Mo, (5, @)) = (Mo, (5, @)) + 10Nk, @) (24)

My, (k, ) = max{d(‘ﬁ/i, Tw), d(Pk,§kK), d(Tw, Bw), Q—Z[d(%ﬁ, Ow) + d(Fw, Fk)],
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d(Tw, 8w)[1 + d(Bk, Fr)] }
1+ d(Bk, Tw)

1
, Q—S[d(lﬁ, w) + d(w, k)],

= d(k,w)

Mo, (1, ) = maz {d(%, o), d(s, %), d(, ) (w0, )[1 + d(r, ) }

1+ d(k, ™)

N(k,w) = min{d(Pk,Fk), d(Tw, Bw), d(Pr, w), d(Tw, Fk)}
Consequently, it follows from equation (24) that

V(d(k, @) < I My, (5, @)) = LMy, (r, @)) +70(N(~, @)

< I(d(k, @)) — (d(k, @)).

which,using property of ¥ and v, implies that d(k,w) = 0. Which contradicts our

assumption w # k. Therefore, w = k. This proves uniqueness.

Theorem 2.11 Let (M, d, s) be a b-CMS with s > 1 and let a:9, x My — R be
a function. Suppose T,B,F, & : M, — M, are mappings s.t. (F, B) is - admissible
w.r.t. (B, %) and gratifying the following axioms:

(i) the pair (T,9),(F,®) is a broad rational type (¢,v,¢) weak contraction

mapping with My, = My, ;

(i) F(Mtp) C T(My), S(M) C P(Mp) and T(My,) or P(My) is a closed subspace
of My;

(iii) 3 G € My s.t. a(PG,5CG) > s and a(FG, PG) > s;

(iv) for any non-decreasing sequence {B(,} in MM, with P, — P¢ in P(My) as
n — 0o and a(PEy, PGur1) = s V n € Ny, we have a(BE,, BC) V n € Ny;

(v) a(Pkr,Tw) > sV w,k € CP(G,%).

Then T,B,§,  admit unique CP in M. Moreover, (T,B) and (F, ®) have unique
CFP in 9, provided that (F,P) and (&, T) are weakly compatible.

Proof: From (i) 3 (3 € My s.t. aPE,5¢G) > s and a(F¢G,BEG) > s. Since
F(Mp) C T(My), B(My) C P(My), I sequences {(,} and {n,} in My s.t.

Nont1 = $Cont1 = Tant2 and Napt2 = Glont2 = Plontsz, n € Ny (25)
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Now we have
a(PBG,FG) > s = a(PG,TG) = s,
= a(F1,8¢) > s,i.e.a(n,n) > s
= (TG, BG) = s,
= (&, F(3) > s,0.e.a(n2,m3) > 5
= a(PG,TG) = s
= (FG, BC) > s ie.alns,m) > s

Continuing in this way,we have
(M, M+1) = s¥n €N (26)
Similarly by using a(F¢,P¢1) > s we can claim that

a(1nt1,70) = s¥n € N

From (26), we have if 79,01 = 1Mouse for some n € N then
Tlont2 = Nant1 = Non+2 = FCon+2 and from (26)

If m2nt2 = Manss for some n € N then PBlonysz = N2nt2 = Mon+s = Gtz V 0 € N,
that (B, ®) and (¥, F) have a CP at (2,42 and (o, 43 and we have finished the proof

so we assume that 7, # 1,1 V n € Nq.

fI‘Ol’Il (27>7 a(mg2n+17tzc2n+2) - a<n2n; n2n+1) Z S
from (1) we have

Case I. If nis odd i.e., n = 2n+1, n = 0,1,2,.... then we get

ﬁ(Sd(mml, 772n+2) = ﬁ(Sd(g@nH, Q5<2n+2>
< D a(Plont1, Tlont2)d(FCont1, BConta)

