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Abstract

This study introduces the concept of Pythagorean fuzzy outerplanar graphs (PFOGS),
integrating the theory of Pythagorean fuzzy sets with outerplanar graph structures. In PFOGs,
uncertainty is modeled by assigning to each vertex and edge a degree of membership and a
degree of non-membership satisfying the Pythagorean condition, where the sum of the
squares of these degrees does not exceed one. This representation provides a more flexible
and expressive mechanism for handling ambiguity and partial information compared to
classical fuzzy outerplanar graphs. Outerplanar graphs, as a significant subclass of planar
graphs, possess structural properties that are valuable in simplifying complex network
systems. In this work, we generalize crisp outerplanar graphs within the Pythagorean fuzzy
framework and examine their structural behavior. We introduce vertex deleted (VD) and edge
deleted (ED) Pythagorean fuzzy outerplanar subgraphs, along with the notions of maximum
and maximal Pythagorean fuzzy outerplanar subgraphs under vertex and edge deletions.
Furthermore, a novel concept of the dual of Pythagorean fuzzy outerplanar graphs is
formulated and investigated. Theoretical developments are established through formal
definitions, illustrative examples, and rigorous theorems.
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1 Introduction

The theory of uncertainty modeling originated with the introduction of fuzzy sets by Zadeh
[44], which provided a mathematical framework for representing imprecise and vague
information. Kaufmann [25] further contributed to the development of fuzzy set theory and
its mathematical foundations. Zadeh [45] subsequently introduced similarity relations and
fuzzy orderings, which strengthened the theoretical basis for handling imprecise information.
Rosenfeld [37] extended fuzzy set theory to graph theory through the concept of fuzzy
graphs, thereby providing a framework for representing uncertain relationships and structures
in networks. Bhattacharya [12] investigated fundamental properties of fuzzy graphs, while
Mordeson and Peng [26] studied various operations on fuzzy graphs, contributing
significantly to the development of fuzzy graph theory.

The concept of planar fuzzy graphs emerged as an important extension of fuzzy graph theory.
Pramanik et al. [34] investigated special configurations of planar fuzzy graphs. Pal et al. [29]
introduced the concept of fuzzy planar graphs, and subsequently developed its theoretical
foundations and fundamental properties [30]. The study of dual structures in fuzzy graph
environments was further extended by Abdul-Jabbar et al. [1], who introduced fuzzy dual
graphs. Nirmala and Dhanabal [28] proposed interval-valued fuzzy planar graphs, thereby
incorporating interval-valued uncertainty into planar graph structures. Alshehri and Akram
[10] developed intuitionistic fuzzy planar graphs, while Akram et al. [8] investigated the
application of bipolar fuzzy sets in planar graphs. These contributions significantly expanded
the scope of planar graph theory for representing uncertain and imprecise network structures.

To represent uncertainty more comprehensively, Atanassov [11] introduced intuitionistic
fuzzy sets by incorporating both membership and non-membership degrees. Shannon and
Atanassov [38] introduced intuitionistic fuzzy graphs, and further investigated their level
structures [39]. Parvathi et al. [31] studied several operations on intuitionistic fuzzy graphs.
Akram and Davvaz [18] introduced strong intuitionistic fuzzy graphs and investigated their
structural properties. Akram and Dudek [6] extended intuitionistic fuzzy theory to hypergraph
structures through intuitionistic fuzzy hypergraphs. Dhavudh and Srinivasan [21] introduced
intuitionistic fuzzy graphs of the second type, while their structural properties were further
investigated in [22]. Rangasamy and Palaniappan [35] also studied operations on
intuitionistic fuzzy sets of the second type. These developments demonstrated the increasing
capability of intuitionistic fuzzy models to represent uncertainty involving both positive and
negative information.

Another significant advancement in uncertainty modeling was the introduction of
Pythagorean fuzzy sets by Yager [41]. Unlike intuitionistic fuzzy sets, Pythagorean fuzzy sets
allow greater flexibility by imposing the condition that the sum of the squares of the
membership and non-membership degrees does not exceed one. Yager and Abbasov [43]
investigated Pythagorean membership grades and their applications in decision-making.
Yager [42] further developed Pythagorean membership grades for multi-criteria decision-
making, while Zhang and Xu [46] extended the TOPSIS method to decision-making
problems involving Pythagorean fuzzy information. Peng and Yang [33] established
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additional theoretical results for Pythagorean fuzzy sets. Peng and Selvachandran [32]
presented a comprehensive state-of-the-art study and discussed future directions of
Pythagorean fuzzy set theory. The applicability of Pythagorean fuzzy information in
decision-making was further demonstrated by Naz et al. [27], Ren et al. [36], and Garg
[23,24].

The integration of Pythagorean fuzzy theory with graph structures has also attracted
considerable research attention. Verma et al. [40] introduced Pythagorean fuzzy graphs and
established several fundamental results. Akram and Naz [7] investigated the energy of
Pythagorean fuzzy graphs and their applications. Akram et al. [3] studied specific types of
Pythagorean fuzzy graphs and demonstrated their applicability to decision-making problems.
Akram et al. [2] further investigated graphs under the Pythagorean fuzzy environment, while
Akram et al. [4] developed additional notions and structural properties of Pythagorean fuzzy
graphs. These studies established a strong theoretical foundation for applying Pythagorean
fuzzy concepts to graph-based representations of uncertain systems.

In recent years, increasing attention has been devoted to fuzzy outerplanar graph structures
because of their ability to model sparse and non-intersecting network systems effectively.
Deivanai et al. [13] introduced fuzzy outerplanar graphs and established their fundamental
theoretical properties together with practical applications. The framework was subsequently
extended to multipolar fuzzy outerplanar graphs for road-network analysis [18]. Bipolar
fuzzy outerplanar graphs were developed for image-shrinking applications [14], while
interval-valued fuzzy outerplanar graphs were proposed for network-design problems [15].
Furthermore, cubic fuzzy outerplanar graph structures were successfully applied to face-
shape recognition [16], and fuzzy soft outerplanar graph models were utilized for image
contraction and image-processing applications [17]. A comprehensive review of applications
of fuzzy planar graphs and their potential future research directions was subsequently
presented by Deivanai et al. [19]. Comprehensive overview of topological indices in fuzzy
graphs, focusing on how classical graph-theoretic measures can be extended to fuzzy
environments. Fuzzy graph theory incorporates uncertainty and vagueness by assigning
membership values to vertices and edges, making it suitable for modeling real-world systems
where relationships are not completely precise [20]. Akram et al. [9] introduces planar graphs
in a Pythagorean fuzzy environment to represent uncertainty using membership and non-
membership degrees. The framework extends classical planar graph concepts and provides a
mathematical approach for analyzing uncertain network structures.

Despite these significant developments in fuzzy outerplanar graphs and Pythagorean fuzzy
graph theory, the integration of Pythagorean fuzzy sets with outerplanar graph structures
remains largely unexplored. This observation motivates the development of a new
mathematical framework, namely Pythagorean fuzzy outerplanar graphs (PFOGS), which
combines the structural properties of outerplanar graphs with the flexible uncertainty
representation of Pythagorean fuzzy sets. In a PFOG, each vertex and edge are characterized
by a membership degree and a non-membership degree satisfying the Pythagorean condition.
In particular, for every vertex or edge, the sum of the squares of its membership and non-
membership degrees does not exceed one. This formulation provides a more flexible and
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expressive representation of uncertain information than conventional fuzzy outerplanar graph
models.

Outerplanar graphs constitute an important subclass of planar graphs and possess structural
characteristics that are particularly suitable for modeling sparse and non-intersecting network
systems. Motivated by these properties, the present work extends classical outerplanar graph
theory into the Pythagorean fuzzy environment and investigates the resulting structural
behavior. Specifically, the notions of vertex deleted (VD) Pythagorean fuzzy outerplanar
subgraphs and edge deleted (ED) Pythagorean fuzzy outerplanar subgraphs are introduced
and analyzed. Furthermore, the concepts of maximum and maximal Pythagorean fuzzy
outerplanar subgraphs arising from vertex and edge deletion operations are formulated and
studied in detail. In addition, a novel notion of the dual of a Pythagorean fuzzy outerplanar
graph is proposed, and its fundamental properties are investigated. The theoretical framework
is supported by rigorous definitions, illustrative examples, and mathematical theorems,
thereby contributing to the advancement of fuzzy graph theory and extending the
applicability of outerplanar graph structures to uncertain environments. The abbreviations
used throughout this study are summarized in Table 1.

Table 1: Summarizes the abbreviations adopted throughout the present study.

Abbreviation Description

PFS Pythagorean Fuzzy Set

PFG Pythagorean Fuzzy Graph

PFMS Pythagorean Fuzzy Multiset

PFMG Pythagorean Fuzzy Multigraph

PFPG Pythagorean Fuzzy Planar Graph

PFF Pythagorean Fuzzy Face

SPFF Strong Pythagorean Fuzzy Face

WPFF Weak Pythagorean Fuzzy Face

PFDG Pythagorean Fuzzy Dual Graph

PFOG Pythagorean Fuzzy Outerplanar Graph

PFNOG Pythagorean Fuzzy Non-Outerplanar Graph

PFOS Pythagorean Fuzzy Outerplanar Subgraph

VR Vertex Deletion

ER Edge Deletion

VR-PFOS Vertex- Deleted Pythagorean Fuzzy Outerplanar Subgraph

ER-PFOS Edge- Deleted Pythagorean Fuzzy Outerplanar Subgraph

Max-VR-PFOG Maximum Vertex- Deleted Pythagorean Fuzzy Outerplanar
Subgraph

Maximal-VR- Maximal Vertex- Deleted Pythagorean Fuzzy Outerplanar

PFOG Subgraph

Max-ER-PFOG Maximum Edge- Deleted Pythagorean Fuzzy Outerplanar
Subgraph

Maximal-ER- Maximal Edge- Deleted Pythagorean Fuzzy Outerplanar

PFOG Subgraph

SPFE Strong Pythagorean Fuzzy Edge

WPFE Weak Pythagorean Fuzzy Edge
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PFD Pythagorean Fuzzy Degree

PFO Pythagorean Fuzzy Order

PFS Pythagorean Fuzzy Size

PFP Pythagorean Fuzzy Planarity

SPFPG Strong Pythagorean Fuzzy Planar Graph
PFMD Pythagorean Fuzzy Membership Degree
PFNMD Pythagorean Fuzzy Non-membership Degree

2 Motivation of the work

Real-world systems such as transportation networks, communication systems, image-
processing systems, and intelligent decision-support environments are often characterized by
uncertainty, imprecision, and incomplete information. Classical graph models are effective
for representing relationships among objects, but they generally assume precise information
about vertices and edges. The development of fuzzy set theory by Zadeh [44] and its
incorporation into graph theory through fuzzy graphs [37] provided an effective mathematical
framework for representing uncertain relationships by assigning membership values to graph
elements. Subsequently, fuzzy planar graph models [29,30,34] were developed to incorporate
uncertainty into networks subject to planar structural constraints.