< I (M, (Cont1, Conta)) — P (Mo, (Cont1, Conta)) + 70 (M Cont1,s Cony2)) (27)

where
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mbz <C2n+17 <2n+2> = max{d((’BCQnJrla $C2n+2)7 d(m<2n+17 S<2n+1)7 d<$<2n+27 ®C2n+2)7
d(;’BCZTH-la SCZn—i—l)d(SCén—i—Qa 8{271,4-1) + d((ICén—i—Qa ®<2n+2)d<m<2n+17 ®C2n+2)
I+ d(§€2n+27 3{27@—&-1) + d(mCQn-&-la Q5C2n+2) ’

d(Plant1, 8Cont1)d(TCont2, §Cont1) + d(ZTlans2, EConi2)d(PConi1, Blani2) }
L+ s(d(Ban+1, §Con+1) + d(Tont2, Blont2)) ’

gﬁbz (C2n+1, C2n+2) = {(7]2n> T}2n+1), d(772n7 772n+1>7 d<(57]2n+1; 6772n+2),

d(772m 772n+1)d(772n+17 772n+1) + d(772n+1, 772n+2)d(772n7 772n+2)
1 + d(772n7 772n+2)

d(M2ns Mon+1)d(M2n+1, Mont1) + d(M2nt1s Mont2)d(Non, Nonta) }
1+ s(d(n2n, Non+1)) + d(M2nt1, Mont2) ’

< max {d(N2n, Non+1), A(N2nt1, Mont2) b

< max {d(N2n, N2n+1)s A(Mont1, Mont2) } (28)

N(Cant1s Conga) = min{d((‘pCQn-i-la SCon+1), AT Conv2, Blony2),

APt Sanre), Aotz Fanr) }

= man {d(n2n7 772n+1)7 d(772n+1, n2n+2>a d(n2n7 772n+2)d(772n+17 772n+1)} =0 (29)

If d(nans1, Nons2) > d(on, Nony1) for some n € N, then by equations (27)-(29), we
have

ﬁ(d(%nﬂ, 772n+2) < 19<5d(772n+17 772n+2)
< V(ML (Cont1s Cnt2)) — Y (Mo, (Cont1s Cont2)) + 79(0)
< I(Me, (Cont1, Cont2))

< ﬁ(d(n2n+17 772n+2)
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which is contradicton. Thus from equation (28) we have

d(M2n+1, M2n+2) < Mo, (Cant1, Conte) < d(2ns M2nt1)- (30)

Case II. If 1 is even then similar case I. Hence {d(7,,7,+1)} is decreasing sequence.
Let limy, ood (N, Mua1) = A, for some A > 0.
From equation (30) it follows that

limn—mod(n?n—i-ly 7]2n+2) - limn—mombz (<2n+17 C2n+2) =\ (31 )

We claim A = 0. Suppose that A > 0. Approaching as n — oo of the inequality in
Equation (27) together with Equation (29) and (31), we have

= limnﬁooﬁ(Sd(UQn—i-la 772n+2)
P(A) < I(sA) = limy00V(sd(Mans1, Nont2) < limnﬁoo{ﬁ(mbz(één-ﬁ-l) Cont2))

— (M, (Cont1, Cons2)) + 70 (M Conetr,s C2n+2)}
< I(A) = P(A) +79(0)
< 9(N)

which is a contradiction thus, A = 0 and hence

Limy00d(Nps Mat1) = 0 (32)

Next, we claim that the sequence {n,} is b-cauchy in 9t,. Suppose,that {n,} is not
b-cauchy. By lemma 2.1, 3 € > 0 and two subsequences {n,;} and {7} of {n,}
n; >my; >3V jeNand dnm,, M) > € Ay Mn;—1) < €

Since n; > m; V j € N using equation (26) we have a(B(m,,T(y,) > 5. Now,
putting ¢ = (;,; and 7 = (,, in equation (1), we derive

ﬁ(Sd(nmj ) nnj)) = 19<Sd(3ij7 Q5an)>
< W BGmy s Ty ) ATy ECny )

< l9<93/tbz (ija an)) - w(mbz (ij ) xnj)) + Vw(m(ijv Cn])) (33)
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where
mb; (Cm] ) Cn]) - max{d(%Cm] ) (’Zan)a d(;’BCm] ’ 3ij)a d<5<n] ) ®<nj)7
AP, TG, )T, Fm, ) + AT, ECn, )A(PCom,, BGn))
1+ d(TCn;, §Cm,) + d(BCm,, BCn) ) ’

AP, T, ) ATy Flm,) + ATy, GG )A (B, s BCo,) }
1+ 5(d(Blm,» §m,) + AT, , BC,))

= m&x{d(nmj—la nnj—1)7 d(nm]‘—la 77mj)> d(nnj—la ynj)7

d(nmjfla nm3>d<7]nj ) 77mj71) + d(nnj*b nnj)d(nmj’ nnjfl)
1 + d(nnj ) ym]'—l) + d(nmj ) 7]7”‘*1)

(34)

d<77mj y T/m]‘—l)d(nnja nmj'—l) + d(nnj ) 7]nj—1>d<77mj y T/’n]’—l) }
]' + S[d(nmjﬂimj—l) + d(nnj’nnj—l)]

N(Gmy Cny) = N {d(BGnys TGy )y AZ Gy BCay )y APy s BCry )y ATy s 8,y )s ATy Flom, ) }
(35)

= min {d(nmjfla nmj)a d(nnjfla nnj)> d(nm] ) nnjfl)a d(nnja nmjfl)}

Now, approaching as j — oo in equation (34) together with lemma 2.1 and using

equation (32), we have
limj oo SUP Mo, (G » Tn;) < max {s¢,0,0,0,0} = se, (36)
and
s€ > Lim; oo nf My, (G, o) > 8—62 (37)

Also,approaching as j — oo in equation (35) together with lemma 2.1 and using
equation (32), we have

0 < 1imyj_yoo SUP Moy 5 G, ) < MiN {O, 0,€, 826} =0. (38)

Approaching sup in equation (33) together with lemma 2.1 and using equation (36)
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and (38), we have
V(s€) < limjsoo sup V(sd(1m,, 7))
<im0 sUP {O(Mo, (Gnys Gny)) — Y Mo, Gy Gny)) + 19 (OUGmy 5 Gny))
< (iMoo SUp Mo, (Gnjs Cny)) — Limj—soo INf Y(My, (G5 Cny)) +0
< U(s€) — Y(limoo inf M, Gy 5 Gy ))-

From this, it follows that ¢ (liminf; . My, ((m,» Cn,)) = 0.
Using the properties of 9. we get liminf;_ o My, (Cm;, Cn;) = 0. which contradicts
equation (37). This contradiction guarantees that {n,} is a b-cauchy sequence in M.
By completeness of 9, 3 k € M, s.t.

limnﬁooﬁQnJrl = limn%oo3’<2n+l = limn%oo‘ICQnJrQ =K (39)

limnﬁoonZnJrQ = limn%oo®€2n+2 = limn%mm<2n+3 =K

Since P (M) is closed,we have k € P (M ). So,we can choose a u € My s.t. kK = Sp.
and rewrite the equation (39) as

limn—>oon2n+1 = limn—moSCQn—&-l = limn—mo‘:CQn—l—Q = 6,“/ =K (40)

limn%oo772n+2 = limn%oo®€2n+2 = limn%oomc%wri} = m,u =K

We aim to assure that p is a CP of § and P that is Fu = PBu = k. Assume, that
S # k. Condition (iv) ensure that a (B¢, k)=a (P, Pu) > s for n € Ny. Since

f‘p:u’ = K, pUt < =K, n = C2n+2 in (1>

0(5d<3{ﬂ? ®§2n+2)) < 19(04(%:“7 E<2n+2>d(8’pﬁ ®<2n+2)) < ﬁ(ml (:uv C2n+2) - w(ml(:u’a <2n+2>