Among planar graph classes, outerplanar graphs possess a particularly useful structure in
which all vertices can be embedded on the boundary of the outer face. This structural
property makes them suitable for applications involving planar network layouts,
transportation systems, communication networks, and other structures where crossing
connections are undesirable. The development of fuzzy outerplanar graphs has further
demonstrated the usefulness of this structure under uncertainty, with applications involving
transportation and road-network design, image processing, face recognition, and related
network-analysis problems [13-18]. These developments establish a strong connection
between fuzzy graph theory and practical network structures.

However, conventional fuzzy models may not always provide sufficient flexibility for
representing situations in which the degrees of membership and non-membership contain a
greater level of uncertainty. Pythagorean fuzzy sets, introduced by Yager [41], overcome this
limitation by allowing the squared sum of the membership and non-membership degrees to
be at most one. This provides a larger feasible domain than intuitionistic fuzzy sets and
enables more flexible representation of uncertain information. The subsequent development
of Pythagorean fuzzy graph models [2-7,40] has demonstrated the applicability of this
framework to graph-theoretic analysis and decision-making problems.

Despite these developments, the combination of Pythagorean fuzzy theory with outerplanar
graph structures remains insufficiently explored. In particular, a systematic framework for
studying structural properties such as vertex deletion, edge deletion, maximum and maximal
subgraphs, and dual structures in a Pythagorean fuzzy outerplanar environment is needed.
This gap motivates the present study.
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Therefore, the main motivation of this work is to develop a Pythagorean fuzzy outerplanar
graph (PFOG) framework that integrates the structural advantages of outerplanar graphs with
the enhanced uncertainty-handling capability of Pythagorean fuzzy sets. The proposed
framework is intended to provide a systematic basis for investigating vertex deletion and
edge deletion operations, maximum and maximal PFOG subgraphs, and dual graph
structures. Such a framework can provide a mathematical foundation for modeling and
analyzing uncertain planar networks and may support future applications in intelligent
transportation systems, communication-network design, image analysis, pattern recognition,
and decision-support systems operating under uncertain conditions.

3 Novelty of the article
The novelty of this article can be summarized as follows:

1. Introduction of Pythagorean Fuzzy Outerplanar Graphs (PFOGs). The primary
novelty of this work is the introduction of Pythagorean Fuzzy Outerplanar Graphs
(PFOGs), which integrate the enhanced uncertainty-representation capability of
Pythagorean fuzzy sets with the structural restrictions of outerplanar graphs.
Pythagorean fuzzy graph models have been investigated in the literature [2-7,40], and
Pythagorean fuzzy planar graphs have also been developed [9]. However, the specific
integration of Pythagorean fuzzy information with outerplanar graph structures,
together with the structural concepts developed in this article, has not been
systematically studied.

2. Development of vertex deletion and edge deletion PFOG subgraphs. The concepts of
vertex deleted (VD) and edge deleted (ED) Pythagorean fuzzy outerplanar subgraphs
are formulated and investigated. These constructions provide a systematic mechanism
for examining how the deletion of vertices or edges affects the underlying outerplanar
structure while retaining the associated Pythagorean fuzzy information.

3. Introduction and characterization of maximum and maximal PFOG subgraphs. The
notions of maximum and maximal Pythagorean fuzzy outerplanar subgraphs are
introduced and characterized. These concepts extend the corresponding structural
ideas from fuzzy outerplanar graphs [13—18] to a Pythagorean fuzzy setting and
provide a framework for identifying structurally significant subgraphs under
uncertainty.

4. Development of a duality framework for PFOGs. A duality concept for Pythagorean
fuzzy outerplanar graphs is developed by establishing a correspondence between the
faces and edges of the underlying outerplanar structure while preserving the
associated Pythagorean fuzzy information. This provides a new structural perspective
for analyzing PFOGs and distinguishes the proposed framework from existing fuzzy
outerplanar models.

5. Theoretical characterization of the proposed framework. The proposed PFOG model
is supported by formal definitions, illustrative examples, and mathematical results
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concerning the proposed subgraph and dual structures. Thus, the study establishes a
systematic theoretical foundation for extending outerplanar graph analysis to
environments in which uncertainty is represented through Pythagorean membership
and non-membership degrees.

6. Potential applicability to uncertain network systems. By combining outerplanar
structural constraints with Pythagorean fuzzy information, the proposed framework
provides a basis for future applications involving uncertain transportation networks,
communication systems, image-processing structures, pattern recognition, and
intelligent decision-support systems.

4 Objective of the Study

The primary objective of this study is to develop and investigate a theoretical framework for
Pythagorean Fuzzy Outerplanar Graphs (PFOGs) by integrating the uncertainty-handling
capability of Pythagorean fuzzy sets with the structural properties of outerplanar graphs.
Specifically, the study aims to:

1. Define and investigate the fundamental concepts, properties, and structural
characteristics of Pythagorean fuzzy outerplanar graphs and relate them to existing
fuzzy outerplanar graph models.

2. Develop and analyze vertex deleted (VD) and edge deleted (ED) Pythagorean fuzzy
outerplanar subgraphs and investigate the structural changes resulting from vertex and
edge deletion.

3. Introduce and characterize maximum and maximal Pythagorean fuzzy outerplanar
subgraphs obtained through vertex deletion and edge deletion operations.

4. Formulate and investigate the dual of a Pythagorean fuzzy outerplanar graph and
establish the structural relationships between a PFOG and its corresponding dual
graph.

5. Establish rigorous theoretical results through definitions, propositions, theorems,
corollaries, and illustrative examples to strengthen the mathematical foundation of
Pythagorean fuzzy outerplanar graph theory.

6. Develop a mathematical framework for representing and analyzing uncertain planar
network systems using Pythagorean fuzzy outerplanar graph structures, thereby
providing a foundation for potential applications in transportation, communication,
image processing, and decision-support systems.

5 Structure of the Article

The remainder of this article is organized as follows. Section 2 presents the motivation of the
study and explains the need for developing Pythagorean fuzzy outerplanar graphs (PFOGS)
for representing uncertain network structures. Section 3 highlights the novelty of the
proposed work and distinguishes the PFOG framework from existing fuzzy outerplanar and
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Pythagorean fuzzy graph models. Section 4 states the objectives of the study and outlines the
principal aims of the proposed research.

Section 5 describes the organization of the article. Section 6 provides the necessary
preliminaries and fundamental concepts related to Pythagorean fuzzy sets, Pythagorean fuzzy
graphs, and outerplanar graphs that are required for the subsequent analysis. Section 7
introduces the concept of Pythagorean fuzzy outerplanar graphs and develops their
fundamental properties. Section 7.1 presents the characterization of Pythagorean fuzzy
outerplanar graphs and establishes the conditions associated with their structural
representation.

Section 8 introduces vertex-deletion Pythagorean fuzzy outerplanar subgraphs and
investigates their structural properties. Section 9 focuses on maximal and maximum vertex-
deletion Pythagorean fuzzy outerplanar subgraphs and examines their corresponding
characteristics. Section 10 introduces edge-deletion Pythagorean fuzzy outerplanar subgraphs
and investigates the properties resulting from edge deletion operations. Section 11 presents
the maximal and maximum edge-deletion Pythagorean fuzzy outerplanar subgraphs and
establishes their relevant structural properties. Finally, Section 12 concludes the article by
summarizing the principal findings of the study and highlighting possible directions for future
research.

6 Preliminaries

Fundamentals of Pythagorean fuzzy sets, Pythagorean fuzzy graphs, Pythagorean fuzzy
planar graphs

We recall several important definitions and properties of Pythagorean fuzzy sets (PFSSs),
Pythagorean fuzzy graphs (PFGs), and Pythagorean fuzzy planar graphs (PFPGs) that form
the basis of this study.

Definition 6.1[33,36] Let X be a nonempty universe of discourse. A Pythagorean fuzzy set
(PFS) M on X is expressed as M = {(x, uy (x), vy (x))|x € X}, where the functions
Upe: X = [0,1] and vy,: X — [0,1] represent the membership and non-membership degrees
of x € X with respect to M respectively. These functions satisfy the condition 0 < p3,(x) +
vi(x) < 1,Vx € X.

The corresponding hesitation degree of x in M is defined by

T (%) = \/1 () — vE (@)

Here uy(x), vy (x) and my(x) denote the membership, non-membership, and hesitation
degrees of x respectively. The ordered pair (HM(x),vM(x)) is called a Pythagorean fuzzy
number (PFN)

Definition 6.2[27] Let V be a nonempty finite vertex set. A Pythagorean fuzzy graph (PFG)
is an ordered pair & = (M, N) where M is a Pythagorean fuzzy set on V and IV is a
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Pythagorean fuzzy relation on V X V. Thus, M = {(v, up (0),vpr(0))o € V} and N =
{(uo, uy (uv), vy (uv))uo € €}, where € € V x V is the underlying edge set. The vertex and
edge membership and non-membership functions satisfy 0 < p3;(v) + v (v) <1,V €V
and 0 < uZ (uv) + v (un) < 1,vVuv € £. Moreover, for every edge uo € €, the edge
membership degree cannot exceed the membership degree of either of its end vertices, while
its non-membership degree cannot be less than the non-membership degree of either end
vertex. Hence,

Uy (uo) < min{uye(w), upe(0)} and vy (uo) = max{vy,(v), v (0)}.
Therefore, the Pythagorean fuzzy graph can be represented as G = (V, &, tae, Var, Uns Vi)

where pyr, vy, Characterize the Pythagorean fuzzy information associated with vertices and
Uy, Ve Characterize the corresponding information associated with edges.

Definition 6.3[9] Let X be a nonempty set. A Pythagorean fuzzy multiset (PFMS) M over X
is characterized by two count functions, namely the count-membership function CM,, and
the count-non-membership function CN,,, defined by CM,;: X — Q, CNy: X — Q , where Q
denotes the collection of all finite multisets whose elements belong to [0,1]. For each x € X,
let the membership sequence and non-membership sequence associated with x be
Uie (), 15p (%), oo, pip () and vig(x),vie (%), ..., vi () respectively, arranged in non-
increasing order. These values satisfy uj,(x) = pi,(x) = = u;’j[(x) and vig(x) =

X 2
vac(x) = - = vi (x) together with the Pythagorean condition Os(uj,[(x)) +

. 2
(vj’,[(x)) <1, for every x € X and 7 =1,2,...,p. Consequently, a Pythagorean fuzzy
multiset M can be represented as

M = ({0, (ube (), W3 @), o 1 (), (VEe (), Vi (), o ViR ()}

Here, p denotes the multiplicity of the membership and non-membership information
associated with each element of X .

Definition 6.4[9] Let M = (uyr, var) be a Pythagorean fuzzy set on a nonempty vertex set
V. A Pythagorean fuzzy multigraph (PFMG) is denoted by & = (V,E, M, N'), where
E © V x Vis the underlying multiedge set and JV is a Pythagorean fuzzy multiset defined on
V x V. For every edge uv € €, let IV (uv) = {(uv, upr (un);, voy () ;)7 = 1,2, ..., p}. The
vertex and edge membership and non-membership degrees satisfy
o (uo); < min{uye (u), tar (0)} and vy (un); < max{vye (u), var (v)}, for every uo € € and
7=1.2,..., p. Inaddition,

0 < (un@o),)” + (var(u),)* < 1

Thus, a Pythagorean fuzzy multigraph permits multiple edges between the same pair of
vertices, with each edge carrying its own membership and non-membership information
subject to the Pythagorean condition.
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Definition 6.5[9] Let ® = (V, &, M, V') be a Pythagorean fuzzy multigraph, where M is the
Pythagorean fuzzy vertex set and V' is the Pythagorean fuzzy multiedge set. For each uv € &,
let

N (uv) = {{un, o (up) 4, v (u) )|7 = 1,2, v P}
Then the following quantities are defined.
1. Order: The order of ® denoted by O(®)is given by

0(6) = (Z um(v),va(D)>

vEV pEV

2. Size: The size of ® denoted by §(®) is defined as

S® = iuw(uv)j, > iw (wv),

un€f j=1 uv€f j=1

3. Degree: The degree of a vertex v € V, denoted by degg (v) is defined by

dego(@) =| . iuw(uv)j, > iw(uv);

up€€ j=1 un€€ j=1
u€evy u€evy
4. Total degree: The total degree of a vertex v € V, denoted by tdg(v) is defined as

tdo(0) = | 1@ + ) iuw(uv);.vM(un) £ iw(uv);

un€E j=1 uv€€ j=1
uey uey

Thus, the order, size, degree, and total degree of a Pythagorean fuzzy multigraph are
represented by ordered pairs consisting of the corresponding membership and non-
membership information.

Definition 6.6[9] Let ® = (V, &, M, V') be a Pythagorean fuzzy multigraph. If every vertex
of ® has the same membership degree and the same non-membership degree in its vertex
degree, that is,

degg(u) = degg(v), Vu,0p €V,

then G is called a regular Pythagorean fuzzy multigraph. In other words, a Pythagorean fuzzy
multigraph is regular if all of its vertices possess identical Pythagorean fuzzy degree values.

Definition 6.7[9] Let & = (V,&, M, V') be a Pythagorean fuzzy multigraph. For an edge
up € &, let

N (up) = {(uv, ppy (un) , vy ) HNF = 1,2, ..., p}
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The degree of the 7 —th edge uv, denoted by dg(uv); is defined as

dg(uv); = (degs (1), + degg(v), — 2y (up);, dege (1), + degg(v), — 2vy (un); )

where degg (1), and degg (1), denote the membership and non-membership components of
the degree of u respectively.

The total degree of the 7 —th edge uv, denoted by tdg (uv), is given by

tdg(uv); = (degg(w), + dege (), — py (un);, dege(u), + dege (1), — vy (un),)

Here, the subtraction of the edge membership and non-membership values accounts for the
contribution of the edge uv that is counted through both of its incident vertices.

Definition 6.8[9] A Pythagorean fuzzy multigraph & = (V,E, M, ") is called an edge-
regular Pythagorean fuzzy multigraph if every edge of G has the same Pythagorean fuzzy
degree; that is,

dg(un); = dg(78)4

for every pair of edges uv,78 € £ and for all admissible multiplicity indices #,%.
Equivalently, all edges of & possess identical membership degree and non-membership
degree components. Thus, the edge degrees of & are uniform throughout the Pythagorean
fuzzy multigraph.

Definition 6.9[9] Let & = (V,E, M, V') be a Pythagorean fuzzy multigraph, and let
N (uv) = {(uv, ppr (uv);, vor () ;)4 = 1,2, .., p} be the Pythagorean fuzzy multiedges
joining the vertices u,» € V. A multiedge uv is said to be a strong Pythagorean fuzzy
multiedge if, forevery 7 = 1,2, ..., p,

1
par (uo); = > min{gye (), upe ()}

and

1
vy (ur); < EmaX{VM(’u),VM(’U)}

Thus, a Pythagorean fuzzy multiedge is considered strong when its membership information
is sufficiently significant and its non-membership information is appropriately bounded
relative to the Pythagorean fuzzy information of its incident vertices.

Definition 6.10[9] Let & = (V,E, M, N') be a Pythagorean fuzzy multigraph, and let
N (up) = {(uv, upr (uv);, var () ;)7 = 1,2, ..., p} be the Pythagorean fuzzy multiedge set
corresponding to the pair u,» € V. A multiedge uv is said to be an effective Pythagorean
fuzzy multiedge if, for a fixed #,

pay (uv); = min{ppe (), par (0)}
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and
vy (up); = max{va, (1), vac (0)}

Thus, an effective Pythagorean fuzzy multiedge attains exactly the limiting membership and
non-membership values determined by its two incident vertices. The membership degree of
the edge equals the smaller membership degree of its endpoints, while its non-membership
degree equals the larger non-membership degree of its endpoints.

Definition 6.11[9] Let & = (V, &, M, ') be a Pythagorean fuzzy multigraph, where M is
the Pythagorean fuzzy vertex set and V' is the Pythagorean fuzzy multiedge set. For every
pair of vertices u,0 €V, let N(up) = {(un,uN(un)f,vN(un),)M =12,..,p}. The
Pythagorean fuzzy multigraph ® is called a complete Pythagorean fuzzy multigraph if, for
every pair of verticesu,o € V and for every 4 = 1,2, ..., p,

pav (uo); = min{pae (1), U (0)}

and

pav (uv); = max{var (1), var (0)}

Thus, a Pythagorean fuzzy multigraph is complete when every pair of vertices is connected
by a Pythagorean fuzzy multiedge whose membership and non-membership degrees attain
the corresponding minimum and maximum values of its incident vertices, respectively.

Definition 6.12[9] Let ® = (V, €, M, V') be a Pythagorean fuzzy multigraph and let uo € €
be a Pythagorean fuzzy edge with membership degree u,-(uv),; and non-membership degree
vy (up),. The strength of the 7 —th Pythagorean fuzzy edge uvo denoted by Sg(uv); =
(8, (uv);, &), (uv),) is defined as

Uy (uv) p Vi (uv) p )
min{uae (1), tar (0)} max var (1), vae (0)

5@(11’3);' = <

provided that the denominators are nonzero. The edge uv is called a strong Pythagorean fuzzy
edge if §,(uv), = 0.5 and S, (uv), < 0.5. Otherwise, uv is called a weak Pythagorean fuzzy
edge.

Here, S, (uvn); measures the relative strength of the edge membership with respect to its
incident vertices, whereas &, (uv); measures the corresponding relative non-membership

strength. Hence, a strong Pythagorean fuzzy edge simultaneously possesses sufficiently high
membership strength and sufficiently low non-membership strength.

Definition 6.13[9] Let & = (V, &, M, V') be a Pythagorean fuzzy multigraph. Suppose that
two Pythagorean fuzzy edges uo and »~s intersect at a point ¢, where the corresponding edge
membership and non-membership values are (1), vy (uo),; and wy (778) 4, Var (7°8)
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respectively, for fixed 4, £ € {1,2, ..., p}. The intersection value at the point ¢, denoted by
Js(c) = (3,(0), 7, (0)) is defined as

(o) + i (7)Y (o), + vy (8)
g(g(C) - 2 ) 2

Here, J,(c) and J,(c)represent the membership and non-membership components of the
intersection point, respectively. The intersection value provides a measure of the uncertainty
associated with the crossing of two Pythagorean fuzzy edges. In particular, an increase in the
number of edge-intersection points generally indicates a more complicated geometric
representation and hence a reduction in the planarity of the corresponding Pythagorean fuzzy
graph.

Definition 6.14[9] Let ® = (V,&, M, V') be a Pythagorean fuzzy multigraph and suppose
that ¢4, ¢, ..., ¢, are the intersection points produced by the geometric representation of its
edges. Let Ig(c;) = (Jﬂ(ci),ﬂv(ci)),i = 1,2, ..., g. The Pythagorean fuzzy planarity value of
® denoted by P(6®) = (£,(6), R, (6)) is defined as

1 1
PO = (1 +27, () 1+ Z‘f:lj"(ci))

Thus, 0 < #,(6) < 1,0 <P,(6) < 1. If the geometric representation of & contains no
intersection points, then g = 0, and consequently, P(®) = (1,1). Hence, the value (1,1)
represents the maximum Pythagorean fuzzy planarity value, corresponding to a crossing-free
geometric representation of the underlying graph. As the number and accumulated
uncertainty of intersection points increase, the corresponding planarity values decrease.

Definition 6.15[9] Let & = (V,E, M, N) be a Pythagorean fuzzy planar graph with
Pythagorean fuzzy planarity value P(®) = (?M((S),?V(CS)). The graph ® is called a strong

Pythagorean fuzzy planar graph if its planarity value satisfies %,(®) > 0.5 and 7,(6) <
0.86. Thus, a Pythagorean fuzzy planar graph is considered strong when its membership
component of planarity exceeds 0.5, while its non-membership component remains below
0.86. These conditions indicate that the geometric representation of the graph possesses a
relatively high degree of Pythagorean fuzzy planarity with comparatively low non-planarity.

Definition 6.16[9] Let ® = (V, €, M, V') be a Pythagorean fuzzy graph and let uo € € be an
edge with membership degree u, (uv) and non-membership degree v, (uv). Let € be a
rational number satisfying 0 < € < 0.5. The edge uv is called a considerable Pythagorean
fuzzy edge if

v (up) > a Vv (up)
min{uar (W), unr ()} max{vyr (), var (0)} —
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If an edge does not satisfy both of the above conditions, it is called a nonconsiderable
Pythagorean fuzzy edge.

For a Pythagorean fuzzy multigraph, a multiedge uv is called considerable if its strength
components satisfy §,(un); = € and S, (uv); < €, for every 7 = 1,2, ..., p, where §, (uv),
and S, (uv),; denote the membership and non-membership strength components of the 7 —th
multiedge, respectively. This definition provides a threshold-based criterion for
distinguishing edges that contribute significantly to the Pythagorean fuzzy structure from
those having comparatively weaker influence.

Definition 6.17[9] Let & = (V,E, M, V') be a Pythagorean fuzzy planar graph having
planarity value (1,1). Let £z < £ be the collection of edges forming a bounded region in a
planar representation of ®. The region enclosed by the edges in £ is called a Pythagorean
fuzzy face of 6.