+ry§0(m(ru’7 C2n+2>
(41)

mtby_ (:ua g2n+2) = ma‘r{d(mﬂa gCZn—l-Q)v d(;’pﬂﬁ SM)’ d(TCQTH‘Q’ ®C2”+2)’
d(Bu, §1)d(Tlanta, Si) + d(Tlont2, Blonta)d( P, Boni2)
1+ d(TCQnJrQ, SM) + d(m/% ®C2n+2) ’

d(@ﬂ, 3/1)d(€§€2n+2, %M) + d((szZnJrQa ®C2n+2)d(mu> ®C2n+2) }
1+ sd(Pu, Fu) + d(Tanr2, Blonia) ’
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Approaching as n — oo

d(k,Fp)d(k,Sp) + d(k, k)d(k, K)
1+ d(k,§p) + d(k, k) ’

ll’mn—ﬂ)ombz (/1’7 <2n+2) = mal‘{d(’ia ’i)7 d(’ia gﬂ% d(ﬁa H)J

d(k, Fp)d(k,Sp) + d(k, k)d(k, K) }
1+ sd(k, &) +d(k, K

)
(r, Sp)d (s, §p) + 0 d(r, Sp)d(s, Fp) + 0}
14+d(k,gu)+0 " 1+ sd(k,Fu)+0

. d
lzmn%oombz (Ma C2n+2) = max{(), d("iv %M), Oa

limn%oomhz (ﬂ? C2n+2) < d(’{> 8(:“)) (42)

limy oM (1, Cons2) = mian {d(Bu, Sit), d(TConta, Glont2), AP, Blony2), d(TConta, )}

limn%oom(ﬂ» 62n+2> = min. {d("ia gﬂ)v d(ﬁv ﬁ)v d("ia /f)v d('%’ S:u)}

= min {d(/ﬁSN)vO?O?d(’f’%M)} =0 (43)

Approaching sup in equation (41) together with equation (42),(43) and lemma 2, we

derive

Hd(Sp, k) < I(slimpsoo sup d(Fp, Gont2))
< 1My 00 SUP V((Ppt, Tont2)d(Fp, GCant2))
< limi o0 SUP {U(Meo, (1, Conv2) — (Mo, (1, CGntz) + Y (N4, Cng2) }
< im0 SUP (Mo, (15 Conr2) =i oo Inf (Mo, (14, Cant2) Himn o0 SUP YN, Can2)
< 9(d(k, Fp) — (d(k, Sp))-

From this it follow that ¢(d(k,Fu)) = 0. By property of i,we have d(k,Fu) = 0.
Therefore,§1u = k. Thus, p is a CP of § and B, i.e. §u =Pu = k.

Since the mappings § and 3 are weakly compatible, We derive §Pu = BFpu, i.e.,
Sk =Pk Since §CT = k=Fpu € T dqge M st. T¢g = k. We claim that
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&q = k put ( = (ony1, N =¢q in (1)

ﬁ(Sd(SQnH, 05(]) < ﬁ(a((‘pCQnJrla QQ)CK%C%LJA; (’561)) < ﬁ(mb;@%ﬂ’ Q) - w(mbz<g2n+1; Q)

+70(N(Cant1,9)
(44)

I (PCant1, Tq)d(k, &q)) < I (Mo, (Cnt1,q) — P (Mo, (Cant1, @) + 79 (NM(Cany1,9)
My, (C2nt1,9) maw{ (Blan+1, Tq), d(PBCant1, SCont1), d(Tq, &q),

d(m<2n+173<2n+1> (‘Iq, 5C2n+1) + d(‘IQ7 @5q)d(‘BC2n+1, 6(1)
1 + d(rzq’ Sc2n+1) + d(mc2n+17 ®q) ’

d(mCQn-i-l) Sc2n+1)d<IQ> %C2n+1) + d(T(L ®q)d(m62n+la ®Q) }
1+ sd(Blant1, §Cnt1) + d(Tq, Bq) ,

Approaching as n — oo

d(k, k)d(k, k) + d(k, ®q)d(k, Bq)
1+ d(k, k) + d(k, ®q) ’

Lm0 M, (Cont1,q) = max{d(n, k), d(k, k), d(k, &q),

d(k,k)d(k, k) + d(k, Bq)d(k, &q) }
1+ sd(k, k) + d(k, &q)

d(k,®q)d(k, Bq) +0 d(k, Bq)d(k, &q) + 0}
14+d(k,6q)+0 14 d(k, ®q)

limn%oombz (C2n+17 Q) = ma:c{O, 07 d(’%v ®Q)7

limn—)oombl (C2n+1a Q) S d("{a Q5Q) (45)

im0 MU Cont1, ) = min {d(Bant1, §Cont1), d(Tq, 8q), d(Plans1, 8q), d(Tq, §Cont1)}

limy oM (Cony1,q) = min{d(k, k), d(k, 8q),d(k, &q),d(k,k)} =0 (46)