The membership value of the Pythagorean fuzzy face F, denoted by py(F) is defined as

pav (un);

min{uar (), (0)} uv € Er, 7 = 1,2, ...,p},

uy(F) = min{

and its non-membership value, denoted by v#(F) is defined as

% (un),-
max{var (1), var(v)}

vg.-(T)=max{ up € E5 ,f = 1,2,...,;9}.

Hence, the Pythagorean fuzzy face can be represented by F = (ur(F),v£(F)). The
membership value reflects the minimum relative membership strength among the edges
bounding the face, whereas the non-membership value represents the maximum relative non-
membership strength of those edges.

Definition 6.18[9] Let F be a Pythagorean fuzzy face of ®, with membership value uz(F)
and non-membership value vz (F). The face F is called a strong Pythagorean fuzzy face if
ur(F) = 0.5 and v (F) < 0.5. Otherwise, F is called a weak Pythagorean fuzzy face.

Furthermore, in the planar representation of a Pythagorean fuzzy planar graph, the unbounded
region is called the outer Pythagorean fuzzy face, while every bounded region is called an
inner Pythagorean fuzzy face.

Definition 6.19[9] Let & = (V, &, M, V') be a Pythagorean fuzzy planar graph with a planar
representation having planarity value (1,1). Let F,,F,,...,F, be the strong Pythagorean
fuzzy faces of ®. The Pythagorean fuzzy dual graph of G denoted by &* = (V*, £, M, N'™)
is constructed by associating a dual vertex v; € V* with each strong Pythagorean fuzzy face
F;, for i = 1,2, ..., £.The membership and non-membership values of the dual vertex o; are
determined from the edges surrounding the corresponding face F;. Specifically,

e+ (07) = max{uy (uv),;: uv is incident with F;, 7 = 1,2, ..., p}

and
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Ve (07) = min{vy (uv),: uv is incident with F;, 7 = 1,2, ..., p}

Two dual vertices o; and v; are joined by a dual edge whenever the corresponding faces
Fiyand F; have a common edge in ®. If two faces share more than one edge, the
corresponding dual vertices may be connected by multiple dual edges. Suppose F; and F;
have g common edges, €4, €, ..., e,. Then the membership and non-membership values of
the corresponding dual edges are inherited from the common edges. For the 8 —th common
edge, the dual edge o;v} has p3-(0;v}) = uy(es) and viy-(vjv}) = vir(es), s = 1,2, ..., 4.

Thus, the Pythagorean fuzzy dual graph preserves the adjacency relationships between the
strong Pythagorean fuzzy faces of ®, while transferring the corresponding fuzzy information
from the original graph to its dual structure. Under an appropriate planar representation, the
dual graph admits a crossing-free representation and consequently has Pythagorean fuzzy
planarity value (1,1).

7 Pythagorean fuzzy Outerplanar Graphs

In this section, introduced the concept of Pythagorean fuzzy outerplanar graphs, which extend
the classical notion of outerplanarity to graphs with Pythagorean fuzzy values. The focus is on
defining the graph structure and understanding its properties in the context of Pythagorean
fuzziness.

Definition 7.1 A Pythagorean fuzzy outerplanar graph (PFOG) is a Pythagorean fuzzy graph
® = (V, &, M, V) that admits a planar embedding satisfied the following conditions:

1. All vertices of ® lie on the boundary of the outer face.
2. Each vertex v € V, the Pythagorean fuzzy information is given by (,uM(n),vM(n))
and it satisfies

0 < pae(0) +vi(v) <1
3. Each edge e = up € £ the Pythagorean fuzzy information is given by

0 < pi-(uv) +vi- () < 1

4. where py (uv) < min{uys (w), upr(0)} and vy (un) = max{vy,(u), vy, (0)}.
5. No two edges cross in the planar embedding.

Let (®) represent the number of vertices in a planar embedding that do not depend on the
boundary of the outer region. Therefore, (®) = 0 for a Pythagorean fuzzy outerplanar graph.

The graphs given in Fig. 1 and Fig. 2 are examples of Pythagorean fuzzy outerplanar graphs.
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03 (0.7, 0.3)

(0.3,0.7)

0, (0.5,0.1) (0.2, 0.6)

v, (0.3, 0.6)

(0.2,0.4)
(0.2,0.3)

vs (0.4, 0.2)

(0.3,0.4)

v, (0.5, 0.2)

Figure 1. Pythagorean fuzzy outerplanar graph with cycle

v, (0.5,0.3)

(0.3,0.5) (0.3,0.6)

(0.3,0.7)

v, (0.4,0.1)

(0.4,0.7)

‘ g (0.3, 0.4)
5 (0.7,0.2)

Figure 2. Pythagorean fuzzy outerplanar graph without cycle

Definition 7.2 A Pythagorean fuzzy non-outerplanar graph (PFNOG) is a Pythagorean fuzzy
graph & = (V, €, M, V') that admits a planar embedding satisfied the following conditions:

1. All vertices of ® does not lie on the boundary of the outer face.
2. Each vertex v € V, the Pythagorean fuzzy information is given by (,uM(n),vM(n))
and it satisfies

0 < uic(0) +vi(v) <1

3. Each edge e = up € £ the Pythagorean fuzzy information is given by

0 < ub-(up) + v (un) < 1

4. where py (uv) < min{uys (w), upr(0)} and vy (un) = max{vy,(u), vy, (v)}.
5. The graph admits a planar embedding in which at least one vertex lies in the interior
of the embedding, that is not all vertices lie on the boundary of the outer face.

Let 2(®) denote the number of vertices in a planar embedding of ® that do not lie on the
boundary of the outer face. Then <(®) # 0 for a Pythagorean fuzzy non- outerplanar graph.
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The graphs given in Fig. 3 and Fig. 4 are examples of Pythagorean fuzzy non outerplanar
graphs.

v, (05,0.2) 02,05) v, (0.3,0.4)

(0.4,0.7)

(0.2,0.6) (0.2,0.5)

(0.6, 0.8)

v; (0.5, 0.6) (0.3,06) v, (0.6, 0.5)

Figure 3. Pythagorean fuzzy graph %,

(0.4,0.7)

v, (0.5, 0.2) (0.2,0.5) v, (0.3,0.4)

(0.2,0.5)

(0.2,0.5)

05 (04, 0.5) (0.3,0.6) 4 (0.7, 0.5)

Figure 4. Pythagorean fuzzy planar embedding of %,

7.1 Characterization of Pythagorean fuzzy Outerplanar Graphs

In this section, we explore the defining theorems and example criteria that characterize
Pythagorean fuzzy outerplanar graphs.

Definition 7.1.1 Let & = (V,&, M, V') be a Pythagorean fuzzy graph where the vertex
Pythagorean fuzzy function is M:V - [0,1] X [0,1], M (v) = (uM(n),vM(n)) with
0 < uZ,(v) +v4:(v) < 1,Vv € V; the edge Pythagorean fuzzy function is N:& - [0,1] X
[0,1], N (up) = (up(u0),vpr(uv))  with 0 < p3-(uv) +v4(uv) < 1,Vun € € and
admissibility:  un (un) < min{uy, (W), upr(0)} and vy (uv) = max{vy, (1), vy (v)}. Let
uo € £ A Pythagorean fuzzy subdivision of the edge uv is a Pythagorean fuzzy graph
&' = W', &, M, N )obtained by deleting the edge uv and introducing a new vertex w ¢ V
and the two edges uw and wo. V' =V U {w}, £’ = (E\{uv}) U {uw, wo}.

Define M (w) = (uy (w), vy, (w)) by arithmetic mean component wise:
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tar (1) + pae (0) _ () + vy (o)
2 Var (@) = 2

He (W) =

0 < usp(w) +vi(w)<1
For all original vertices x € V, M’ (x) = M (x).
For edge uw, choose V' (uw) = (pyr (uw), vy (uw)) such that
paer (uw) < min{(uyer (W), e (W) }
Ve (um) > max{(vaer (), Ve (w)) }

and
0 < ub(uw) + vy (uw) < 1

For edge wv, choose V' (wv) = (uy (wo), vy (wo)) such that
trr (o) < min{(pyer (w), per (0)) 3

V' (wp) = max{(vye (), vy (0)) }

and
0< ,ujzw(mn) + vﬁf,(mn) <1

For all original edges xy € E{un}, N''(xy) = N (xy).

Theorem 7.1.1 A Pythagorean fuzzy graph ® = (V,E, M, V') is Pythagorean fuzzy outer
planar if and only if it contains no Pythagorean fuzzy subgraph homomorphic from X, or
Ky3.

Proof. It is known that X, or X, are not Pythagorean fuzzy outerplanar. Thus, no
Pythagorean fuzzy graph having a Pythagorean fuzzy subgraph homomorphic from X, or X, 3
is Pythagorean fuzzy outerplanar graphs shown in the Figs. 5 and 6.

v, (0.5,0.1) ©.1,06) v, (0.2, 0.6)

(0.1.0.3) (0.2, 0.6

(0.2, 0.6)

v3 (0.3, 0.6)
Figure.5. Pythagore%?’nof%zzy graph ¥,
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vy (0.2,0.4)

(0.4,0.7)

(0.1, 0.4)

v, (0.3,0.3)

‘%maon v, (0.5,0.7)

(0.3,0.5) (0.4,0.7)

(0.3,0.5)

15(0.7, 0.5)

Figure.6. Pythagorean fuzzy graph X, 3

Conversely, suppose ® is a Pythagorean fuzzy graph containing no Pythagorean fuzzy
subgraph homomorphic from X, or X, 3. By kuratowski’s theorem, ® is planar. Assume ® is
not Pythagorean fuzzy outerplanar graph. Thus, without loss of generality, we assume that &
is a cyclic block which is not Pythagorean fuzzy outerplanar graph. Further we assume that ®
is so embedded in the Pythagorean fuzzy plane that the exterior region contains maximum
number of vertices.

The exterior region is bounded by a cycle C. Since not all vertices of ®, lie on C, there are
one or more vertices lying interior to C.

v, (0.2 0.4)

v, (0.5,0.1) (0.1,0 .6) v, (0.2, 0.6)

(0.2,0.4)

v, (03,0.3) v, (0.5,0.7)

(0.2,0.6) (0.1, 0.6)

0.3,0.5) 0.4,0.7)

v3 (0.3, 0.6) 05 (0.7,0.5)

Figure.7. Pythagorean fuzzy outerplanar graphs

If there exist a vertex 5 interior on C and three mutually disjoint paths between o5 and three
distinct vertices of C, then ® contains Pythagorean fuzzy subgraph homomorphic from %,.

Otherwise, since ® is a cyclic block, there must exists a vertex v; and two disjoint paths
between v; and two disjoint vertices v, and vz on C.

Moreover, from the above choice of C, the edge v;v5 does not belong to €. This implies &
contains a Pythagorean fuzzy subgraph homomorphic from X, ;. This is a contradiction.
Therefore, Fig.7 ® is a Pythagorean fuzzy outerplanar graph. This completes the proof.
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Theorem 7.1.2 If ® is a connected Pythagorean fuzzy outerplanar graph, then it has a
Pythagorean fuzzy dual ®* there exist a vertex o such that ®* — o contains no Pythagorean
fuzzy cycle.

(0.1, 0.45)

(0.1,0.2) Fs
(0.2,0.45)
(0.2, 0.45)
.G
(@) ). &
0.1,02
° 0102 °
7 7,
©.6"— v

Figure 8. (a)-(c) Example for Pythagorean fuzzy outerplanar graph ® has Pythagorean fuzzy
dual graph &* then there exist o such that * — v contains no Pythagorean fuzzy cycle.

Proof. Let ® = (V, &, M, V') be a connected Pythagorean fuzzy outerplanar graph. Therefore,
Er € & be the collection of edges forming a bounded region in a planar representation of
G.The region enclosed by the edges in £ is called a Pythagorean fuzzy face of G.

The membership value of the Pythagorean fuzzy face F, denoted by ur(F) is defined as

uy (uv); . -
min{un (w),une ()} Uy € 89: = 1'2; ---1%};

y (F) = min {
and its non-membership value, denoted by v (F) is defined as

% (uv)f
max{var (), var ()}

ve(F) = max{ cuv € Er,7 =12, ...,49}.

Hence, the Pythagorean fuzzy face can be represented by F = (ur(F), v (F)).

When the Pythagorean fuzzy graph divided into regions with Pythagorean fuzzy face and
values, it becomes very easy to Pythagorean fuzzy dual graph ®* such that each face of ®
corresponds to a vertex and each edge of ® corresponds to edge in &* = (V',A',B’).
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Consequently, the Pythagorean fuzzy dual graph &* exists for the Pythagorean fuzzy
outerplanar graph.

Since ® is Pythagorean fuzzy outerplanar graph. It is outer face is a Pythagorean fuzzy cycle.
Therefore, the graph &* — v that results from deleting the vertex v from ®*, the resulting
graph &* — v contains no Pythagorean fuzzy cycle.

Example 7.1.1 Consider the Pythagorean fuzzy outerplanar graph & = (V,&,M,N)
illustrated in the Figure. 8(a). If the dotted lines in figure. 8(b) are superimposed Pythagorean
fuzzy dual graph of &* and separated diagram. The membership value is given in the Table 2.
Then the Pythagorean fuzzy faces (uz(Fy),ve(F1)) = (0.3333,0.9), (ur(F2), v (Fy)) =
(0.3333,0.9), (ur(F3),ve(F3)) = (0.3333,0.9). Each  Pythagorean fuzzy face of ®
corresponds to a vertex and each edge of ® corresponds to edge in &* = (V', &', M',N")
Then v exists in such a way that ®* — o contains no Pythagorean fuzzy cycle.

Table 2. Calculation of Pythagorean fuzzy faces

S.NoPythagorean |[Membership Non-membership
fuzzy Faces  |(uz(F,) (ve(Fy)

1. |(ue(F,ve(Fy 0.3333 0.9

2. |(ug(F),ve(F 0.3333 0.9

3. (ug(F3),ve(F4 0.3333 0.9

Definition 7.3 A Pythagorean fuzzy outerplanar graph & is maximal Pythagorean fuzzy
outerplanar if it is outerplanar and the addition of any edge (satisfying Pythagorean fuzzy
membership constraints) destroys its outerplanarity.

The Pythagorean fuzzy graph given in Fig.9 are examples of Pythagorean fuzzy maximal
outerplanar graphs.

v, (03,06) (0206 2 (0402

N2 04

n, (0.5,0.3)

0304

0.1,0.5) (0.1,0.4)

6 (0.2, 0.5) 0.2,05) v (0.3, 0.4)

Figure 9. Pythagorean fuzzy maximal outerplanar graph

Definition 7.4 A Pythagorean fuzzy planar graph ® is said to be minimally Pythagorean fuzzy
non-outerplanar if i(®) # 0 and there exists at most one vertex » € V(®) lying in the
interior of the planar embedding such that V(v) > 0.
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The graphs given in Fig.11 and Fig.12 are examples of minimally Pythagorean fuzzy non-
outerplanar graphs.

v, (0.3,0.1)

v, (0.3,0.4) 0.2.05) 5 (0.4,0.2)

Figure 11. Pythagorean fuzzy graph ¥,

v (0.3, 0.5)

(0.1, 0.5)
(0.2,0.5)

v, (0.4,0.3)

v, (0.3,0.1) @®0v; (0.5,0.3)

(0.3,0.6)
(0.2,0.6)

15(0.4, 0.6)

Figure 12. Pythagorean fuzzy graph X, 3

8 Vertex Deletion Pythagorean fuzzy Outerplanar Subgraphs

In this section, the subgraph formed by deleting specific vertices from the Pythagorean fuzzy,
while also defining Pythagorean fuzzy outerplanar graphs and offering relevant illustrations.

Definition 8.1 Let ® be a Pythagorean fuzzy planar graph. If ®'is a Pythagorean fuzzy
subgraph obtained from & by deleting a vertex (and all edges incident to it) such that
®’ admits an outerplanar embedding, then ®' is called a vertex-deleted Pythagorean fuzzy
outerplanar subgraph of ®

Example 8.1 Let us consider the Pythagorean fuzzy graph & = (V, &, M, V")shown in figure
13(a). The set of Pythagorean fuzzy vertices in ® is V = {v;, 05, 03, 04, bs, 0} and their

membership values of these are as follows: V is pu(v;) = 0.4,v5(01) = 0.2, upr (v,) =
0.3, vy (02) = 0.4, uar(v3) = 0.4, vy (03) = 0.5, e ( 04) = 0.2,V (04) = 0.5, iy (05) =
0.2, vy ( vs5) = 0.4, upc( v6) = 0.45,vy( vs) = 0.4 and the Pythagorean fuzzy edges & is

#M(nlJné») = 031 VN(U1'D6) = 04" ‘UM(Dl,D3) = 02! VN(DI'DS) = 05' :uM(DZrD3) =
0.25, Vv (vy,03) = 0.5, ty(0,,05) = 0.1, vy (0,,05) = 0.5, ty(vs,0,) = 0.1,
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vy (05,0,) = 0.5,y (v3,04) = 0.35,

Vi (v3,06) = 0.4, upc(vs,06) = 0.15,

vy (05,06) =

0.4, upr(05,04) = 0.1, vy (vy,04) = 0.5, ipr(v3,04) = 0.1, vy (03,04) = 0.6, (04, 05) =

0.1, v (v4,05) = 0.5, upr (04, 06) = 0.15, vy (v4,04) = 0.5.

5 (0.4, 0.5)

, (0.3, 0.4) (0.25,0.5)

(0.1, 0.5)

(0.1, 0.5)

(0.35, 0.4)

s (0.45, 0.4)

05 (0.2,04) (0.15, 0.4)

(a). ®

5 (0.4, 0.5)

v, (0.3, 0.4) (0.25, 0.5)

0.1,05 / (0.1,05)

(0.35, 0.4)

v5 (0.2,0.4) (0.15, 0.4)

(b). 6,

3 (0.4,0.5)

v, (0.3,0.4) (0.25, 0.5)

(0.1,0.5)

(0.1,0.5)

(0.35, 0.4)

5 (0.2, 0.4)

(0.15, 0.4)

(©)- ©,

0, (0.4,0.2)

v, (0.4,0.2)

Figure 13: (a). Pythagorean fuzzy graph (b). Vertex deleted Pythagorean fuzzy subgraph &

(c). Vertex deletion Pythagorean fuzzy outerplanar subgraph

The edges uyr (v, 9¢), Var(02,06) and (04, 05), v (04, vg)intersect in the Pythagorean

fuzzy graph ®. Let us define two subsets of the vertex set V as
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X = {(0,(04,0.2)} and Y = {0,(0.2,0.5)}

The Pythagorean fuzzy subgraph & — X, denoted by ®&,, is illustrated in Fig. 13(b).
Similarly, the Pythagorean fuzzy subgraph ® — Y, denoted by ®, , is shown in Fig. 13(c). It is
observed that the Pythagorean fuzzy subgraph &, is a vertex-deleted Pythagorean fuzzy
subgraph, whereas ®, is a vertex-deleted Pythagorean fuzzy outerplanar subgraph of ®.

Note 8.1 It is not necessary for the vertex deletion Pythagorean fuzzy subgraph of & to be the
vertex deletion Pythagorean fuzzy outerplanar subgraph of ®. The Pythagorean fuzzy graphs
in Figs 13(b) and 13(c) allow for the observation of this.

Theorem 8.1 A Pythagorean fuzzy outerplanar graph ® always has a vertex deleted
Pythagorean fuzzy outerplanar subgraph that is also a vertex deleted Pythagorean fuzzy
subgraph of 6.

Proof. Let the Pythagorean fuzzy outerplanar graph be ® and H be the vertex deleted
Pythagorean fuzzy subgraph of ®. The vertices of the Pythagorean fuzzy graph ® will all be in
the outer region since it is outerplanar. As a result, the Pythagorean fuzzy subgraph that was
created by deleting vertices still has outerplanarity. Any vertex deleted Pythagorean fuzzy
subgraph in ® is therefore a vertex deletion Pythagorean fuzzy outerplanar subgraph of .

Theorem 8.2 Let ® be a Pythagorean fuzzy outerplanar graph which is connected and let W
be a subset of its vertices, such that W < V. The Pythagorean fuzzy outerplanar subgraph of
® with a vertex deleted is &' = ® \W. Its Pythagorean fuzzy dual graph is ® "

020N N2

Figure 14(a). Pythagorean fuzzy outerplanar graph
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Fy

(0-30, 0.30)

(0.10, 0.3)

(0.10, 0.30)

Fi

7, (0.4, 0.45)

Figure 14(b). Pythagorean fuzzy dual graph

Figure 14(a), (b). Example for vertex deletion Pythagorean fuzzy outerplanar subgraph and
its Pythagorean fuzzy dual graph.

Proof. Let us consider a connected Pythagorean fuzzy outerplanar subgraph &. Therefore,
Er € &€ be the collection of edges forming a bounded region in a planar representation of
G.The region enclosed by the edges in £ is called a Pythagorean fuzzy face of G.

The membership value of the Pythagorean fuzzy face F, denoted by u(F) is defined as

v (uv);
min{pye (w), 1 (v)}

ur(F) = min{ uv € Ex,7 =12, ...,go},

and its non-membership value, denoted by v (F) is defined as

ve(F) = max{ vl uv € Ex,5 =12, ---,}9}-

max{var(u),var ()}
Hence, the Pythagorean fuzzy face can be represented by F = (uz(F), vz (F)).