Approaching sup in equation (44) together with equation (45),(46) and lemma 2.2,

we derive

ﬁ(d(/{, Q5Q) < ﬁ(Slzmn—)oo sup d(%CQn—i-la 6(]))
S llmn—mo sup ﬁ(a(méén—l-la Sq)d<s<—2n+l7 6Q>

< llmn—mo sup {ﬁ(mbz (C?n-‘rl? q) - ¢(9ﬁbz (C2n+17 Q) + Pygp(m<<ﬁ2n+l7 Q)}
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S llmn—mo sup ﬁ(mbz (C2n+17 Q)_limn—mo inf ¢(mbz <C2n+17 Q>+limn—>oo sup 7¢(m<<2n+1; q>
< ﬁ(d(’%a ®Q)) - w(d</€> ®Q))

From this it follow that ¥ (d(k, ®q)) = 0. By property of ¥,we have d(k, ®q) = 0.
Therefore,q = k. That is, g is a CP of & and ¥.

= k=069 = Tq=08q
The pair (&, T)is weakly compatible,we have
TBg =86 — Tk =06k
Now, we claim that §x = k. Put { =k, n = (op42 in (1)
Ha(Sk, Tont2)d(Fk, BCant2)) < V( Mo, (K, Conr2) = (M, (K, Cns2) +79(N(K, Gni2)

Mo, (K, Conga) = mam{d(‘ﬁli, Tlont2), APk, Fk), d(Tlonta, Blonia),
d(Pr, §K)A(Tanta, Tk) + A(TCont2, BCont2)d(Pr, Blopnio)
1+ d(‘ICQnJrQa S’@ + d(m"iv ®<2n+2> ’

d(m/ﬁ}, gli)d<(ZC2n+2, %H) + d(‘ICZnJrQa ®C2n+2>d<§p'%7 ®C2n+2> }
1+ sd(Pk, Fk) + d(TCon+2, BConi2) 7

Approaching as n — oo

(Br, k)d(k, k) + d(k, K)d(Bk, k)
14+ d(Bk, k) + d(k, k) ’

limp oMy, (K, Cont2) = max{d(‘ﬁm, k), d(Pk, k), d(k, k), d
d(Br, k)d(k, k) + d(k, K)d(Pk, k)
1+ sd(Pr, k) + d(k, k)
N(k, Gn2) = min {d(PBr, k), d(Tont2, GCont2), d(Br, BCant2), d(Tont2, TK)}
N(k, Cont2) = min{d(Bk,Fk), d(k, k), d( Pk, Blopi2), d(k,Fk)} =0

} = d(§k, k)

Approaching sup.
Nd(§k, k) < I(sd(§k, k) < I(d(Fk, ) — P(d(Fk, K))

— K=~k
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Now, we claim that &x = k. Put ( = (5,41, = C in (1)
D a(PBlont1, Th)A(FCong1, OK) < I (M, (Cng1, ) =V (Mo, (Cont1, £) F79(M(Cont1, K)

M, (C2n+1; /f) = mafc{d(iﬁ@nﬂ, ‘I/f)a d(‘?BCan, 3<2n+1)7 d(‘zfﬁ 6@7
d(%CZnJrla SCQnH)d(TH; SC2n+1) + d(‘Z/—i, 65)(1(%(%“, 05"‘6)
1+ d(%Tk, FCons1) + d(Blany1, BK) ’

d(mCQn-&-l» SCZn-‘rl)d(z’iv 3€2n+1) + d(T"{7 ®K)d(q3g2n+17 65) }
1 + Sd(mCQN_H, SCQTL_H) + d(gl{, Q5/<¢) ’

Approaching as n — oo

d(k,k)d(Tk, k) + d(Tk, Br)d(K, BK)
1+ d(%k, k) + d(k, BK) ’

limp s ocMp, (Cont1, k) = mam{d(/ﬁ, Tk),d(k, k), d(Tk, BK),
d(k, k)d(Tk, k) + d(Tk, BK)d(Br, Bk)
1+ sd(k, k) + d(Tk, k)
N(Cont1, k) = min {d(Bant1, Tk), d(Tk, 6k), d(BGant1, Ek), d(Tk, FConr1)}
N(Cont1, k) = min{d(k,§k), d(Tk, BkK),d(k, BK),d(k, k) }

} = d(Bk, k).