Using the fact that each Pythagorean fuzzy graph with planarity value as 1 has Pythagorean
fuzzy dual graph, & — W has a Pythagorean fuzzy dual graph ®". Consequently, the
Pythagorean fuzzy dual graph exists for the vertex deleted Pythagorean fuzzy outerplanar
subgraph of 6.

Example 8.2 From Theorem 8.2, it is evident that the Pythagorean fuzzy subgraph ®" is the
vertex deletion Pythagorean fuzzy outerplanar subgraph of ®. The dotted lines represent the
superimposed Pythagorean fuzzy dual graph of &" in Figure 14(b). The Pythagorean fuzzy
dual graph is associated with Pythagorean fuzzy face values, with all Pythagorean fuzzy faces
having membership values is given in the Table 3. Then the Pythagorean fuzzy faces
(ur (F1), v¢(F1)) = (0.50,0.75), (ur (F2), v#(F2)) = (0.50,0.80), (ur(F3),ve(F3)) =
(0.50,0.80) and (up(F,),v¢(F,)) = (0.50,0.80). Therefore, the vertex deletion
Pythagorean fuzzy outerplanar subgraph &' indeed possesses a Pythagorean fuzzy dual graph.

Table 3. Calculation of Pythagorean fuzzy faces
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S.N| Pythagorean fuzzy | Membership (us(F;) Non-membership
0 Faces (ve(F,)

L | (ue(FD),ve(F)) 0.50 0.75

2. | (ue(F),ve(F)) 0.50 0.80

B. | (ur(F3),ve(F3)) 0.50 0.80

A | (ur(Fa), ve(Fy)) 0.50 0.80

Definition 8.2 Let ® = (V, &, M, V') be a Pythagorean fuzzy graph (PFG), where each vertex
x € V has Pythagorean fuzzy membership 0 < p3;(x) + v3;(x) < 1 and each edge uv € £
has Pythagorean fuzzy membership (pac(up),vac(un)). Let uo € € be an edge. A
Pythagorean fuzzy edge contraction of ® with respect to the edge uv. Introduce a new vertex
w (the subdivision vertex) and define V' =V U {w}\®@. Replace the edge uv by two edges
uw and wo: & = (E\{uv}) U {uw, wo}. Assign to the new vertex w:

oy (w) = min{u,e (1), pae (0)} and vy (w) = max{vye (1), var (0)}.

Set the Pythagorean fuzzy data on edges uw and wo by the same “endpoint-bounding”
principle as in Pythagorean fuzzy graphs:

pay (uw) = min{upe (1), pae (w)} and vy (uw) = max{vae (1), var (w)}.

pav (v) = min{pye (), uac(0)} and vy (wo) = max{vye(w), var(0)}.

So, the new edge values are determined consistently from the original edge uv and the
Pythagorean fuzzy endpoints.

Example 8.3. Let us consider the Pythagorean fuzzy graph ® = (V, €, M, V') shown in figure
15(a). The set of Pythagorean fuzzy vertices in ® is V = {v;,v,,03,0,4,05,0¢} and their
membership values of these are as follows: V is u;( 1) = 0.2, v (1) = 0.4, ppe(0;) =
0.3, vir( v3) = 0.2, upe(03) = 0.5,vp( p3) = 0.5, papr(vy) = 0.2, vy (v,) =

0.4, up(vg) = 0.3,VN( 05) = 0.6, up(vg) = 0.5, VN( n6) = 0.2, ,uM( n7) =

0.85vy(7) = 0.5, ppc(vg) = 0.3, v ( vg) = 0.4, pae( v9) = 0.4, vy ( 1) =

0.5, pup(v10) = 0.4,v5(v,9) = 0.5 and the Pythagorean fuzzy edges € is u(v4,0,) = 0.1,
Vi (01,02) = 0.2, ppr(02,03) = 0.2, vy (vz,03) = 0.5, upe(vg,04) = 0.15, vy (03,04) =
0.5, pup(04,05) = 0.15, Vi (04,05) = 0.6, upr(vg,06) = 0.25,
Vi (0s,06) = 0.6, ppr(06,07) = 0.25, vy (vg,07) = 0.5, upe(07,08) = 0.1, vy (v7,08) =
0.5, pac(0g,01) = 0.2, vy (0g,01) = 0.4, pipr(01,09) = 0.1, vy (v1,09) = 0.5, ppr(02,09) =
0.1, Var(02,09) = 0.5, pipr(02,010) = 0.2, Vv (02,019) = 0.5, par(03,019) = 0.1,
Vi (v3,010) = 0.5, pipr (g, 09) = 0.2, vy (vg,09) = 0.5, upr(v9,019) = 0.1, vy (09, 010) =
0.5, ppr(v19,04) = 0.2, Var (010,04) = 0.5, ppr(07,09) = 0.3,
Vi (07,09) = 0.5, tar (06,09) = 0.1, vy (vg,09) = 0.5, ppe(06,010) = 0.3, Vi (06,010) =
0.5, up(vs,010) = 0.2,v5(vs5,0,0) = 0.6.
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vy (0.2,0.4) (0.1,0.5) 02 (03,0.2) (0.2,05) D3 (0.5,0.5)

(0.1,0.5) (0.15, 0.5)

(0.2,0.4)

(0.1,0.5) (0.1,05)

(0.2,0.5)

(0.2,0.5) 0,4 (0.2,0.4)

vg (0.3, 0.4)

(0.15, 0.6)

01,05 (0.3,0.5)

15 (0.3, 0.6)

0; (05,05) (02505 5%  (0.25,06)

Figure 15(a). Pythagorean fuzzy graph

03,02
0,(02,04) (0.1,05) o2 ) ©2,05) 03 (0.5, 0.5)
— @

(0.2,0.5)

(0.15, 0.5)

(0.2,0.5)

(0.2,0.4)
v, (0.2,0.4)

6y010 (0.2, 0.5)

1g (0.3, 0.4) (0.2.0.5)

(0.2.0.5

(0.1,0.5)

(0.2, 0.5)

,02)(0:25,06) 5 (0.3,0.6)

07 (0.5,05)  (0.25, 0.5) 26 (0.
Figure 15(b). Pythagorean fuzzy edge contraction

(01, 05) (02Y 05) D3 (05, 05)

v, (0.3, 0.2)

v, (0.2,0.4)
(0.15, 0.5)

(0.1,0.5)

16 (0.5,0.2)

v, (05,05)  (0.25,0.5) (025,06)

Figure 15(c). Vertex deleted Pythagorean fuzzy outerplanar graph
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Let ® be the Pythagorean fuzzy graph. then the edge contracted Pythagorean fuzzy graph,
denoted as ®\vgp;, derived from the Pythagorean fuzzy graph ® = (V,&, M, N') by

LAy {m}], where

{vg,010}

) = (Unr, V) (®) for all vertices x € V. The membership value of & /040,

contracting the edge vgvqy. In this Fig.15(b) the vertex set V' = {

(Upes vv) ( >

DgD10
remains the same in ® for all vertices x € V, and the membership value of w is calculated
by

(un) o (x) = min{uyr(09), upr(010)}3} Vi) 6 (xg) = max{vy,(v9), var(010)}}

DgD10 DgD10
The adjacency between two vertices x and ¢ in ® /vy, is determined by Definition (8.2)

conditions.

The edge contracted Pythagorean fuzzy graph ®\vgp,,, represented as ®; can be seen in
Fig.15(b). Similarly, the Pythagorean fuzzy graph &, —V represented as &, is shown in
Fig.15(c). It can be noted that, is categorized as a vertex deletion Pythagorean fuzzy
outerplanar graph.

9 Maximal and Maximum Vertex Deletion Pythagorean fuzzy Outerplanar Subgraphs

In this section, defined the concepts of maximum and maximal vertex deletion Pythagorean
fuzzy outerplanar subgraphs and explores the relationship between these two notions with
appropriate examples.

Definition 9.1 If &' = (V', &', M', V") is the vertex deletion Pythagorean fuzzy outerplanar
subgraph of ® such that there is no other vertex deleted Pythagorean fuzzy outerplanar
subgraph of ® with maximum order and size compared to the Pythagorean fuzzy subgraph &',
then ®' is said to be the maximum vertex deleted Pythagorean fuzzy fuzzy outerplanar
subgraph of ®.

Note 9.1 Let truth and falsity order O’ = (Oj, O3), 0" = (Ojr, Oy) and truth and falsity size
S =Sy, S3), 8" = (S, Sy)  of the vertex deleted Pythagorean fuzzy outerplanar
subgraphs ®' and & of ® be 03, > Oyrthen |0y:| > |Oyland Sy, > Syrthen |Sy| > Syl
respectively. The Pythagorean fuzzy subgraph &' is said to be maximum vertex deleted
Pythagorean fuzzy outerplanar subgraph of & if (O, Sp)> (Opp, Sar) and (O, Sp)>
(O, Sx) . Suppose two vertices deleted Pythagorean fuzzy outerplanar subgraphs ®; and ®,
are obtained in the Pythagorean fuzzy graph ®. If ®,; # ®, but the order and size of two
Pythagorean fuzzy subgraphs are equal (i.e.), (O, Sa)= (O, Sar)  and (O, Sp)>
(O, Sy ).then the two Pythagorean fuzzy subgraphs are maximum vertex deleted Pythagorean
fuzzy outerplanar subgraph of G.

Example 9.1 Let us consider the Pythagorean fuzzy graph ®& = (V,&, M, ')  shown in
figure 16. The set of Pythagorean fuzzy vertices in ® is V = {v,,0,,03,0,4, 05,04} and their

membership values of these are as follows: V is pu(0;) = 0.25, vy (0;)=0.30,
tac(02) =035, vy (o) =050, ppe( v3) =040, vy( v3) =050, pp( vy)=
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0.15,v5( vy) = 0.10, ppe( v5) =0.15, vpr( v5) = 0.10, pap( vg) = 0.45, vy ( vg) =
0.50 and the Pythagorean fuzzy edges € is pr(vq,0,) = 0.10,

vy (01,0,) = 0.50, up(0q,04) = 0.10,
Vi (05,06) = 0.50, pp(v4,06) = 0.10,
vy (05, 06) = 0.39, upr(vq,05) = 0.15,
Vv (9,,03) = 0.60, uy(v3,0,) = 0.20,
Vi (04,05) = 0.30.

(0.10,0.35)

05(0.15, 0.10

(0.10, 0.30)

1, (0.30, 0.20)

(0.10, 0.39)

(0.20, 0.50)

Vi (01,06) = 0.20, uypr(0,,04) = 0.20,
Vi (04,06) = 0.50, uype(vs,06) = 0.10,
vy (01,05) = 0.35, upr(v,,03) = 0.10,
v (v3,04) = 0.50, ppe(v4,05) = 0.10,

v, (0.25, 0.30)

(0.10, 0.50)

1, (0.35, 0.50)

(0.10, 0.60)

1 (0.40, 0.50)

Figure 16. Pythagorean fuzzy graph

(0.10,0.35)

05(0.15, 0.10

(0.10, 0.30)

v, (0.30, 0.20)

v, (0.25, 0.30)

(0.10, 0.20)

14(0.45, 0.50)

1 (0.40, 0.50)

Figure 16 (a). ® — W,
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(0.10,0.35)

v, (0.25, 0.30)

05(0.15, 0.10 (0.10, 0.50)

(0.10, 0.30)

v, (0.30, 0.20)
(0.20, 0.50)

. 3 (0.40, 0.50)
Figure 16 (b). éﬁ - W

v, (0.25, 0.30)

(0.10, 0.50)

4(0.45, 0.50)

14 (0.30, 0.20)
(0.20, 0.50)

0 (0.40, 0.50)

Figure 16 (c). ® — Wq

(0.10,0.35)

v, (0.25, 0.30)

05(0.15, 0.10 (0.10, 0.50)

(0.10, 0.39)

(0.10, 0.30)
04(0.45, 0.50)

v, (0.30, 0.20)

Figure 16 (d). ® — W;

1, (0.35, 0.50)

(0.10, 0.60)

v, (0.35, 0.50)

(0.10, 0.60)

v, (0.35, 0.50)
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5(0.15, 0.10 (0.10, 0.50)

(0.10, 0.39)
v, (0.35, 0.50)

(0.10, 0.30)
4(0.45, 0.50)

(0.10, 0.60)

v, (0.30, 0.20)
(0.20, 0.50)
15 (0.40, 0.50)

Figure 16 (). ® — W,

(0.10,0.35)

v, (0.25, 0.30)

05(0.15, 0.10 (0.10, 0.50)

(0.10, 0.39)
1, (0.35, 0.50)

4(0.45, 0.50)

(0.10, 0.60)

1 (0.40, 0.50)

Figure. 16 (f). ® — W,
Figure 16(a)-16(f). Maximum vertex deletion Pythagorean fuzzy outerplanar subgraph

Table 4. Calculation of order and size of these vertex deletion Pythagorean fuzzy outerplanar

subgraphs
Subset Vertex deleted| Membership Non-Membership Membership Non-Membership
Pythagorean Order Order Size Size
fuzzy 03 (6) Ox () Spe(®) Sx (®)
outerplanar
subgraph

W, =0, (0.35, 0.50) ®&-w, 1.55 1.60 0.65 2.19
Wes = 14(0.45, 0.50) ®— W, 1.45 1.60 0.65 2.14
Ws = 05(0.15, 0.10) ® — Wy 1.75 2.00 0.80 2.80
(W; = 03 (0.40, 0.50) 6 —-W; 1.50 1.60 0.75 2.74
W, =14(0.25, 0.30) & - 1.65 1.80 0.25 2.79
W, = 14(0.30, 0.20) &-w, 1.60 1.90 0.75 2.54
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The vertex deleted of Pythagorean fuzzy outerplanar subgraphs of ® are shown in Fig. 16(a)-
(f). From the Table 4 note that Fig. 16(e) is the maximum vertex deleted Pythagorean fuzzy
outerplanar subgraph of ©®.

Theorem 9.1 The Pythagorean fuzzy outerplanar subgraph of maximum vertex deletion has a
Pythagorean fuzzy dual graph, but the converse need not be true.

Proof. we can easily conclude that maximum vertex deletion Pythagorean fuzzy outerplanar
subgraph has a Pythagorean fuzzy dual and that the converse need not be true based on the
proof of Theorem 8.2.

Definition 9.2 The maximal vertex deletion Pythagorean fuzzy outerplanar subgraph of &’ is
® . This is because if a vertex deletion Pythagorean fuzzy outerplanar subgraph &' =
v, &, M, N)induced on ® and all other Pythagorean fuzzy subgraphs of & induced by the
vertex set V"' = V' U { o} (where v € V\V") does not satisfy the outerplanarity property.

Theorem 9.2 The Pythagorean fuzzy outerplanar subgraph of each maximum vertex deletion
is the maximal vertex deletion Pythagorean fuzzy outerplanar subgraph of .

Proof. Let ®' denote the maximum Pythagorean fuzzy outerplanar subgraph of ® resulting
from vertex deletion. A subset W = @ € P exists, in which some of the ® vertices have been

deleted. Choose a vertex u inW, and consider & = &' U {u} where " ={x eV'uU
{u}
(t3(w0),F3(w0))
outerplanar subgraph, adding any of the vertex’s results u in Fg # 1. Hence, &' is the
maximal induced vertex elimination Pythagorean fuzzy outerplanar subgraph of . Therefore,
every maximum induced vertex deleted Pythagorean fuzzy outerplanar graph is a maximal

induced vertex deleted Pythagorean fuzzy outerplanar subgraph of .

+ 0,x,4 € V\W U {u}}. Since & is a maximum induced Pythagorean fuzzy

Theorem 9.3 The answer to Theorem 9.2 is not necessarily true.

Proof. Let ® be the Pythagorean fuzzy graph with Fg # 1 and, G'and " are the vertex
deletion Pythagorean fuzzy outerplanar subgraphs of . Let W;, W, be the subsets of vertex
set V in . W;and W, contains the deleted vertices from ® respectively. Then &' and &' are
said to be maximal Pythagorean fuzzy outerplanar subgraph if " U {u} where u € W, and
®" U {v} where o € W, are Pythagorean fuzzy non outerplanar graph.

Consequently, these Pythagorean fuzzy subgraphs are considered Pythagorean fuzzy
outerplanar subgraphs with maximal vertex deletion of ®. However, since Pythagorean fuzzy
subgraphs can vary in order and size, a vertex deletion Pythagorean fuzzy outerplanar
subgraph is defined as a maximal vertex deletion Pythagorean fuzzy outerplanar subgraph that
has the highest order and size. Thus, either &'or "' qualifies as a maximal vertex deletion
Pythagorean fuzzy outerplanar subgraph, but Pythagorean fuzzy graphs are maximal. As a
result, the Pythagorean fuzzy outerplanar subgraph of any maximal vertex deletion does not
necessarily have to be a maximum vertex deletion Pythagorean fuzzy outerplanar subgraph.
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Note 9.2 Only when both Pythagorean fuzzy subgraphs are maximum vertex deletion
Pythagorean fuzzy outerplanar subgraphs as defined by Note 9.1 are two vertex deletion
Pythagorean fuzzy outerplanar subgraphs maximal.

Example 9.2 Let us consider the Pythagorean fuzzy graph & = (V, &€, M, V') shown in figure
17(a). The set of Pythagorean fuzzy vertices in ® is V = {v;,v,,03,0,4,05,05} and their
membership values of these are as follows: 1% IS
tac( 01) = 0.35,v5(0;) = 0.40, ppr () = 0.45,v5(0;) = 0.50, ppe(v3) =

0.10, vy (03) = 0.50, ppr(04) = 0.20,v5-(0,) = 0.50, ppr(vs5) = 0.15,vy( v5) = 0.40 and
the Pythagorean fuzzy edges € is uy(v1,v5) = 0.10, vy (04, 05) = 0.40, pye(v,,05) = 0.10,

Vi (02,05) = 0.50, ppr(v3,05) = 0.10, Vi (03,05) = 0.50, ppr (04, 05) = 0.10,
Vv (04,05) = 0.50, pypr(0q,0,) = 0.10, Vv (01,02) = 0.50, pypr(vy,03) = 0.20,
Vi (0y,03) = 0.50, pypr(v3,04) = 0.10, Vi (03,04) = 0.50, ppr(vy,01) = 0.20,

VN‘(D4, Ul) = 050

(0.10, 0.50)

vy (0.35, 0.4)

(0.20, 0.50)

{0.20, 0.50)
(0.20, 0.50

(0.20, 0.50)

14(0.2, 0.5) (0.10, 0.50) b3 (0.1, 0.5)

(0.10, 0.50)

Figure 17. Example for maximal vertex deletion Pythagorean fuzzy graph

(0.10, 0.50)

v, (0.35, 0.4) (0.10, 0.50) 0z (045, 0.5)

(0.20, 0.50)

{0.20, 0.50)
(0.20, 0.50)

(0.10, 0.50)

(0.0, 0.50)

Figure 17(a). ® —{v5 (0.15, 0.4)}
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v, (0.35, 0.4)

{0.20, 0.50)

(0.20, 0.50 05(0.15, 0.4)

0.10, 0.50)

(0.10, 0.50) 15 (0.1, 0.5)

(0.10, 0.50)

Figure 17(b). G — {0, (0.45, 0.5)}

(0.10, 0.20)

Dq (0.35, 0.4) (0.10, 020) Dy (0.45, 0.5)

{0.20, 0.50)

(0.20,0.50 15(0.15, 0.4)

14(0.2, 0.5)

Figure 17(c). ® —{v5 (0.1, 0.5)}

v, (0.45, 0.5)

(0.20,0.50) (0.20, 0.58

1,(0.2, 0.5) (0.10, 0.50)

(0.10, 0.50)

Figure 17(d). ® — {v, (0.35, 0.4)}
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(0.10, 0.50)

v, (0.35, 0.4)

(0.20, 0.50)

(0.20, 0.50)

v, (0.1, 0.5)

Figure 17(e). ® —{v, (0.2, 0.5)}
Figure 17(a)-17(e). Maximal vertex deletion Pythagorean fuzzy outerplanar subgraphs

Table 5. Calculation of order and size of these vertex deletion Pythagorean fuzzy outerplanar
subgraphs

Figures \Vertex deleted Membership Non- Membership Non-
Pythagorean fuzzy Order Membership Size Membership
outerplanar subgraph 02 (®) Order Sy (®) Size

Fig.17(a) ® —{vs (0.15, 0.40)} 1.18 1.91 1.10 4.00

Fig.17(b) ® —{v, (0.45, 0.50)} 0.80 1.80 0.90 3.40

Fig.17(c) ® —{v5 (0.10, 0.50)} 1.15 1.80 0.90 2.95

Fig.17(d) % — {0, (0.35, 0.40)} 0.90 1.90 0.80 3.05

Fig.17(e) % — {0, (0.20, 0.50)} 1.05 1.80 0.80 2.95

All the graphs in Fig.17(a)-Fig.17(e) are maximal Pythagorean fuzzy outerplanar subgraph of
®. But Fig. 17(a) is the maximum Pythagorean fuzzy outerplanar subgraph of ® in the Table
5. Then it can be observed that maximal Pythagorean fuzzy outerplanar subgraph need not be
maximum Pythagorean fuzzy outerplanar subgraph of ®.