N(Cons1, k) = min{0,d(Tk, Bk),d(k, Bk),0} = 0.

Approaching sup.
V(d(k, Bk)) < V(sd(k, Bk)) < I(d(k,Bk)) — Y(d(k, BK))

— Bk = K.

We deduce that Pr = Tk = §k = Bk = Kk and hence k is a CFP. Uniqueness follows
casily from condition (1).

Example 2.12 Let MM, = [0, 1] equipped with b-metric d(¢,n)=[¢ —n|* V {,n € M.
Consider the mapping §, 8,8, T : M, — M, be defined by

5O =5 vC e )
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0,¢€[0,3)

&(C) =
© {%,Ce[éal]
&)
PO - {<,< -
2¢,¢ €[0,3)

() =
@) {C,CE[%J]

Let a : My x N, —R*

2, otherwise

1,CeMy,n=1
a(C,n){ ¢ €

Let the function 9,9, ¢ : R™ — R™, respectively, be given by

J() = 11¢€
0,£=0
Y€)= i+260<¢<1; and p(§) —g.
2,& > 1.

We assure that all the axioms of theorem 3.1 are gratified and (F,®) and (%T,*P)
have a unique CFP in 901,.

Corollary 2.13 Let (M, d, s) be a b-CMS with s > 1 and T,B,§, & : M, — M,
be mappings s.t. F(Mp) C T(My), S(M) CP(My,) and T(M,) or P(My,) is a
closed subspace of M. Suppose that the pair (P, T) and gratifies the contractive

axiom

sd(§¢, Bn) < I(Mp, (¢, 1)) — LMo, (¢, m)) +70(N(C,m)), (47)

where 91;, for i=1,2, as defined above. Then T,B,F, & have a CP in M. If, in
addition, o(Pr,Tw) > s for any w,x € EP(P, %) then the CP of P and T is

(I").Iournal of Computational Mathematica Page 225 of



2456-8686, x(ii), 2026: 200 - 232
https://doi.org,/10.26524 /cm245

unique. Moreover,if the pair (T,9) and (F, ®) is weakly compatible, then (T, )
and (§, ®) have unique CFP in 9.

Proof: Put ¢(§) =&V E € RT and a(¢,n) = sV (,n € My. and follow the steps in
the proof of Theorems 3.1 and 3.2 we derive the desired result.

Putting © = and & = § in theorems 3.1 and 3.2 we derive the theorems 3 and 4
of Kalo et al.|2]

Corollary 2.14 Let (MM, d, s) be a b-CMS with s > 1 and let a:9, x M, — RT
be a function. Suppose §,B : M, — M, are two self-mappings. Assume that F is
a- admissible, a(FCo, Pp) > s for certain (o € M, and IV € P, € ¥, p € st ¥
¢, € My

D(a(PBE, PBn)d(F¢,§1)) < (Mo, " (¢, 1)) — (Mo, " (¢, ) +70(N*(¢, 7)) where i = 1,2.
(48)

Then § and P has a FP in My, if {(,} is a sequence in My, s.t. ¢, — ¢ € My as
n — oo and (G, Gur1) > s V n € N, then a((,,() > s V n € N. Moreover, § and 3
has unique CFP in 9, provided that a(u,w) > s for any u, w € FP(F,P).

Proof: Putting v = 0 and «((,w) = s in Corollary 3.5, we derive the following FP
result.

Corollary 2.15 Let (M, d, s) be a b-CMS with s > 1 and §,B : M, — M, are two
self-mappings. Suppose that 39 € ¥, ¢ € ¥ s.t. V (,n € My

D(sd(S¢, &n)) < I( My, (C,1)) — (M, (¢, 7). (49)

Then § and & has unique FP in 91;.

Application

Let @ : RT — R* be a continuous function. The Caputo derivative of function w

of order A > 0 is given by

1 1
craA . n—A—1_n < mn: _
D w(t) _—(n )\)/O(t—T) w'(r)dr,n —1 <A <n;n=I[\N+1,
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where [)A] denote the integer part of the positive real number A and I" function given
by

I(q) = / t e tdt.
0
Set B(J) := {h|h is a real continuous functions on J = [0, 1]} .

Then, &(J) forms a Banach space with the norm ||h|| = sup¢;|h(7)|. Denote by
&(J,R) the set of all real-valued continuous functions from j = [0,1]. Consider the

nonlinear fractional order BVP

D u(t) = F(t, u(t),t €I =10,1,0 <A < 1,
#(0) =0 = p(1).

where “®* is the Caputo derivative of order A and § : J x R — R is continuous and

pe B(J,R).
The Green’s function & : [0, 1] — [0, 1] associated with equation(51) is given by

(50)

t(1— )’\_1 t—7)o<7T<t<1,

M o<t <r<1 &1
The equivalent I.LE. corresponding to equation (51) is given by
1
wu(t) = /0 &(t, 7)F1(t, u(7))dr,Vt € 3.
= /01 &(t, 7)F.(t, u(r))dr, Vi € 3. (52)
Let Mp= B(J,R). Let d: My x My — RT be defined by
d(p,v) = [l — |3 = sup |p(t) - v(®)?, ¥ v € My (53)

Theorem 2.16 Suppose that the following axiom hold:

(i) ,,%,:J xR — R is continuous function;
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(ii) the integral &, % : My — My, is defined by

Spu(t) = /0 Ot )T (b p(r))dr, Y o € My £ € (54)

Tu(t) = /01 &(t, )T, (t,v(7))dr,Vv € My, t €J (55)

(iii) the function & : [0,1] x [0,1] — R™ is continuous and gratify

1
supte[o,l]/ |B(t,7)|dr <1
0

(iv) 3 a constant k € (0,1) s.t. V¢, 7 € [0,1]

Tt (7)) = Talt, o)) <\ o) — (7).

The the BVP (51) has a solution in 9.

Proof: Clearly, (My,d, s) is a b-CMS with s = 2. It is true that p* € 9, is a solution
of equation of equation (51) iff if u* € My is a solution of the non linear L.E. (55)
and (56). Equivalently, u* € 9, is a solution of equation (51) iff u* € My is a FP
of the integral operator (3, %) defined in equation (55) and (56). using (ii) — (iv), ¥V
t € [0, 1], we have

sd(Sp(t), To(t) = s sup |Su(t) — To(t)]?

te(0,1]

=ssup | | Ot 7)(Tu(t, u(r)) — (T2(t, v(7))dr[?

tefo,1] Jo

<'s sup (/O (’5(t,T)IdTI)2(/O [Ta(t, u(7)) = (Ta(t,v(7))dr|)*

te(0,1]

<2 sup / (t,7)Pdr / (B lutr) = o) (56)

te[0,1] 2
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Define the mapping 9,1 : RT™ — R™ by 9(£) = £ and ¥(&) = 25 for £ € RT.

Applying equation (50) together with equation (57), we have

I(sd(Su(t), Tu(t))) = V(s sup |Spu(t) — Tu(t)]*)

te[0,1]

YV pu,v € My and t € [0, 1]. Therefore, the mapping B, T gratifies all the axioms in
Corollary 3. Hence, the mapping B, ¥ has a unique FP in &(J,R). Consequently, the
nonlinear I.E. (53) possess a unique common solution.

3 Conclusion

This Article is worried with the reality and uniqueness of CFP for broad
rational type (9,1, p) - weak contractive axiom in the framework of b-Metric Space
with some example. The pairs of mappings are weakly compatible and one pair is «
- admissible w.r.t. the other. Our results broad and improve some well known
results in the literature. As an application of our results, we have discussed the

existence of common solution of integral equations.
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