10 Edge Deletion Pythagorean fuzzy Outerplanar Subgraphs

In this section, discussed the subgraph created by deleting specific edges from the
Pythagorean fuzzy graph, while also defining Pythagorean fuzzy outerplanar graphs and
providing relevant illustrations.

Definition 10.1 If ® is a Pythagorean fuzzy planar graph and ®' is its edge deletion
Pythagorean fuzzy subgraph, then &' is the edge deletion Pythagorean fuzzy outerplanar
subgraph of ® if and only if it preserves a Pythagorean fuzzy outerplanar graph.

Note 10.1 There is no need for an edge deletion Pythagorean fuzzy outerplanar subgraph of ®
to be an edge deletion Pythagorean fuzzy subgraph of ®.
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Theorem 10.1 In a Pythagorean fuzzy outerplanar graph ®, every edge deletion Pythagorean
fuzzy subgraph is always an edge deletion Pythagorean fuzzy outerplanar subgraph of ®.

Proof. Let ® be a Pythagorean fuzzy outerplanar graph and let H be an edge deletion
Pythagorean fuzzy subgraph of ®. Since a Pythagorean fuzzy graph ® is outerplanar, all its
vertices will be in the outer region. Thus, the subgraph obtained by edge deletion still possess
outerplanarity property. Therefore, any edge deleted Pythagorean fuzzy subgraphs in ® are
edge deleted Pythagorean fuzzy outerplanar subgraphs of ®.

Theorem 10.2 Let W be the subset of edges of a connected Pythagorean fuzzy outerplanar
graph such that W c £. If ®'is an edge deletion Pythagorean fuzzy outerplanar subgraph of
® if the resulting graph connects ®' to the Pythagorean fuzzy dual graph.

Proof. By using the same proof as Theorem 10.1 and which is obviously true for the case of
edges.

Example 10.1 Let us consider the Pythagorean fuzzy graph & = (V, &, M,N) shown in
Figure  18(a). The set of Pythagorean  fuzzy  wvertices in ® s
V = {vy,0,,03,0,4, 05,04, D7, Dg, Do} and their membership values of these are as follows: V is

,uM( nl) = 0.2, VN( nl) = 0.1, ,uM( nz) = 0.3,1/N( 02) = 0.2, ,uM( 03) =

0.4, VN( n3) = 0.3, upr(vy) = 0.5,v5(v,) = 0.4, pupc(v5) = 0.6, VN( n5) =

0.5, uac( v6) = 0.4,vp( vs) = 0.6 , tiae(07) = 0.3,vp( ;) =06 , e vg) =
0.5,vp( 1g) = 0.4, upe( v9) = 0.2,v5( pg) = 0.7 and the Pythagorean fuzzy edges & is
pac(01,02) = 0.1, vy (0y,02) = 0.3, ppe(01,04) = 0.1, vy(vy,04) = 0.5, pye(vy,05) =
0.1, vy (0q,05) = 0.6, ppr(0y,03) = 0.2, v (v5,03) = 0.5, upe(03,04) = 0.2, vy (v3,04) =
0.4, pup(04,05) = 0.4, Vi (04,05) = 0.5, ppr(0,,05) = 0.2,
Vi (0y,05) = 0.6, upr(vs,07) = 0.1, vy (vs,0;7) = 0.6, pr(vg,07) = 0.3, vy (vg,0,) = 0.6,

tB(n%nS) = 02, VN(U7'D8) = 061 MM(D6'D9) = 011 VN(D6'D9) = 07! ‘UM(D7,09) =
0.15, vy (v7,09) = 0.7, upr(vg,09) = 0.2, vy (vg,09) = 0.7.

v; (0.2,0.1) 02 (0.3,02) 0208 0409

(0.1,03) ®

16 (0.4, 0.6)

0.1,0.7) (02,0.6)
(02,0.4)
(0.1,0.5)

v, (0.5,0.4)

(03,06) (0.1,06)

v, (0.3, 0.6)

(0.15,0.7)
v, (0.2,0.7) (06,05)
05 (0.6, 0.

(0.1,0.6)

(02,0.7) (02,06)

vg (0.5, 0.4)

Figure 18(a). Pythagorean fuzzy graph
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v, (0.2,0.1) (0.1,0.3) v, (0.3,0.2) ©02,05) 3 (0.4,0.3)

(0.1,0.5)

(02, 0.4)
(0.1,0.6)

0.2, 0.6) v, (0.5, 0.4)

v (0.4, 0.6) 03.06) vg (0.5, 0.4)

(0.15, 0.7)
0.2,0.7)

v, (0.2, 0.7)

Figure 18(b). Pythagorean fuzzy edge contraction

v, (0.2,0.1) (01,03  v2(0302) ©02,05) 03 (0.4,0.3)

(02,0.4)
(0.1,0.6)

(0.2,0.6) . (05.04)

v6 (0.4, 0.6) 03,06) vg (0.5, 0.4)

(0.15, 0.7)
(0.2,0.7)

v, (0.2,0.7)

Figure 18(c). Edge deleted Pythagorean fuzzy outerplanar graph

Let ® be the Pythagorean fuzzy graph. then the edge contracted Pythagorean fuzzy graph,
denoted as ®\vsp, derived from the Pythagorean fuzzy graph & = (V,E, M,N) by

v
— U {m}], where

contracting the edge vsp,. In this Figure 18(b) the vertex set V' = {
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(Ures Var) ( ° ) = (Upr, var) (®) for all vertices x € V. The membership value of ®/vzp,

D507
remains the same as T in ® for all vertices x € 1V, and the membership value of w is
calculated by

(uw) s () = min{upc(w), pac ()3} () s (xy) = max{vae (w), vac (v)3}.

DDy D507
The adjacency between two vertices x and ¢ in ®/v5v-, is determined by Definition (8.2)
conditions.

The edge contracted Pythagorean fuzzy graph ®\vsv, , represented as ®; can be seen in Fig
18(b). Similarly, the Pythagorean fuzzy graph ®&; — & represented as ®, is shown in Fig
18(c). It can be noted that, is categorized as an edge deletion Pythagorean fuzzy outerplanar
graph.

11. Maximal and Maximum Edge Deletion Pythagorean fuzzy Outerplanar Subgraphs

In this section, outlined the concepts of maximum and maximal edge deletion Pythagorean
fuzzy outerplanar subgraphs and investigates the relationship between these two concepts,
illustrated with suitable examples.

Definition 11.1 Maximum ED- Pythagorean fuzzy outerplanar subgraph

If ® = V', &, M',N")with positive and negative size ' = (83, S»-) is the edge deletion
Pythagorean fuzzy outerplanar subgraph of non-outerplanar Pythagorean fuzzy graph ® =
(V,E, M, V) such that there is no other edge deletion Pythagorean fuzzy outerplanar
subgraph &" of size ,§" = (S, Sy) of ® such that §"” > §’, then & is the maximum
Pythagorean fuzzy outerplanar subgraph of G.

Note 11.1 Suppose two edge deletion Pythagorean fuzzy outerplanar subgraphs &, and ®, is
obtained from the Pythagorean fuzzy graph ®.If the sizes of the two Pythagorean fuzzy
subgraphs are equal but &, # ®,. (i.e.) " = §’, then the two Pythagorean fuzzy subgraphs
are maximum edge deletion Pythagorean fuzzy outerplanar subgraphs of ®. This means that
there is no unique maximum edge deletion Pythagorean fuzzy outerplanar subgraph of ®.

Example 11.1 Let us consider the Pythagorean fuzzy graph ® = (V, &, M, V') shown in
Figure 19(a). The set of Pythagorean fuzzy vertices in & is V = {vy,0,,03,0,4,05,0,} and
their membership values of these are as follows: 7V is  pup( vy) =0.3,vp( vy) =
0.5, uae( ©2) = 0.15,vp( 1) = 0.4, pupe( v3) = 0.25,vp( 3) = 0.4, ppe( v,) =

0.6, VN( n4) = 0.5, ,uM( DS) = 0.5, VN( ns) =04, ,uM(D6) = O.Z,VN(D6) = 0.6 and the
Pythagorean fuzzy edges € is upc(eq) = 0.15, vy(eq) = 0.5, upr(ey) = 0.15, vy(ey) =
0.4, up(e3) = 0.25, vy (e3) = 0.5, upr(ey) = 0.4, vy (ey) = 0.5, up(es) = 0.2,
vy (es) = 0.6, upc(eg) = 0.3, vy (eg) = 0.6, upe(e7) = 0.3, vy (e;) = 0.5, ppe(eg) = 0.1,

v (eg) = 0.5, upr(eg) = 0.1, vy (eg) = 0.6, upr(erg) = 0.3, v (egq) = 0.5, upr(eqq) =
0.1, VN(ell) = 0.5.
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1,(0.3,0.5)

04(0.2, 0.6)

0,4(0.6, 0.5)

Figure 19(a). Pythagorean fuzzy graphs &

1,(0.3,0.5) e 0,(0.15,0.4)

05(0.5,0.4) €4 1,(0.6,0.5)

Figure 19(b). Maximum and maximal edge deletion from a Pythagorean fuzzy subgraph of ®

In Fig.19(b), the maximal edge deleted Pythagorean fuzzy outerplanar subgraph are shown.
Thus, a result, ® — U is the greatest edge deleted Pythagorean fuzzy outerplanar subgraph of
®, and Pythagorean fuzzy subgraph is maximal.

12 Conclusion

In this study, we introduced the concept of Pythagorean fuzzy outerplanar graphs (PFOGSs) by
integrating Pythagorean fuzzy set theory with the structural framework of outerplanar graphs.
The proposed model extends classical and fuzzy outerplanar graphs by incorporating both
membership and non-membership degrees that satisfy the Pythagorean condition, thereby
providing a more flexible and effective representation of uncertainty and imprecision in network
structures.We developed the fundamental theory of PFOGs and investigated several of their
structural properties. In particular, we defined and analyzed vertex deleted (VD) and edge
deleted (ED) Pythagorean fuzzy outerplanar subgraphs, along with the concepts of maximum
and maximal Pythagorean fuzzy outerplanar subgraphs obtained through vertex and edge
deletions. Furthermore, we introduced the notion of the dual of a Pythagorean fuzzy outerplanar
graph and established its key characteristics. The theoretical results presented in this work were
supported by rigorous proofs and illustrative examples, demonstrating the consistency and
applicability of the proposed framework.

The study provides a foundation for further research on Pythagorean fuzzy graph structures and
their applications in uncertain network analysis, communication systems, transportation
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networks, and decision-making problems. Future work may focus on extending these concepts to
other classes of planar and non-planar Pythagorean fuzzy graphs, developing efficient algorithms
for their characterization, and exploring practical applications in real-world systems involving
complex and uncertain relationships.
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